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Suppose the three coordinate planes are all mirrored and a
‘light ray given by the vector a = {ay, 4z, g3} first strikes
the az-plane, as shown in the figure. Use the fact that
the angle of incidence equals the angle of reflection to
show that the direction of the reflected ray is given by
b = {a,, —az, 63}. Deduce that, afier being reflected by
all three mutually perpendicular mirrors, the resulting ray
" is paralle] to the initial ray. (American space scientists
used this principle, together with laser beams and an array
of comer mirrors on the Moon, to calculate very precisely
the distance from Earth o the Moon.)

The Dot Product -

So far we have added two vectors and multiplied a vector by a scalar. The question
arises: Is it possible to multiply two vectors so that their product is a useful quantity?
One such product is the dot product, which we consider in this section. Another is the
cross product, which is discussed in the next section. '

& Work and the Dot Product

An example of a situation in physics and engineering where we need to combine two
vectors occurs in calculating the work done by a force. In Section 6.5 we defined the
work done by a constant force F' in moving an object through a distance d as W = Fd,
but this applies enly when the force is directed along the lin_g) of motion of the object.
Suppose, however, that the constant force is a vector F = PR pointing in some other
direction, as In Figure 1. If the force moves the object from P to @, then the dis-
placement vector is D = PQ. So here we have two vectors: the force F and the dis-
placement D. The work done by F is defined as the magnitude of the displacement,
| D|, muitiplied by the magnitude of the applied force in the direction of the motion,
which, from Figure 1, is

|ITS)[ = |F|cose
So the work done by F is defined to be
W= |D{(|F|cos6) = |F||D]cos 8

Natice that work is a scalar quantity; it has no direction. But its value depends on the
angle between the force and displacement vectors.

We use the expression in Equation 1 to define the dot product of two vectors even
when they don’t represent force or displacement.

Definition The dot product of two nonzero vectors a and b is the number

ab=|a|lb|cosd

where #is the angle between a and b, ¢ < 6 < . (So 6 is the smaller angle
between the vectors when they are drawn with the same initial point.) If either
aorbis®, wedefinea -b=0. '




662 W (NAPTER % VECTORS AND THE GEOMETRY OF SPACE

F
s
D
FIGURE 2
aM a-b>0
M a'b=0
_9/ a b<0
a

FIGURE 3

This product is called the dot product because of the dot in the notation a - b. The'

result of computing a - b is not a vector. It is a real number, that is, a scalar. For th
reason, the dot product is sometimes called the scalar product.

In the example of finding the work done by a force F in moving an object throu
a displacement D = PQ by calculating F - D = | F||D| cos 6, it makes no sense f
the angle 6 between F and D to be #/2 or larger because movement from P to
couldn’t take place. We make no such restriction in our general definition of a -
however, and allow 8 to be any angle from 0 to 7.

EXAMPLE 1 If the vectors a and b have lengths 4 and 6, and the angle between them
is w/3,finda - b. :

SOLUTICN According to the definition,

a-b=|allb|cos(w/3)=4-6.-3=12

EXAMPLE 2 A crate is hauled 8 m up a ramp under a constant force of 200N apphe
at an angle of 25° to the ramp. Find the work done.

SOLUTION If F and D are the force and displacement vectors, as pictured in Figure 2
then the work done is

W=F- D= |F||D]cos 25
= (200)(8) cos 25° =~ 1450 N-m = 1450 J
Two nonzero vectors a and b are called perpendicular or orthogonal if the ang
between them is & = #/2. For such vectors we have
a-b=|al|b|cos(m/2) =0

and conversely if a - b = 0, then cos 8 = 0, so 8 = #/2. The zero vector § is cot
sidered to be perpendicular to all vectors. Therefore

l Two vectors a and b are orthogonal if and only ifa * b = Q.

