2. The simplest 1-variable differential equations
Suppose that you are interested in the values of some quantity, say p, as afunction

of time, t. A differential equation for p is an equation which equates the time derivative of

p to some function of p.

a) The simplest equation
The smplest differential equation reads

qp=0
(2.2)
which asserts that the quantity p isconstant intime. A lesstrivial example would be
d
dpP=c,
(2.2)

where ¢ is some constant, say 2 or -3.4 or 10”. (When this equation arisesin the real
world, the constant ¢ is usually determined by some experimental measurement.) Thislast
equation asserts that the rate of change of p is constant with time. Equation (2.2) can be

solved fairly easily by integrating both sides:

tdp
t)-p(0)=] — =ct.
p(t) - P(O) J’O "
(2.3)
Thefirst equality hereisjust the Fundamental Theorem of Calculus. Thus, the solution to

(2.2) has

p(t) = p(0) +ct .
(2.4)



b) Equations which involve p and its derivative
The simplest differential equation which involves both p and its derivative has the

genera form

d
& P=1f(p
(2.5)
wheref is some given function of p. This equation asserts that the rate of change of p at a

given timeis determined by the value of p at that time. A very important exampleis

d
&P=p,
(2.6)

and, more generaly,

d
dP=ap,
(2.7)
where ais some given number, say, a= 3 or -5.56 etc.

These last two equations assert that the rate of change of p is proportional to p
itself, the constant a being the proportionality factor. Hereisasample context in which
(2.7) arises: Suppose that p(t) represents the number of bacteriain apetri dish at timet and
that the dish iswell sugared, so that the bacteria don't lack for food. One expects that each
bacteriawill fission into two bacteriaat aregular rate, say once every 20 minutes. If no
bacteria die, then the rate of change of pisequal to .05p in units of bacteria per minute.

Put differently, if there are p(t) bacteria at time t, then one expects that roughly one out of
every 20 bacteria are undergoing fission at any given minute. Thus, the population of
bacteriain the petri dish at timet is governed by Equation (2.7) with a= .05 bacteria per

minute.



c¢) The solution in the general case

Thereisalways asolution to (2.5). Indeed, here is a general fact:

Choose any starting value for p(0) and there exists a unique solution,
p(t), to (2.5) which has the given starting value at t = 0.
(2.8)
Unfortunately, for a complicated function f in (2.5), there will not be a closed form
expression for the solution p(t). Even so, one can in principle find all solutionsto (2.5) for
agiven choiceof f. Hereishow: First, introduce F(p) to denote an anti-derivative of the
function 1/f(p). Then the solution p(t) to (2.5) obeys the following non-differential

equation at al timest:

F(p(t)) =t+c.
(2.9)
Here, cisaconstant which is determined by the chosen starting value for p(t). Indeed, if
you substitute t = 0in (2.9), you find that ¢ = F(p(0)).

By theway, you can verify that (2.9) must hold by differentiating both sides with
respect to t while using the Chain rule to write F(p(t))” = p" (t)/f(p(t)).

Unfortunately, (2.9) saysthat t = F(p) which givest as afunction of p, rather than
the desired p asafunction of t. In principle, you can get fromt asafunction of ptop asa
function of t, but if Fiscomplicated, there won't be a closed form expression for the
result.

Asan aside, note that the derivation of p(t) from t(p) can be done graphically: First
graph t asafunction of p on paper with the vertical axislabeled t and the horizontal axis
labeled p. Then, to find the value of p at a given timet, take the p value of the point where
the horizontal line through (O, t) intersects the graph. The following figure gives an

example of thistechnique:



(2.10)
Note that you need to be careful with your interpretation of the result when the horizontal

line through (O, t) intersects the graph in more than one point!

d) The case where f(p) = ap
Probably the most important case of (2.5) isthe case presented in (2.7) where f(p)

= ap with a= constant. According to (2.9), the general solution to (2.7) is

p(t) = p(0)e .
(2.11)
Here, p(0) isthevaue of p at time 0. Alternately, you can write (2.11) as
P = plt)et -t
(2.12)

wheret, isany convenient time and p(t,) isthe value of p at that time. Do you believe that
(2.11) and (2.12) are the same? Don't let me con you. Check that they are the same by
using (2.11) to solve for p(t,) and then plugging the result into (2.12).

By the way, notice that when a> 0, the quantity p(t) isincreasing with time, and
when a< 0, then p(t) decreases with time. These are important features of (2.7) which

play akey rolein their applications.



The validity of (2.11) (or (2.12)) can be established by plugging the right hand side
of (2.11) (or (2.12)) into (2.7) and differentiating. Here, you should remember that

%eaf:aeat.
(2.13)

Because (2.11) is an exponential of t, the equationin (2.7) is often called the

exponential growth equation.

e) When does the exponential growth equation arise?

