














A Solution to the Super Challenge Problem

Let Ω be a convex region in R2 and let L be a line segment of length I that connects points on the
boundary of Ω. As we move one end of L around the boundary, the other end will also move about this
boundary, and the midpoint of L will trace out a curve within Ω that bounds a (smaller) region Γ. Find an
expression that relates the area of Γ to the area of Ω in terms of the length I of the line segment.

Solution: Denote by x1 and x2 the two points where the segment contacts the boundary of Ω.

(1) Note that x = ½ (x1 + x2) is the midpoint of the segment. If we denote by u the vector of length I that

connects x1 to x2, we also have x2 = x1 + u. In components we have 
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(2) If we initially parametrize x1 as it moves about the boundary of Ω, i.e. ∂Ω, as x1(t) where t ∈ [0,1],
then implicitly we can also use this same parameter to parametrize the 2nd point and the midpoint.
Thus we have x2(t) = x1(t) + u(t). Note that x2(t) will also trace out ∂Ω and u(t) will trace out the
boundary of a disk of radius I as t goes from 0 to 1.

(3) By Green’s Theorem, we know that 1 1 2 2 ( )x dy x dy area A
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= Γ∫ . If we use the relations in (1) and the parametrization in (2), we get the following:
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For the remaining integrals, relate these to u and the circular region R of radius I by writing

x1(t) = x2(t) - ux(t) and x2(t) = x1(t) + ux(t). We then get the following:
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Substituting these into the previous result, we have

1
2 11 1

2 4 0

1
1 1 1
4 4 40

( ) [2 ( )( ) ]

( ) ( )

x

y
x x yR

dy dy
area A A u t dt

dt dt
du

A u t dt A u du A area Rdt ∂

Γ = + − −

= − = − = −

∫

∫ ∫
Finally, since area(R) = πI2, we get that 21
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