Because cos 8 > 0 if 0 < 6 << /2 and cos 8 < 0 if w/2 < 8 < 7, we see th
a * b is positive for 8 < m/2 and negative for 8 > 7/2. We can think of a + b
measuring the extent to which a and b point in the same direction. The dot produ
a + b is positive if a and b point in the same general direction, 0 if they are perpendi
cular, and negative if they point in generally opposite directions (see Figure 3). In tly
extreme case where a and b point in' exactly the same direction, we have § = 0, ;
cos = 1and

arb=allb}

If a and b point in cxactly opposuc directions, then 8 = 7 and so cos § = —1 an
a*b=—|ajlb|
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&The Dot Product in Component Form

Suppose we are given two vectors in component form:
a = {a, az, as) b = (b, by, b3}

We want to find a convenient expression for a - b in terms of these components. If we
apply the Law of Cosines to the triangle in Figure 4, we get

la—bf’=]al’+|b} —2|a||b|cos@
=|aP+|b]*~2a-b
Solving for the dot product, we obtain
a-b=3(af+|b—-]a—-b[)
—H@+B+ a3+ 8+ 8B+ b - (@~ b) — (@ b) — (e — b))

= a\b, + a:b; + azbs

The dot product of a = {a,, a2, as) and b = {by, by, b3} is

a‘b=ab + ab + aibs

Thus, to find the dot product of a and b we multiply corresponding components and
add. The dot product of two-dimensional vectors is found in a similar fashion:

{an, a2} * (by, b2y = aiby + axby

EXAMPLE 3
(2,4) + 3, —1) = 2(3) + 4(=1) = 2
(=1,7,4) - (6,2, —}) = (~1)(6) + 7(2) + 4(—3) = 6
G+2j— 3K 2j— K =H0) +2(2) + '(—3)(—1} =7
EXAMPLE 4 Show that 21 + 2] — k is perpendicular to 5i — 4j + 2k.
SOLUTION Since
Ri+2§-K - Gi—4j+2K)=203)+2(—-) + (-D2) =0

these vectors are perpendicular by (2). B

EX-A!&IPLE 5 Find the angle between the vectorsa = (2,2, —1) and b = {5, -3,2),
SOLUTION Let 6 be the required angle. Since

la| = VETZFCIE=3 and |b|=5F (I + 2= 38

and since

a-b=2(5)+2(-3)+(-D2)=2
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FIGURE 5
Vector projections
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we have, from the definition of the dot product

cos § = a‘h =L
[al[b] 3438

So the angle between a and b is

2
f= 005_1(3—\/—@") = 146 {(or 84°) N

EXAMPLE 6 A force is given by a vector F = 3j + 4} + 5k and moves a particle
from the poiat P2, 1, 0) to the point Q_(4, 6, 2). Find the work done.

SOLUTION The displacement vector is D == P_Q) = {2, 5,2}, so the work done is
W=F-D=(3,4,5y-(2,5,2)
=64+ 20+ 10 = 36

If the unit of length is meters and the magnitude of the force is measured in new-
tons, then the work done is 36 J. it

The dot preduct obeys many of the laws that hold for ordinary products of real
numbers. These are stated in the following theorem.

Properties of the Dot Product If a, b, and ¢ are vectors in Vs and ¢ is a scalar, then

l.Lara=|al 2.a-h=b:a
3 a-b+e=a-b+a-c 4 (ca)-b=c(a+h)=a- (ch) !
| 5. 06-a=0 : |

. Properties 1, 2, and 5 are immediate consequences of the definition of a dot prod-
uct. Property 3 is best proved using components:

a:{(b+c¢)={anana) (b +c,b+c,bs + ¢y
=ai(by + ¢1) + az(b: + &) + aslbs + ¢3)
= gby + g161 + arbr + @ + azbs + aze,
= {q\b; + arb; + asby) + {a1c + @z + azc;)
=a-bta-c

The proof of Property 4 is left as Exercise 39.

Projections

Figure 5 shows representations PQ and PR of two vectors a and b with the same ini-
tial point P. If § is the foot of the perpendicuiar from R to the line containing PQ then
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SECTION 9.3 THE DOT PRODUCT  +  &&5

the vector with representation Fg is called the vector prejection of b onto a and is
denoted by proja b. The scalar projection of b onto a (also called the component of
b along a) is defined to be the magnitude of the vector projection, which is the num-
ber |b| cos 6, where 8 is the angle between a and b. (See Figure 6; you can think of
the scalar projection of b as being the length of a shadow of b.) This is denoted by
comp, b. Observe that it is negative if 7/2 < 8 < . (Note that we used the compo-
nent of the force F along the displacement D, compp F, at the beginning of this section.)

