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ta this chapter we introduce vectors and coordinate provide particulerly simple descriptions of lines and
wyems for three-dimensional space. This is the sefting planes in space as well as velocities and accelerations
“« the study of functions of two variables because the  of objects that move in space, A
waph of such o function is a surface in space. Vectors
A
A
Three-Dimensional Coordinate Systems L L

To locate a point in a plane, two numbers are necessary. We know that any point
in the plane can be represented as an ordered pair (a, ) of real numbers, where g is

_ the x-coordinate and b is the y-coordinate. For this reason, a plane is called two-

dimensional. To locate a point in space, three numbers are required. We represent any
point in space by an ordered triple (a, b, ¢) of real numbers,

In order to represent points in space, we first choose a fixed point O (the origin)
and three directed lines through O that are perpendicular to each other, called the
coordinate axes and labeled the x-axis, y-axis, and z-axis. Usually we think of the
x- and y-axes as being horizontal and the z-axis as being vertical, and we draw the ori-
entation of the axes as in Figure 1. The direction of the z-axis is determined by the
right-hand rule as illustrated in Figure 2: If you curl the fingers of your right hand
around the z-axis in the direction of a 90° counterclockwise rotation from the positive
x-axis to the positive y-axis, then your thumb points in the positive direction of the
Z-axis.

The three coordinate axes determine the three coordinate planes illustrated in Fig-
ure 3(a). The xy-plane is the plane that contains the x- and y-axes; the yz-plane con-
tains the y- and z-axes; the xz-plane contains the x- and z-axes, These three coordinate
planes divide space into eight parts, called octants. The first octamt, in the fore-
ground, is determined by the positive axes.

oy

‘(a) Coordinate planes (b)

Because many people have some difficulty visualizing diagrams of three-dimen-
stonal figures, you may find it heipful to do the following [see Figure 3(b)]. Look at
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any bottom corner of a room and call the corner the origin. The wall on your left is i
the xz-plane, the wall on your right is in the yz-plane, and the floor is in the xy-plan
The x-axis runs along the intersection of the floor and the left wall. The y-axis run
along the intersection of the floor and the right wall. The z-axis runs up from the flo
toward the ceiling along the intersection of the two walls. You are situated in the fi
octant, and you can now imagine seven other rooms situated in the other seven octan
(three on the same floor and four on the floor below), all connected by the commo
corner point 0. '
Now if P is any point in space, let a be the (directed) distance from the yz-plane t
P, let b be the distance from the xz-plane to P, and let ¢ be the distance from thi
xy-plane to P. We represent the point P by the ordered tripie (g, b, ¢) of real numbe;
and we call a, b, and c the coordinates of P; a is the x-coordinate, b is the y-coo
nate, and ¢ is the z-coordinate. Thus, to locate the point (g, b, ¢} we can start at the ¢
gin O and move a units along the x-axis, then b units parallel to the y-axis, and. th
FIGURE 4 ¢ units parallel to the z-axis as in Figure 4. :

' ' The point P(a, b, c) determines a rectangular box as in Figure 5. If we drop a per:
pendicular from P to the xy-plane, we get a point Q with coordinates {a, 4, 0) calle
the projection of P on the xy-plane. Similarly, R(0, , ¢) and §(a, 0, c) are the projec
tions of P on the yz-plane and xz-plane, respectively.

As numerical illustrations, the points (—4, 3, —5)} and (3, =2, —6) are plotted i
Figure 6. - :
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The Cartesian product R X R X R = {(x,y, 2)|x, v, z € R} is the set of all ¢
dered triples of real numbers and is denoted by R*. We have given a one-to-one ¢
respondence between points P in space and ordered triples {(a, b, c¢) in R®. It is call
a three-dimensional rectangular coordinate system, Notice that, in terms of coo
dinates, the first octant can be described as the set of points whose coordinates are
positive.
In two-dimensional analytic geometry, the graph of an equation involving x and
is a curve in R?. In three-dimensional analytic geometry, an equation in x, y, and z 1
resents a surface in R3. '

FIGURE 8
The plane y

Zh

EXAMPLE 1 What sﬁﬁaces in R* are represented by the following equations?
(@) z=3 (b) y=35

SOLUTION

(a) The equation z = 3 represents the set {(x, y, z) |z = 3}, which is the set of all
-points in R? whose z-coordinate is 3. This is the horizontal plane that is parallel to:

the xy-plane and three units above it as in Figure 7(a).

