CHAPTER 5: VECTOR CALCULUS

3.7 Back to fundamentals: Stokes’ theorem and the divergence theorem

1. (a) If §is the upper half of the sphere, then the boundary curve y is the unit circle. We can parametrize it by
X =cost, ¥y = sint, z = 0, and the line integral becomes f}, xdx+ydy+zd: = 02” 0dt =0,

(b} § and y are as in the preceding part. Now the line integral becomes f? —ydx+xdy+zdz= 02“ ld: =
2x.

{¢) If S is the part of the paraboloid z = x? + y? with z < 1, then the boundary curve y is the unit circle, as
in the preceding parts. Now the line integral becomes f}, ydx+zdy+xdi= foz” 0 —sinrdt = —7.

2m 1 1
2. Using cylindrical coordinates,[f divfdVv =f f f rdzdrdd = %
V 0 0 Jit

Using polar coordinates, f

m i
= P‘3 drdf = 1
NS
n pl
Usingpo]arcoordinates,[f frdS = /f {6, 0, 1)+ (0,0, 1) dudv = ff dudv =f f rdrdf =m.
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(a) Here div f = 1, so the the volume integral {ff,, div f dV is just the volume of V, or 7 /2. (The volume is
simplest in spherical coordinates.}

f-ndS:ff (u,v,u2+u2)-(2u,2v,—1)dudv=[f (u2+v2)d‘udu
51 D D
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(b) With parametrizations as in Example 2, the surface integral has two parts, over $| and §;. The flux integral
over Sy becomes (f,(x,0,0) - (24, 2v, — D) dudv = ir 2u®du dv, where D is the unit disk. The vatue
of this integral is 7 /2.
The flux integral over §2 becomes ff ,(x,0,0) - (0,0, 1)dudv = 0.
The total flux integral, therefore, is 7 /2.

4. (a) The divergence of the given vector field is 3, so the divergence theorem says here that the flux integral
across § is the volume integral of the function 3 on the solid V.

(b) We get fff,, div fdV = {[J,, 3dV = 3volume of V = 3.

(¢) The flux integral has 6 parts; the answers add up to 3. Notice that along each face, a suitable normal vector
isf, j,ork.

th

. The divergence of any curl field is zero; therefore, by the divergence theorem,

f[qf—nd5=[fﬁdivvth=g_

6. (a) Sincedivf =6, [, f-ndS=6-47/3 =8x.

im pw 1
(b) Sincediv f =1+ 2y, fff-ndS:f f f (1+2p5inq§sin6‘)pzsin¢dpd¢d9=4??r‘
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2 g 1
(c) Since div f = 2y, fff-ndS:f f f 20% sin® ¢ sin@ dpdg dd = 0
§ 0 0 0

7. (a) Let X(z) = (cost, sins, 0). Then, f}, f-dX = fﬂz‘_’(— sint,cos#,0} - (—sin?, cost, 0) dt = 271,

(b) Since y is the boundary of the upper half of the unit sphere, Stokes’ theorem says that ffs(curl F)nds =
fy S -dX = 2n. This result can be checked by evaluating the surface integral directly: Since curl f=
0,0,2), fftcurl £ - ndS = [{,(0,0,2) - (—gy. —gu, 1)dA = 2ffpdA = 2w, where g(u, v) =
V1 —u? =27 and D is the vnit disk x? + y2 < 1.
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SECTION 5.7 BACK TO FUNDAMENTALS: STOKES’ THEOREM AND THE DIVERGENCE THEQOREM

{c) Since y is the boundary of S, Stokes’ theorem says that {fc(curl f) - ndS = fy f-dX = 2z, As
in part (b), this result can be checked by evaluating the surface integral directly: ffc(curl f) - ndS =
[p©.0,2) - (=2u, —2v, 1)dA =2 [, dA = 27 since D is the unit disk x 4+ 2 < L.

8.

(@ cutl f=(1,1,1)
(b) div f = —3

4
{¢) By the divergence theorem, f fendS=-3. —;23 = —32x <0
T

{a) The surface S can be described using the parametric representation X (1, v) = (&, v, 4> + v*). Therefore,
the vector # = X, (1, v) x Xy, v) = (=21, —2v, 1) is orthogonal to § at the point («, v. X (», v}). It
follows that the vector (—2, —4, 1) is normal to ¥ at the point (1, 2, 5).

(b) Letm = (-2, —4, 1) and X¢ = (1,2, 5}. An cquation of the plane tangent to S at the point (1, 2, 5} is
thenn » (X — Xo) = 0. Written in scalar form, this equation is 2x + 4y — z = 5,

2 3 2 03
(c) T'hcarcaofSisf f | X, vy x X, (u, v) duduzf f V14 4u? +4u dvdu.
1J2 t S

(d) The area of the portion of the tangent plane that lies above R is [ X, (1,2} x X, (1,2} = [(=2, =4, 1}] =
V21

10.

Let & denote the unit ball. By the divergence theorem, ff[ div f dV = ff f «ndS. Now, since div f =
s 28

4
a in all of RY, fff div f dV = -B—a. Also, since the unit sphere can be parameterized as X(u, v) =

(sinucosu, sinusinv,cosu)for0<u <mandQ <v < 2nx,

f f-nd§=ff F(X G, v)) o (X, v) x Xoulu, 0)) dA
s

=f f (0, 0, cos? ). (mn HCOS U, smzuamb sinucosu) dudv

2w
f f sinw cos? Hdﬂdb—?

Therefore, a = 3/5.

. Let I1 be a plane, N a vector normal to IT, ¥ a closed curve lying in [T, and R the region in T1 bounded by y.

Since K is a plane region and curl £ is a constant vector,

f/;(curlf)-ndS=((curlf)-N) fj;dA,

Now. Stokes’ theorem implies that ff fcutl fsndsS = % S« dX. Therefore, if (curl f} » N = 0, then

f f+dX =0, It follows that if ¥ is a vector such that (1,2,5) « N = O (e.g., N = (=1, —2, 1)}, then the
planc described by the equation N - (x, v, z) = 0 has the desired properties (e.g., x + 2y = z).
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