P
[b|cos 8

The equation
a-b=|a]|b|cos=al(|b]cos )

shows that the dot product of a and b can be interpreted as the length of a times the
scalar projection of b onto-a. Since
a‘h _ a

{b|cos 8= =

b
a] . |a

the component of b along a can be computed by taking the dot product of b with the
unit vector in the direction of a. To summarize:

b
~ Scalar projection of b onto a: comp, b = a| al
a- b) a a-b

|a] fﬂ= a2 ?

Vector projection of bonto a: proju b = (

EXAMPLE 7 Find the scalar projection and vector projection of b = {1,1,2) onto
a= {231} :

SOLUTIOK Since {a| = /(=2)7 + 32 + 12 = /14, the scalar projection of b onto a is
L _ath (M3 +1@) 3
Y Jia /14

The vector projection is this scalar projection times the umit vector in the direction
of a:

b 3 a 3 a 3 % 3
b= ——=+—T=—ra={-o,—, 7
PORD =" /17 Ta| ~ 14 714 14 o
At the beginning of this section we saw one use of projections in physics—we used
a scalar projection of a force vector in defining work. Other uses of projections pccur
in three-dimensional geometry. In Exercise 33 you are asked to use a projection fo find

the distance from a point to a line, and in Section 9.5 we use a projection to find the
distance from a point to a plane.
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E,aExercises.._.............................

1. Which of the lollowing expressions are meaningful? Which
are meaningless? Explain.

fay(a-b)-c¢ (b) {(a - b)e
{cy la|{b-¢) {da-*(b+rc)
feya-b+c¢ () |a| - (b + ¢

2. Find the dot product of two vectors if their lengths are 6
and 5 and the angle between them is 7/4.

3-8 m Finda-h.

(=]

. fa] =12, |b} =15, the angle betweena and b is 7/6
4.a={(L4) b=(-8-3)

5.04=4(50,-2), b= {3 —1,10)

6. a={5,253s), b= (s, —t 50

f.a=i-2j +3k, b=3i+9k

8.a=4j — 3k, b=2i+4j+6k

9~10 m If u is 4 unit vector, find u - v and u - w.

9. 10.

TR

. - - 3 . . " . = . . "

. (2) Show that i j=j -k =tk -i=0.
(b) Showthati-i=j-j—k-k = 1. _

12, A street vendor sells @ hamburgers, & hot dogs, and ¢ soft
drinks on a given day. He charges $2 for a hamburger, $1.50
for a hot dog, and $1 for a soft drink. f A = {a, b, ¢} and

P = (2, 1.5, 1}, what is the meaning of the dot product
A-P?

13-15 » Find the angle between the vectors, (First find an exact
expression and then approximate to the nearest degree.)

13, a=1{3,4), b={(512)

W, a=1(6-32} b=1{21, -2}

B.a=j+k b=i+2j-3k

16, Find, correct to the nearest degree, the three angles of the
triangle with the vertices P(0, —1, ), 9(2, 1, —3}, and
R(5.4.2).

17. Determine whether the given vectors are orthogonal,
parallel, or neither.
(@a=(-5137), b=(6,-8,2)
bya={4,6), b={(-32)
(ca=—-i+2j+5k b=3i+4j—-k
(da=2i+6j—4k, b=-3i-9j+ 6k

18, For what values of b are the vectors {—6, &, 2) and _
{b, ¥, b) orthogonal? ]

19. Find a unit vector that is orthogonal to both i + jand i + k.

20. For what values of ¢ is the angle between the vectors
{1,2,1) and (1,0, ¢} equal to 60°?

21-24 = Find the scalar and vector projections of b onto a.