Ol
A

FIGURE 9




FIGURE 8
The plane y = x
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(b} The equation y = 5 represents the set of all points in R* whose y-coordinate
is 5. This is the vertical plane that is parallei to the xz-plane and five units to the
right of it as in Figure 7(b).

{a) z =3, a plane in RB* (b) y=>5,aplane in R? {(c) y=35, aline in B* ™

NOTE * When an equaticn is given, we must understand from the context whether it
represents a curve in R? or a surface in R, In Example 1, y = 5 represents a plane in
R?, but of course y = 5 can also represent a line in R? if we are dealing with two-
dimensional analytic geometry. See Figure 7(b) and (c}.

In general, if & is a constant, then x = & represents a plane paratlel to the yz-plane,
¥ = k is a plane parallel to the xz-plane, and z = k is a plane parallel to the xy-plane.
In Figure 5, the faces of the rectangular box are formed by the three coordinate
planes x = O (the yz-plane), y = 0 (the xz-plane) and z = 0 (the xy-plane), and the
planesx =g,y = b, and z = ¢,

EXAMPLE 2 Describe and skeich the surface in R? represented by the equation y = x.

SOLUTION The equation represents the set of all points in R* whose x- and y-coordi-

nates are equal, that is, {(x, x, z) |x € R, z € R}. This is a vertical plane that inter-
sects the xy-plane in the line y = x, z = 0. The portion of this plane that lies in the
first octant is sketched in Figure 8. b

The familiar formula for the distance between two points in a plane is easily
extended to the following three-dimensional formula.

Distance Formula in Three Dimensions The distance tP1P2| between the pomts
Pi(x1, 1, z1) and Polxy, ya, 22) is

|P1P2| =l -0+ (- P t@m— P

To see why this formula is true, we construct a rectangular box as in Figure 9,
where Py and P, are opposite vertices and the faces of the box are parallel to the coor-
dinate planes. If A(xs, y1, z1) and B(xz, y2, 71) are the vertices of the box indicated in
the figure, then

Pal=fu-nl  ABl=lm=nl  [BRf=ln-al

Because triangles P,BP; and P1AB are both right-angled, two apphcatmns of the
Pythagorean Theorem give

!P1P2!2 = ‘P1B!2 + lBPgiz
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FIGURE 10

and |PB[*=1PAJ + |AB[’
Combining these equations, we get
|P\Py|* = | PLA|* + |AB|* + | BP,]?
=l—xP+|n-—wl+ln-ap

= (2~ x) + (. =y + (22 — 2,

Therefore [ PiPo} = f(xy — x1)P + (32 = 0P + (22 — 2P

EXAMPLE 3 The distance from the point P(2, —1, 7) to the point Q(1, —3, 5) is

|PQ| =T =22+ (3 +1F+( 17

=/T+4+4=3

EXAMPLE 4 Find an equation of a sphere with radius r and center C(h, &, 1),

SOLUTION By definition, a sphere is the set of all points P(x,. ¥, 7) whose distance from :
C is r. (See Figure 10.) Thus, P is on the sphere if and only if { PC| = r. Squaring
both sides, we have | PC|* = r® or

=P+ -+ E-—D=r &

.The result of Example 4 is worth remembering.

Equation of a Sphere  An equation of a sphere with center C(h, k, 1) and radius r
is

(x— B+ (y— kP + (2 — I = 1
In particular, if the center is the origin O, then an equation of the sphere is

x2+y2+zz=r2

EXAMPLE 5 Show that x> + y* + z* + 4x — 6y + 2z + 6 = Qs the equation of a
sphere, and find its center and radius.