The exponential growth equation g p = ap occurs ubiquitously in the sciences.
There aretwo reasons for this. Hereisthefirst reason: Suppose that p(t) represents the
population of identical particles or creatures at timet which do not interact with each other.
Use g, to denote the birth rate and a, to denote the death rate. Then, the population p(t) will

obey an exponentia equation where the coefficient ais equal to the difference, a, - &g,

(Note that if g, isthe birth rate (measured, say in births per second), then 1 isthe average
A

time between births. Likewise, 1 isthe average time between deaths. For example, if

the birth rate is 4 per/day, then, all things being equal, on average there will be a birth every
quarter day.)

Notice that these quantities g, and a,, and hence the quantity a can, in principle, be
determined by experiments on some small number of creatures (or particles) inisolation.
Thisiswhat makes the exponentia equation so useful. Experiments done with small
numbers of creatures or particles can be used to predict the behavior of large numbers of
particles. Thisisthe great utility of (2.7) and (2.11). They alow you to predict the

behavior of |arge numbers of creatures or particlesin terms of quantities which have been



measured from experiments with small numbers of particles. However, the large numbers
of particles or creatures must not interact with each other in a substantive way. 1f they do,
then all bets are off visa’ vis the applicability of (2.7) or (2.11).

The second reason for the ubiquitous appearance of (2.7) comes via a strategy
which involves the replacement of a complicated function by itslinear approximation near a
point of interest.

To elaborate on this strategy, remark that functions can be arbitrarily complicated.

For example, consider the function

3
sin(x®) + 4 + x cosx

f(x) = cos(sin(

(2.14)

What would you do with the differential equation

glfx =f(x)
(2.15)
for afunction x of t, wheref isgiven by (2.14)?

(Note that here the unknown function is x and not p nor even g. Remember that
thereisno universal ‘name’ for the unknown function and so | (and you) can name it what
you like.)

The replacement of f by itslinear approximation allows you to deal with ahorrible
function f in (2.15). However, be aware that there is a cost to making this replacement; |
discuss the cost below.

The linear approximation replacement can be useful in the case that you are only
interested in the solution x(t) to (2.15) only for X near some point X, of interest. If this
happens to be the case (and often it is), then you only need to know about the function f

near the point x,. For example, x, might be zero, or it might be 12.33 or -21.677.



In any event, the strategy is to sacrifice some accuracy for solvability. Y ou replace

the horrible function f(x) with an approximate function, afunction L(x) which is very close
to f(x) aslong asx iscloseto x,. The function L(x) should be such that you can actually

solve the equation

gfx =L(x) .
(2.16)
(Otherwise, why go through the trouble?)
Here isthe key point:

The solution, x(t), to (2.16) will behave much like the solution

to (2.15) for those times t where x(t) from (2.16) is near to Xx,.

That is, you are interested in the solution to (2.15), but this equation is too hard to solve.
So, instead, you solve an easier equation, (2.16), and observe that for timest where the
solution to (2.16) is near to X, then the solution to (2.16) will provide areasonable
approximation to the desired solution to (2.15). Thus, you will gain some knowledge at
the expense of some accuracy. The cost in making the replacement of (2.15) by the
approximation, (2.16), isaccuracy. Thegainis(some) knowledge. Whether thegainis
worth the cost depends on the circumstances.

With the preceding understood, consider using for L(x) in (2.16) the linear

approximation to the given function f(x) in the vicinity of the point x, of interest. Thus,

L(X) = f(xo) + (%) (X - %) -
(2.17)
In this case, (2.16) reads



d .
e X =f(xo) +7(Xo) (X - %) -
(2.18)
In the case where f*(x,) = O, this last equation is the same as equation (1) with c = f(x,), in

which case the solutionis

X(t) =%, +f(x,) t.
(2.19)
In the case where f"(x,) # O, the equation in (2.18) is, after a change of variables,

just the exponential equation from (2.7) with a=f"(x,). Indeed, introduce

u(t) = x(t) - X, + F(X)/F"(X,)-
(2.20)
Then, the right hand side of (2.18) isjust f"(x,) u. Meanwhile, as x, and f(x,)/f (x,) are
constants, the time derivative of u(t) isthe same as that of x(t). And, with this understood,

one sees (2.18) as being equivalent to

d .
gdu=f(x)u.
(2.21)
Thisisjust the exponential equation, with solution u = u(0) € ®* . Now, use (2.20) to

write u in terms of x and so discover that

X(0) = Xy + (€709 - 1) F(x )/ (%) -
(2.22)



| want to stressthat thisis not a solution to the original equation (2.16). However,
aslong astissmall (so that x(t) is nearly x,), the function x(t) in (2.22) behaves very much

like the solution to (2.16) which starts at x, whent = 0.