2 a=(2,3), b=4{4, 1)

22.a=(3,-1}, b={(2,3)

B.a=4{4,20) b={L11}

28, a=2i~3j+k b=i+6j—2k

25. Show that the vector orth, b = b — proj, b is orthogonal
to a. (It is called an orthogonal projection of b,) t

26. For the vectors in Exercise 22, find orth 4 b and illustrate by i
drawiag the vectors a, b, proj, b, and orth 4 b.

2, [fa= (_3, 0, —1}, find a vector b such that comp, b = 2,

28. Suppose that a and b are nonzero vectors.
{a} Under what circumstances is comp, b = compyp, a?
(b} Under what circumstances is proja b = projp, a?

.29, A constant force with vector representation

F = 10i + 18j — 6k moves an object along a straight line
from the point (2, 3, 0) to the point (4, 9, 15). Find the work
done if the distance is measured in meters and the magnitude
of the force is measured in newtons.

30. Find the work done by a force of 20 1b acting in the direc-
tion N50°W in moving an cbject 4 ft due west.

31. A woman exerts a horizontal force of 25 Ib on a crate as she
pushes it up a ramp that is 10 ft Jong and inclined at an
angle of 20° above the horizontal, Find the work done on
the box.

32, A wagon is pulled a distance of 100 m along a horizontal
path by a constant force of 50 N, The handle of the wagon
is held at an angle of 30° above the horizontal. How much
work is done?

33. Use a scalar projection to show thar the distance from a
point P{x1, yi} to the line ax + by + ¢ = Qs

|eexy + by + Cl

\,raz + b2

Use -
to th

M. Ifr:
show
senis

35. Find
edge
36. Find
aof o

W Am
hyds
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angi
betw
hyds
[Hir
(1.¢
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to the line 3x — 4y + 5= 0.

Ifr=(x,y,z),a={a,a,a:), and b= {b, b, b3},
show that the vector equation (r — a) - (r — b) = 0 repre-
. sents a sphere, and find its center and radius.

Find the angle between a diagonal of a cube and one of its
~edges.

.. Find the angle between a diagonal of a cube and a diagonal
- of one of its faces,

A molecule of methane, CH,, is structured with the four
hydrogen atoms at the vertices of a regular tetrahedron
‘and the carbon atom at the centroid. The bond angle is the

between the lines that join the carbon atom to two of the

. hydrogen atoms. Show that the bond angle is about 109.5°
-.[Him: Take the vertices of the tetrahedron to be the points
© (1,0,00,{0,1,0), (0,0, 1),and (1, 1, 1) as shown in the
figure. Then the centroid is (4,11

The Cross Product . .

“angle formed by the H—C—H combination; it is the angle ~

8.

39

.

40

41

.

a2,

23,
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i

ife=|alb + |b|a, where a, b, and c arc all nonzero
vectors, show that ¢ bisects the angle between a and b,

Prove Property 4 of the dot product. Use either the defini-
tien of a dot product {considering the cases ¢ > 0, ¢ = 0,
and ¢ < 0 separately) or the component form.

Suppose that all sides of a quadrilateral are equal in length
and opposite sides are parallel. Use vector methods to show
that the diagonals are perpendicular.

Prove the Cauchy-Schwarz Inequality:
|a-bi=la|[b]|
The Triangle Inequality for vectors is
la+b|<[a]+[b]

(a) Give a geometric interpretation of the Triangle Inequality.

(b) Use the Cauchy-Schwarz Inequality from Exercise 41 to
prove the Triangle Inequality. [Hint: Use the fact that
la + h[*=(a+ b} (a+ b)and use Property 3 of the
dot prodoct.]

The Parallelogram Law states that

la+b)+|a—bF=2fal +2|bf

(a) Give a geometric interpretation of the Parallelogram
Law.

(b) Prove the Parallelogram Law. (See the hint in
Exercise 42.}

The cross product a X b of two vectors a and b, unlike the dot preduet, is a vector.
For this reason it is also called the vector product. We will see that a X b is useful
in geometry because it is perpendicular to both a and b. But we introduce this prod-
uct by looking at a situation where it arises in physics and engineering.