SOLUTION We can rewrite the given equation in the form of an equation of a sphere if
we complete squares:

A+ D+ (P -+ N+ P+ 2+ 1D)=-6+4+9+1
(r+ 2D+ -3+ E+17=8

Comparing this equation with the standard form, we see that it is the equation of a’
sphere with center (—2, 3, —1) and radins /8 = 2/2. "

EXAMPLE 6 What region in R* is represented by the following inequalities?

l=x*+y'+22<s4  z<0

T T TS P Ry e e T ST T T Sk e e S s
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SOLUTION The inequalities

can be rewritten as

lsx*+y +22=<4

l=yx?+y2+z2=2

so they represent the points (x, y, z) whose distance from the origin is at least 1

~ and at most 2. But we are also given that z < 0, so the points lie on or below the
xy-plane. Thus, the given inequalities represent the region that lies between (or on)
the spheres x* 4+ y> + z* = I and x? + y? + z? = 4 and beneath (or on) the
xy-plane. It is sketched in Figure 11.

Exercises - - -

. Suppose you start at the origin, move along the x-axis a dis-
tance of 4 units in the positive direction, and then move

. downward a distance of 3 units. What are the coordinates
of your position? ’

2. Sketch the points (3, 0, 1), (—1, 0, 3), (0, 4, —2), and
{1, 1, 0} on a single set of coordinate axes.

_Which of the points P(6, 2, 3), 0(—5, ~1, 4), and
R0, 3, 8) is closest to the xz-plane? Which point lies in the
" yz-plane?

- What are the projections of the point {2, 3, 5) on the xy-,
yz-, and xz-planes? Draw a rectangular box with the origin
and (2, 3, 5) as opposite vertices and with ils faces paraliel
to the coordinate planes. Label all vertices of the box. Find
the length of the diagonal of the box.

" Describe and sketch the surface in B® represented by the
equation x + y = 2.

-4, (a) What does the equation x = 4 represent in #*? What
: . does it represent in 7 [llustrate with sketches.
. (b) What does the equation y = 3 represent in B*? What
" does z = 5 represent? What does the pair of equations
"y = 3,z =5 represent? In other words, describe the set
of points (x, ¥, z) such that ¥ = 3 and z = 5. Illustrate
with a sketch. '

/ Find the Jengths of the sides of the triangle with vertices
- A3, -4, 1), B(3, —3,0), and C(6, —7, 4). Is ABC a right
triangle? Is it an isosceles triangle?

" Find the distance from (3, 7, —3) to each of the following.
- {8) The xy-plane (b) The yz-plane

:{c) The xz-plane (d) The x-axis

-{e) The y-axis (f) The z-axis

_Determine whether the points lie on a straight line.
) A(5,1,3), B(7.9.-1), C(l,-1511
(b) K(0,3, —4), L(1,2,-2), M(3,0,1)

10, Find ar equation of the sphere with center {6, 5, —2) and
radius ﬁ . Deescribe its intersection with each of the coordi-
nate planes.

H. Find an equation of the sphere that passes through the point
(4, 3, —1) and has center (3, 8, 1). '

12. Find an equation of the sphere that passes through the ori-
gin and whose ceriter is (1, 2, 3).

13-14 m Show that the equation tepresents a sphere, and find its

center and radius.

13 2+ y*+ 22 =x+y+:

14, 4x% + 437 + 478 — 8x + 16y = 1

13. (a) Prove that the midpoint of the line segment from
Pilx1, 1. 21) to Palxz, y2, 22) is

x|+xg y1+y2 Z]+Zz
2 7 2 72

(b) Find the lengths of the medians of the triangle with ver-
tices A(1, 2, 3), B(—2,0, 5}, and C(4, 1, 5).

16. Find an equation of a sphere if one of its diameters has end- -
points (2, 1, 4) and {4, 3, 10).

17. Find equations of the spheres with center (2, —3, 6) that
touch {a) the xy-plane, (b} the yz-plane, (c) the xz-plane.

18. Find an equation of the largest sphere with center (3, 4, 9)
that is contained in the first octant.

19-28 m Describe in words the region of R* represented by the

equation or inequality.

