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A Solution to the Super Challenge Problem

Let Wbe a convex region in R? and let L be aline segment of length | that connects points on the
boundary of W. Aswe move one end of L around the boundary, the other end will also move about this
boundary, and the midpoint of L will trace out a curve within Wthat bounds a (smaller) region G. Find an
expression that relates the area of Gto the area of Win terms of the length | of the line segment.

Solution: Denote by x; and x, the two points where the segment contacts the boundary of W.
(1) Note that x = %2 (x5 + X2) isthe midpoint of the segment. If we denote by u the vector of length | that

[X%=X*U, Y, =Yy +U
connects X; to X,, we aso have x; = X3 + u. In components we have | N :
TX=3(x+%), Y=} (y1+y2)1y)

(2) If weinitially parametrize x; as it moves about the boundary of W, i.e. W, as x4(t) wheret 1 [0,1],
then implicitly we can also use this same parameter to parametrize the 2™ point and the midpoint.

Thus we have x»(t) = x1(t) + u(t). Note that x»(t) will also trace out W and u(t) will trace out the
boundary of adisk of radius| ast goesfrom O to 1.

(3) By Green’s Theorem, we know that (:%ledyl = (:%Nxzdy2 =area(\W) = A. We also know that
qsxdy =area(G). If we use the relationsin (1) and the parametrization in (2), we get the following:

area(Q) = §, xdy = 43 (5 0+, (0) 3 (i + Dyan

=11Q% 0 D+ Gu ) Y2+ e, 0 D+ 00 D2 et
%[qmdyﬁqxl(t) dzdt+QX g o+, o0
=1[ +Qx1(t) dt+QX2(t) dt+A]

1A+ 1[Qx1(t) dtz dt + Qx (t) dt]

For the remaining integrals, relate these to u and the circular region R of radius | by writing
X1(t) = Xo(t) - uk(t) and Xo(t) = x1(t) + uk(t). We then get the following:

Qxl(t) dy, dt—Q(xz(t) U, (0) "3 y2 dt = A- Qlu ()3 dy2 dt
dy, . _ Y1 _ Y1
sz(t) dt = Q(Xi(t)+u (t)) dt = A+ Qu (t) dt
Substituting these into the previous result, we have

area(Q) =1 A+1[2A- Q u,(t) %- %) dt]

:A-%Qu (t) dt Yt =A- un du, =A- ;area(R)

Finaly, since area(R) = pl?, we get that area(G) = area(W) - 1pl?.