P TYorque and the Cross Product

see that it is

3 applied. This is |r

F This is the enly compo

If we tighten a bolt by applying a force to a wrench as in Figure 1, we produce a furn-
ing effect called a forque 7. The magnitude of the torque depends on two things:

» The distance from the axis of the bolt to the point where the force is
, the tength of the position vector r.

a The scalar component of the force F in the direction perpendicular to r.
nent that can cause a rotation and, from Figure 2, we

| F|sin 6

where @ is the angle between the vectors r and F.
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FIGURE 3
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The right-hand rule gives
the direction of a x b.

~ & |n particular, any vector a is parallel

to irself, so

FIGURE 4

axXa=90

We define the magnitude of the torque vector to be the product of these two factors:

|7| = |r||F|sin 8

The direction is along the axis of rotation. If m is a unit vector that points in the direc-
tion in which a right-threaded bolt moves (see Figure 1), we define the torque to be

the vector

[7] 7= {|r||F|sin 6)n

We denote this torque vector by ¥ = r X F and we call it the cross product or vector

product of r and F,

The type of expression in Equation 1 occurs so frequently in the study of fluid flow,

planetary motion, and other areas of physics and engineering, that we define and study
the cross product of any pair of three-dimensional vectors a and b.

Definifion If a and b are nonzero three-dimensional vectors, the cross product
of a and b is the vector

aXb=/{(al|b|sindn
where 6 is the angle betweena and b, 0 << § < #, and 1 is a unit vector per-

rule: If the fingers of your right hand curl through the angle 6 from a and b,
then your thumb points in the direction of n. (See Figure 3.)

If either a or b is 0, then we define a X b to be 0.
Because a X b is a scalar multiple of n, it has the same direction as n and so

a X b is orthogonal to both a and b

Notice that two nonzero vectors a and b are paratlet if and only if the angle be-

tween them is 0 or 7. In either case, sin® = O and soa X b = @,

_ Two nonzero vectors a and b are parallel if and only ifa X b = 0.
L :

This makes sense in the torque interpretation: If we pull or push the wrench in the
direction of its handle (so F is parallel to r), we produce no torque.

EXAMPLE 1 A bolt is tightened by applying a 40-N force to a 0.25-m wrench as
shown in Figure 4, Find the magnitude of the torque about the center of the bolt.

SOLUTION The magnitude of the torque vector is

fr] = |r X F| =|r||F|sin75°|n| = (0.25)(40) sin 75°
= 105in 75° = 9.66 N-m = 9,66 J

pendicular to both a and b and whose direction is given by the right-hand : 1

_‘k=
FIGURE 5
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If the bolt is right-threaded, then the torque vector itself is
T=|7|n=9.66n

where n is a unit vector directed down into the page. B

EXAMPLE 2 Find i X jand j X i.

SOLUFIBN The standard basis vectors i and j both have length 1 and the angle between
them is /2. By the right-hand rule, the unit vector perpendicular tof and jisn = k
{see Figure 5), so

i x j=(|i||j] sin(m/2)}k = k

But if we apply the right-hand rule to the vectors j and i (in that order), we see that
n points downward and so n = —k. Thus

jXi=-k i
From Example 2 we see that
ixXj#jxi
so the cross product i3 not commutative. Similar reasoning shows that
iXk=i kXj=—i
kXi=j ixXk=-j
In geﬁeral, _the right-hand rule shows that
| bXxa=-axXh

Another algebraic law that fails for the cross product is the associative law for mul-
tiplication; that is, in general,

(aXb)Xc*aX(bXe
For instance, ifa = i, b =, and ¢ = j, then

iXi)Xj=0xXj=0
whereas

iXEXj)=ixXk=-j

However, some of the usual laws of algebra do hold for cross products:

Properties of the Cross Product If @, b, and ¢ are vectors and ¢ is a scalar, then
l.aXb=-bXa

2. fea) X b=c{a X b)=a X (cb)

. ax(b+tcg=axXbt+aXe

L. ath)Xec=aXc+hXe

Property 2 is proved by applying the definition of a cross product to each of the
three expressions. Properties 3 and 4 (the Vector Distributive Laws) are more difficult
to establish; we won’t do so here.
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FIGURE &