19 y=-4

2. x>3

. 0<=z:=6

2. x=10
22.y=0
M y=;
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25 2ty 4> ] ' - z
26 t=x?+y1+ =25
7. 2+t <9
B xy:=0
s
29-32 = Write inequalities to describe the region. FI6I
D). The half-space consisting of all points to the left of the
xz-plane
30. The solid rectangular box in the first octant bounded by the
planes x =1,y =2, and z = 3 p
31. The region consisting of all points between (but not on) the Y
spheres of radius r and R centered at the origin, where o
r<R
) FIG1
32. The solid upper hemisphere of the sphere of radius 2 Ihe
tered at the origi

een € ongin 34. Consider the points P such that the distance from P to

o T A{—1, 5, 3) is twice the distance from P to B(6, 2, ~2).
33. The figure shows a line L, in space and a second line L, Show that the set of all such points is a sphere, and find its

which is the projection of L, on the xy-plane. (In other . center and radius. i

WORCS, the 1 on L, are directly th, or above, the 35. Find an equation of the set of all points equidistant from the '

points on Ls.) ints A{—1, 5, 3) and B{(6, 2, —2). Describe the set <

(a) Find the coordinates of the point P on the line L, po T ' ' ’

(b) Locate on the diagram the points 4, B, and C, where 3b. Find the volume of the solid that lies inside both of the F161
the line L, intersects the xy-plane, the yz-plane, and the spheresx? + y* + 2 + 4x — 2y + 4z + 5 =0 and Ihe
xz-plane, respectively, 2+ y+22=4,

9.2 vecfors . . . - . . . . . ' . . - . . . . . FiGt

The term vector is used by scientists to indicate a quantity (such as displacement or

velocity or force) that has both magnitude and direction. A vector is often represented

by an arrow or a directed line segment. The length of the arrow represents the magni-

tude of the vector and the arrow points in the direction of the vector. We denote a vec-

b tor by printing a letter in boldface (v) or by putting an arrow above the letter {7').

B u - For instance, suppose a particle moves along a line segment from point A to poinl

v B. The corresponding displacement vector v, shown in Figure I, has initial pomt A

c : (the tail) and terminal pomt B (the tip) and we indicate this by writing v = AB

A ' : Notice that the vector u = CD has the same length and the same direction as v even

though it is in a different position. We say that u and v are equivalent (or equal) and

FIGURE 1 we write u = v. The zero vector, denoted by 0, has length 0. It is the only vector with

Equivalent vectors no specific direction.

FY Combining Vectors

Suppose a particle moves from A to B, so its displacement vector is AB Then th the par-

ticle changes direction and moves from B to C, with displacement vector BC as in




FIGURE 6
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Figure 2. The combined effect of these displacements is that the particle has moved
from A to C. The resulting displacement vector AC is catled the sum of AB and BC and
we write : : '

—_ —>

AC=AB + BC

In general, if we start with vectors u and v, we first move v so that its fail coincides
with the tip of v and define the sum of u and v as follows.

Definition of Vector Addition If u and v are vectors positioned so the initial point
of v is at the terminal point of u, then the sum n + v is the vector from the
initial point of u to the terminal point of v.

The definition of vector addition is illustrated in Figure 3. You can see why this defi-
nition is sometimes called the Triangle Law.

In Figure 4 we start with the same vectors u and v as in Figure 3 and draw another
copy of ¥ with the same initial point as ». Completing the paralleiogram, we see that
u + v = v + u. This also gives another way to construct the sum: If we place u and
v so they start at the same point, then u + v lies along the diagonal of the parallelo-
gram with u and v as sides.

EXAMPLE T Draw the sum of the vectors a and b shown in Figure 5.

SOLUTION First we translate b and place its tail at the tip of a, being careful to draw a
copy of b that has the same length and direction. Then we draw the vector a + b
[see Figure 6(a)] starting at the initial point of a and ending at the terminal point of
the copy of b. '

Alternatively, we could place b so it starts where a starts and construct 2 + b by
the Parallelogram Law as in Figure 6(b)."

(a) . (b) _ B

It is possible to multiply a vector by a real number c. (In this context we call the-
real number c a scalar to distinguish it from a vector.) For instance, we want 2v to be
the same vector as v + v, which has the same direction as v but is twice as long. In
general, we multiply a vector by a scalar as follows.

Definition of Scalar Multiplication If ¢ is a scalar and v is a vector, then the scalar -
multiple cv is the vector whose length is | ¢| times the length of v and whose
direction is the same as v if ¢ > O and is opposite to vif ¢ < 0. If c = O or
v=0thencv =0 '
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Scalar multiples of v

FIGURE &

Drawingu—v
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FIGURE 11

This definition is illustrated in Figure 7. We see that real numbers work like scal-
ing factors here; that's why we call them scalars. Notice that two nonzero vectors
are parallel if they are scalar multiples of one another. In particular, the vector
—v = (—1)v has the same length as v but points in the opposite direction. We call it
the negative of v.

By the difference u — v of two vectors we mean

u—v=u+(—v)

So we can construct u — v by first drawing the negative of v, —v, and then adding it
to u by the Paraliefogram Law as in Figure 8(a). Alternatively, since v + (u — v) =,
the vector u — v, when added to v, gives 1. So we could construct m — v as in Fig-
ure 8(b) by means of the Triangle Law.

(a) (b)

DAnMPLE 2 If aand b are the vectors shown in Figure 9, draw a — 2b.

SOLUTION We first draw the vector —2b pointing in the direction opposite to b and
twice as long. We place it with its tail at the tip of a and then use the Triangle Law
to draw a + {—2h) as in Figure 10.

.

~a

T b
FAGURE 9 _ FIGURE 10

F\ Components

For some purposes it’s best to introduce a coordinate system and treat vectors alge-
braically. If we place the initial point of a vector a at the origin of a rectangular coor-
dinate system, then the terminal point of a has coordinates of the form (ay, az) or
{a1, a:, a;), depending on whether our coordinate sysiem is two- or three-dimensional
(see Figure 11). These coordinates are called the components of a and we write

a= (at,az) or a= (ﬂl,ﬂz,a3>

‘We use the notation {a,, ;) for the ordered pair that refers to a vector so as not to
confuse it with the ordered pair (@, @) that refers to a point in the plane.

For instance, the vectors shown in Figure 12 are all equivalent to the vector
OP = (3, 2) whose terminal point is P(3, 2). What they have in common is that the
terminal point is reached from the initial point by a displacement of three units to the
right and two upward. We can think of all these geometric vectors as representations
of the algebraic vector a = (3, 2}. The particular representation OF from the origin
to the point P(3, 2) is called the peosition vector of the point P.

¢
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HIGURE 15
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position
vectar of P

Play, ay, )

Bix+a,ytay,z+a,)

x & Axy.z) .

FIGURE 12 : FIGURE 13
Representations of the vector v = (3,2) - Representatiors of a = (a,, a,, a5

In three dimensions, the vectora = (ﬁ’) = {ay, &y, a;) is the position vector gthe
point Pla,, az, as). (See Figure 13.) Let’s consider any other representation AB of
a, where the initial point is A{x,, yi, z;} and the terminal point is B(xz, y2, z2). Then
we must have x; + @ =X, y1 + a2 = yo, and z; + a3 = z, and s0 a; = x2 — x4,
a: =y, — », and a; = z; — z;. Thus, we have the following result.

Gign the points Alx,, yi, z} and B(xz, y2, z;), the vector a with represen-
tation AR is
a={(x— XuY: — Y2 — 21)

EXAMPLE 3 Find the vector represented by the directed line segment with initial point
A(2, —3, 4) and terminal point B(—2, 1, 1).

—

SOLUTION By (1}, the vector corresponding to AR is
a=(-2-21-(=3),1—4)={(—-4,4 -3) &
The magnitude or length of the vector v is the length of any of its representations

and is denoted by the symbol | v| or [{v|. By using the distance formula to compute
the length of a segment OP, we obtain the following formulas.

The length of the two-dimensional vector a = {a,, a;) is
|a| = vaj + a}
The length of the three-dimensional vector a = {(ay, a2, a3} is

la| = vai +a} + a3

How do we add vectors algebraically? Figure 14 shows that if a = {g,, ¢,) and
b = (b, by}, thenthe sumisa + b = {a, + by, a5 + by}, at least for the case where
the compenents are positive. In other words, to add algebraic vectors we add their
componenis. Similarly, to subtract vectors we subtract components. From the similar
triangies in Figure 15 we see that the components of ca are ca, and caz. So fo muiti-
Ply a vector by a scalar we multiply each component by that scalar.
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A VYectors in n dimensions are used 1o
list voricus quaniities in an organized
way. Far instance, the components of a
sixdimensionaf vecior