A Noete that
iXi=0 jxj=0 kxXk=0

A geometric interpretation of the length of the cross product can be seen by look-
ing at Figure 6, If a and b are represenied by directed line segments with the same ini-
tial point, then they determine 2 parallelogram with base |a|, altitude | b|sin #, and
area

A= |al(|b|sin8) = }ja X b|

‘ The length of the cross product a X b is equal to the area of the paraflelogram
‘ determined by a and b. _

PN The Cross Product in Component Form

Suppose a and b are given in component form:
a=a;i+a2j+a3k bszi+bgj+b3k

We can express a X b in component form by using the Vector Distributive Laws
together with the results from Example 2:

aXb={ait+anj+ak) X i+ bjt+ bhk
=abi X i+ abi X j+ abixk
+ abij X i+ @b X j + abij X K
+ bk X i+ asbok X + asbek X k
= bk + ab{—j) + a:bi(~K) + aphyi + ashj + asby(—i)
= (a2 — aby)i + (a3by — ab)j + (@b — b )k

2] Ifa= {a,a, a)and b = {&, b,, bs), then ‘

a X' b= (@b — asbs, aaby — aybs, alby — aby) ‘

In order to make this expression for a X b easier to remember, we use the notation
of determinants. A determinant of order 2 is defined by

a b

= aqd — bc

cod

For example,

‘ 2w - -6 = 14

-6 4

A determinant of order 3 can be defined in terms of second-order determinants as
follows:

d dr i
IE b] bz bj =t

[0 TR 4 TR 5

by b

Cx O3

| om
agl

LA
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Observe that each term on the right side of Equation 3 involves a number a; in the first
row of the determinant, and @, is multiplied by the second-order determinant obtained
from the left side by deleting the row and column in which a; appears. Notice also the
minus sign in the second term. For example,

01 31
— — + —_
! 4 2 2 -5 2 =1 -5 4‘

10 — 4) — 2(6 + 5) + (—1){12 — 0) = —38

If we now rewrite (2) using second-order determinants and the standard basis
vectors i, j, and k, we see that the cross product of a = aii + a2 j + a:k and
b= bli + sz + bgkis

dz 4z, ay daa a4

X b= — j+ |
? by bs|' b Bs|' b b

k
In view of the similarity between Equations 3 and 4, we often write

i j ok
@ axXb=|la a a
b by b

Although the first row of the symbolic determinant in Equation 5 consists of vectors,
if we expand it as if it were an ordinary determinant using the rule In Equation 3, we
obtain Equation 4. The symbolic formula in Equation 5 is probably the easiest way of
remembering and computing cross products,

EXAMPLE 3 Ifa = {1,3,4} and b = {2,7, —5), then
i
axXb=|1
2

i- ool 3k
-5 2 —5117 12 7

(-15—-28)i—(-5—8)j+(7-6)k=—-43i+13j+k -

EXAMPLE 4 Find a vector perpendicular to the plane that passes through the points
P(1,4,6), 0(—2,5, —1), and R(1, —1, 1).

\ —> d .
SOLUTION The vector PQ X PRis perpendicular to both };5 and PR and is therefore
perpendicular to the plane through P, 0, and R. We know from (9.2.1) that

PO=(-2-Di+(5-4)j+ (-1 - 6k=-3i+]j— 7Tk

PR=(1- i+ (=1 —4)§+( - 6k=—5j—5k
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We compute the cross product of these vectors:

i j k
— —> .
POXPR=|-3 1 -7
0 -5 -5

= (=5 — 35)i — (15 — 0)j + (15 — Ok = —40i - 15] + 15k

So the vector {—40, —15, 15} is perpendicular to the given plane. Any nonzero
scalar multiple of this vector, such as (—8, —3, 3}, would also work.

EXAMPLE 5 Find the area of the triangle with vertices P(1, 4, 6}, Q(~2, 5, —1),
and R(1, —1, 1).