P = {P1: P2, Py, Pa, Ps. Po)

might represent the prices of six different
ingredients required to make a particu-
lar product. Four-dimensional veclors
{x.y,2.1) ore used in relativity thecry,
where the first three components specily
a position in space and the fourth repre-
senis fime,
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Ifa = {ay,a;) and b = (b, b,), then

a+b=(a1+b1,a2+b2) a—h=(a1—b1,ag—bg)
ta = {ca;, caz)
Similarly, for three-dimensional vectors,

{ai, a2, as) + (b, by, bs) = (a, + by, 2 + by, as + ba)

(als ‘i?y a3) - (bls bZa b3> = (aI - bla ay — b?,s 75 M b3)

clay, az, a3) = (Cal, i, cds)

EXAMPLE 4 Ifa = (4,0,3) andb = (~2, 1, 5), find |a| and the vectors a + b,
a — b, 3b, and 2a + 35h.

SOLUTION la| =42 ¥ 02+ 3= 25=35

a+b=1(403)+{(-2175)
=(4-20+1,3+5)=(21,8)

a—b=(403)~(-21,5) |
={(4-(-2,0-1,3-5)=(6 —1,~2)

3b =3(=2,1,5) = (3(~2), 3(1), 3(5)) = (6, 3, 15}
2a + 5b = 2(4,0,3) + 5(-2, 1, 5) _

= (8,0,6) + (~10,5,25) = (—2,5,31) @

We denote by V5 the set of all two-dimensional vectors and by Vi the set of all
three-dimensional vectors. More generally, we will later need to consider the set Ve of
all n-dimensional vectors. An n-dimensional vector is an ordered n-tuple:

a={a,a,...,a,

where ay, aa, . . ., a, are real numbers that are called the components of a. Addition
and scalar multiplication are defined in terms of components just as for the cas
n=2andn =3

Properties of Vectars If a, b, and ¢ are vectors in V, and ¢ and d are scalars, then
l.L.a+b=bh+a Z2atb+c=@+b +ec

3. at+t0=a L a+(-a)=0

5. cla+by=ca+cb 6.(c+d)a=ca-i;da

7. (cd)a = c(da)

8, la=a

These eight properties of vectors can be readily verified either geometrically o
algebraically. For instance, Property ! can be seen from Figure 4 (it’s equivalent to th
Parallelogram Law) or as follows for the case n = 2: :




FIGURE 16

FIGURE 17
Standard basis vectors in V, and V,

{ay.d,}

d,§

(B a=aqi+a,j

(Da=aitajtak

GURE 18

“structing a + b and then adding ¢ or by adding a to the vector b + ¢.

~ and k. For instance,

SECTION 9.2 VECTORS = 657

a + b = {a, az} + (b, b)) = {a\ + b, a: + b}

= (b + a,b+ a} = (b, b} + {a,a)
=b+a

We can see why Property 2 (the associative law) is  true by looking at Figure 16 and
applying the Triangle Law several times: The vector PQ is obtained either by first con-

Three vectors in Vs play a special role. Let

—

i=(1,0,00  j=140,1,0) k= (0,0,1) |

Then i, j, and k are vectors that have length 1 and point in the directions of .the posi-
tive x-, y-, and z-axes. Similarly, in two dimensions we define i = (1,0) and
j=10,1). (See Figure 17.)

0 i’T ' B
(Lo

()

If a = {ay, as, as}, then we can write

a= (ﬂ|, dz, a3) = (als Oa 0) + (01 tz, 0> + (09 0-: ﬂ3)
(11(1,0, 0) + az<0, 1, 0) + a3<03 0, 1)

_ﬂ:ali+ﬂzj+a3k

Thus, any vector in V3 can be expressed in terms of the standard basis vectors i, j,

{1,~-2,6) =t— 2j + 6k
Similarly, in two dimensions, we can write
a= {a, ) =mi+aj

See Figure 18 for the geometric interpretation of Equations 3 and 2 and compare with
Figure 17, .

EXAMPLE 5 Ifa =i+ 2j — 3k and b = 4i + 7K, express the vector 2a + 3b in
terms of i, j, and k.

SOLUTION Using Properties 1, 2, 5, 6, and ? of vectors, we have
Za+ 3b =20+ 2j —3k) + 3(4i + 7k)
=2i+4j— 6k + 12i + 21k = 14i + 4f + 15k
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A unit vector is a vector whose length is 1. For instance, i, j, and k are all unit - 1
vectors. In general, if a # 0, then the unit vector that has the same direction asais "~ §

1 a
{4} Uu=——g=——
— al a
In order to verify this, we let ¢ = 1/ |a|. Thenu = caandecisa positive scalar, so u '
has the same direction as a. Also 5

: 1
fu| =Jeca| = |c{la| =—|a| =1
| = leal = leffa| = -

EXAMPLE 6 Find the unit vector in the direction of the vector 21 — Jj— 2k
SOLUTION The given vector has length

[2i - j— 2kl = 2P+ (1P ¥ (=2 = O = 3

s0, by Equation 4, the unit vector with the same direction is

WRi-j-2k) =5 —1j~ Ik

I Aret
. . (a) T
Applications 1 (b T
Vectors are useful in many aspects of physics and engineering. In Chapter 10 we will 1 {g 3
see how they describe the velocity and acceleration of objects moving in space. Here (
we look at forces. § 1. Wha
A force is represented by a vector because it has both a maghitude (measured in - '_ 3 vecte
pounds or newtons) and a direction. If several forces are acting on an object, the resui- * 3. Nanu
tant force experienced by the object is the vector sum of these forces.
EXAMPLE 7 A 100-1b weight hangs from two wires as shown in Figure 19. Find the
tensions (forces) T, and T, in both wires and their magnitudes,
SOLUTION We first express T; and T, in terms of their horizontal and vertical compo-
nents. From Figure 20 we see that '
[5] - Ti=—~[T)|cos 50°i + | Ty|sin 50°
4. Write
FIGURE 19 T, = |T;[cos 32°f + | T, |sin 32° @7
a
The resultant 'F, + T; of the tensions counterbalances the weight w and so we must © é
have
T| +T2=_W=100j
Thus
(=|Ti[cos 50° + | T2 cos 329)i + ([T | sin 50° + |'T2 | sin 32°) j = 100j
Equating components, we get
FIGURE 20 —| Ti|cos 50° + | T;|cos 32° = 0 = 5. Copy
- : tollow
lefsin50°+iTg|sin32°=100 Ay u
' ey

Solving the first of these equations for | T, | and substituting into the second, we gel

[Ty cos 50° |

T, | sin 50° + 32° =1
| Ty | sin 50 a3 Sin 00
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So the magnitudes of the tensions are

100
T:| = =~ 85.6
|Ts sin 50° + tan 32° cos 50° 85.641b

| Ty | cos 50°

c0s32° 64911

and |T2|=

Substituting these values in (5) and (6), we obtain the tension vectors

T, = —55.05i + 65.60j T, = 55.051 + 34.40j i

EXErcises « + + « s o = = o o 2 s a e s s a2 e e = e e e v o

1. Are the foHMg guantities vectors or scalars? Explain. 6. Copy the vectors in the figure and use them to draw the fol-

(a) The cost of a theater ticket lowing vectors.
{b) The current in a river (aa+ b (b)_al—b
we will {c) The initial flight path from Houston to Dallas {c) 2a (@) —3b
< H "(d) The population of the world (e)2a+b ) b—3a
- 2. What is the relationship between the point (4, 7) and the
suredin K- vector (4.7)? Mustrate with a sketch.
« resal- 3. Name all the equal vectors in the parallelogram shown. ' a b
: A B
o the '
J 7-10 m Find a vector a with repregentation given by the
mpo- directed line segment AB. Draw AB and the equivalent represen-
tation starting at the origin,
b c 1. A(-1,-1), B(-3,4) 8. A{-2,2), B(3.0)
Write each combination of vectors as a single vector. §. A(0,3,1), B(2,3,—1)
(@) PO + O () RP + PS 10. A(1, —2,0), B(l,~2,3)
e must '(C):Q?_ﬁ (d)ﬁ-kﬁ-i-P_Q) . . . . . . . .. . . . .
: 0 11-14 m Find the sum of the given vectors and illustraie
P geometrically. '
N (3,-1} (-2,4) 1, (-1,2), {53
3j 13. (1,0,1), (0,0,1) 4. (0,3,2), {1,0,—3)
'._S;'.éopy the veciors in the figure and use them to draw the 15-18 = Fiod |af, a + b, a ~ b, 2a, and 3a + 4b.
following vectors. . 15.a=(—4,3), b={62)
laputy Mu—v L. . )
. (O vV+w (Hw+v+u 6. a=2i—3j), bh=i+3]
we ge . 7.a=i—2j+k b=j+2k
/ \ w B.a=3i-2k b=i-j+k
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Find a unit vector with the same direction as 8i — j + 4Kk.