SOLUTION In Example 4 we computed that P_Q’ X PR = (=40, —15, 15). The arca of
the parallelogram with adjacent sides PQ and PR is the length of the cross product: -

|PG X PR| = 20 ¥ (=150 + 15% = 582

The area A of the triangle PQR is half the area of this parallelogram, that is, £ /82.

Triple Products

The product a + {b X ¢) is called the scalar friple product of the vectors a, b, and ¢,
bxe| 7 Its geometric significance can be seen by considering the parallelepiped determined
; by the vectors a, b, and . (See Figure 7.) The area of the base parallelogram is

nllefa J," = |{b X ¢|. If #is the angle between a and b X ¢, then the height k of the paral-
leleplped ish = |a}|cos 6|. (We must use | cos 8| instead of cos §in case 8 > 1:-/2}
— Thus, the volume of the parallelepiped is :

FIGURE 7 ' _ V=Ah=|bxc|la|[cos @] =]a-(bxXc)

Therefore, we have proved the following:

The volume of the parallelepiped determined by the vectors a, b, and ¢ is the
magnitude of their scalar triple product:

V=la-{bX0c)

Instead of thinking of the paralielepiped as having its base paralielogram deter:
mined by b and ¢, we can think of it with base parailelogram determined by a and b
In this way, we see that

arbXc)=c-(axXh

But the dot product is commutative, so we can write




SECTION 9.4 THE CROSS PRODUCT = 673

| a‘bxc=(axhb) ¢

..

Suppose that a, b, and ¢ are given in component form:
a=a1i+a2j+a3k b=bll+b2j+b3k c=c1i+czj+c‘3k

Then

b
a-(ch)=a-['b2 li-

by by b1 by by by
— + 751
Ca 3 ¢ C3 Ci €2

= i

This shows that we can write the scalar triple product of a, b, and ¢ as the determinant
whose rows are the components of these vectors:

ay 4z az
a‘(bXel=|b b b
1 €y C3

EXAMPLE &6 Use the scalar triple product to show that the vectors a = (1,4, —7)
b= (2,-1,4),and ¢ = {0, ~9, 18} are coplanar; that is, they lie in the same
plane.

1

SOLUTIBN We use Equation 7 to compute their scalar triple product:

1 4 =7
arbXe=12 -1 4
0 -9 18

-1 4 2 4 2 —1

=g 18 7*o 18] 7o -9

= 1{18) — 4(36) — 7(-18) = 0

Therefore, the volume of the parallelepiped determined by a, b, and ¢ is 0. This
means that a, b, and ¢ are coplanar, 173

The product a X (b X ¢} is called the vector triple product of a, b, and ¢. The
proof of the following formula for the vector triple product is left as Exercise 30.

’ aXdXc)=(a-ch-(a-b

Formula 8 will be used to derive Kepler's First Law of planetary motion in Chap- .
ter 10. ' : '
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Exercises . - . . . - - - -

1. State whether each expression is meaningful. If not, explain
why. If so, state whether it is a vector or a scalar.

(ma-thxXe b axd-e
(cra X (b X ¢ da-b)xe
@@-b)X{c-d) () {(a X b) - (e X d}

2-3 ® Find }u X v| and determine whether u X v is directed
into the page or out of the page.

2 3
luj=6

u|= o
| 60°~Tv|=10 150°

. . . . . . - . B .

4. The figure shows a vector a in the xy-plane and a vector b

in the direction of k. Their lengths are [&| = 3 and |b| = 2.

(a) Find |a X b|.
(b) Use the right-hand rule to decide whether the com-
ponernits of a X b are positive, negative, or 0.

z

5. A bicycle pedal is pushed by a foot with a 60-N force as
shown. The shaft of the pedal is 18 cm long. Find the mag-
nitude of the iorque about P.

6. Find the magnitude of the torque about £ if a 36-1b force is
applied as shown.

4 ft

7-11 ® Find the cross product a X b and verify that it is
orthogonal to both a and b.

Z.a={1,-1,0), b= (3,21}
8.a=1{(-322) b={(631)
9 a= (%1, b={1,2¢3:Y

10.
1.

a=it+tejt+te’k, b=2i+e'j— e’k
a=3i+2j+4k, b=i—2j— 3k

Ifa=i— 2kandb = j + k, find a X b. Skeich a, b, and G

a X b as vectors starting at the origin.