Find a vector that has the same direction as { —2, 4, 2} but
has length 6.

If v lies in the first quadrant and makes an angle /3 with -
the positive x-axis and | v} = 4, find v in component form.

If a child pulls a sled through the snow with a force of 50 N
exerted at an angle of 38° above the horizontal, find the hor-
izoutal and vertical components of the force.

Two forces Fy and F, with magnitudes 10 Ib.and 12 Ib act
on an cbject at a point P as shown in the figure. Find the
resultant force F acting at P as well as its magnitude and its
direction. (Indicate the direction by finding the angle &
shown in the figure.)

Velocities have both direction and magnitude and thus are
vectors. The magnitude of a velocity vector is called speed.
Suppose that 2 wind is blowing from the direction N45°W
at a speed of 50 km/h. (This means that the direction

from which the wind blows is 45° west of the northerly
direction.) A pilot is steering a plane in the direction N60°E
at an airspeed (speed in still air) of 250 km/h. The true
course, or track, of the plane is the direction of the resul-
tant of the velocity vectors of the plane and the wind. The
ground speed of the plane is the magnitude of the resultant.
Find the true course and the ground speed of the plane.

A woman walks due west on the deck of a ship at 3 mi/h.
The ship is moving north at a speed of 22 mi/h. Find the
speed and direction of the woman relative to the surface of
the water.

"Ropes 3 m and 5 m in length are fastened to a holiday deco-

ration that is suspended over a town square. The decoration
has a mass of 5 kg. The ropes, fastened at different heights,
make angles of 52° and 40° with the horizontal. Find the
tension in each wire and the magnitude of each tension.

3m. - 5m

27. A clothesline is tied between two poles, 8 m apart, The line

is quite taut and has negligible sag. When a wet shirt with
a mass of 0.8 kg is hung at the middle of the line, the mid-
point is pulled down 8 ¢m. Find the tension in each half of
the clothesline.

28. The tension T at each end of the chain has magnitude 23 N.
What is the weight of the chain?

-

29. (2) Draw the vectors & = (3,2}, b = {2, —1), and

ce= (7,1}

(b) Show, by means of a sketch, that there are scalars s and
t such that ¢ = sa + tb.

(c) Use the sketch to estimate the values of s and 1.

(d) Find the exact values of 5 and ¢,

Suppose that a and b are nonzero vectors that are not paral-
Iel and ¢ is any vector in the plane determined by a and b.
Give a geometric argument to show that ¢ can be written as
¢ = sa + tb for suitable scalars s and . Then give an argu-
ment using components.

Suppose a is a three-dimensional unit vector in the first
ocrant that starts at the origin and makes angles of 60° and
72° with the positive x- and y-axes, respectively. Express a
in terms of its components.

Suppose a vector a makes angles e, 3, and v with the posi-
tive x-, y-, and z-axes, respectively. Find the components of
a and show that

cos’a + cos’8 + cosly = 1

(The numbers cos e, cos B, and ¢os v are called the direc-
tion cosines of a.)

Ifr = {x,y, 2} and rg = {xq, ¥, zo}, describe the set of all
points (x, y, z) such that [ ¢ — x| = 1.

Ifr = {x, ¥}, r1 = {xi, w1}, and £, = {xy, y;), describe the
set of all points (x, ¥} such that [r — v, | + |r - r;] =&,
where k > [r — rz2|.

Figure 16 gives a geometric demonstration of Property 2 of
vectors. Use components to give an algebraic proof of this
fact for the case n = 2.

Prove Property 5 of vectors algebraically fot the case n = 3.

Then use similar triangles to give a geemetric proof.

Use vectors to prove that the line joining the midpoints of
two sides of a triangle is parallel to the third side and half
its length.
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