2.

13. Find two unit vectors orthogonal to both {1, —1, 1} and

{0,4,4).

14. Find two unit vectors orthogonal to both i + j and
i—-j+k

8. (a

15. Find the area of the parallelogram with vertices A(—2, 1)
B(0, 4), C(4, 2), and D(2, —1).

15. Find the area of the parallelogram with vertices K(1, 2, 3)
£(1, 3, 6), M(3, 8, 6), and N(3, 7, 3).

(b

17-18 ® (a) Find a vector orthogonal to the plane through the
points P, ©, and R, and (b) find the area of triangle POR.

17. P(1,0,0), @Q(0,2,0), R(D,0,3)
18. P(2,0,-3), 031,00, R(52.72)

. . . » n . . . . . =

N, Pr
0. Pr

19. A wrench 30 cm long lies along the positive y-axis and
grips a bolt at the origin. A force is applied in the directio
{0,3, —4) at the end of the wreach. Find the magnitude of’
the force needed to supply 100 J of torque to the bols,

20. Let v = 5 and let u be a vector with length 3 that starts
the origin and rotates in the xy-plane. Find the maximum
and mirimum values of the length of the vectoru X v. In
what direction does u X v point?

21-22 = Find the volume of the parallelepiped determined by
the vectors a, b, and ¢.

a=<6!31_~l)1 b=<0! 192')3 c=<4,_255>
22.a=2i+3j—2k b=i—j, c=2i+3k

23-24 = Find the volume of the parallelepiped with adjacent
edges PO, PR, and PS.

23. P(1,1,1), @(2,0,3), R4, 1,7}, S(3.—1,-2)
. P0,1,2), ©(2,4,5), R(-1,0,1), S(6,~1,4)




ise the scalar triple product to verify that the vectors
2i+3j+kb=i—jandc=7i+3j+ 2k
are coplanar. '

"Use._'thn: scalar triple product to detefn)jne whether the
ints P(1,0, 1), Q(2, 4, 6), R(3,
e same plane.

) Let P be a point not on the line L that passes through
the points ¢} and R. Show that the distance d from the
point P to the line L s

|a x|
Jal

d=

© wherea = QRandh = QP

(b) Use the formula in part (a) to find the distance from
- the point P(1, 1, 1} to the line through Q(0, 6, &) and
R{—-1,4,7).

f(é) Let £ be a point not ¢n the plane that passes through the
- points O, R, and 5. Show that the dJstance d from P o
the plane is

la« (b x¢)|
fa X b|

d-_—

 wherea = R, b = 03, and c — 0P,
(b) Use the formula in part (a) to find the distance from the

_R{U, 2,0), and §(0, 0, 3).
Prove that (a~b)X{a+b)=2axhb),

: Prove the following formula for the vector triple product:

axXxhxc¢)=(a-chb-(a-bk

Discovery
Project

—1,2), and 5{(6, 2, 8) lie in

“point P(2, 1, 4) to the plane through the poiats @1, ¢, 0,

.DISCOVERY PROJECT THE GEOMETRY OF A TETRAHEDRON ~ = 675

31. Use Exercise 30 to prove that
ax(bhXe+bXlexa+eXaxb=10
32, Prove that

b-¢

arc
(axb)-{cxd}=ra.d b-d

33. Suppose that a # 0. _
(a) Ifa - b=a-e¢ does it follow that b = ¢?
(b) Ifa X b = a X ¢, does it follow that b = ¢?
{c)fa-b=a-canda X b =a X c, does it follow
that b = ¢7

34, If vy, v;, and v, are noncoplanar vectors, let

-k1= "g-x Y3
vyt {v2 X v3)

ks = LIRS
Ve (v X vs)

Vi X ¥

K = 1 2

¥y ‘{sz"3) )

(These vectors oecur in the study of crystallography. Vectors
of the form 7, v, + nzv: + nrs¥;, where each n, is an inte-
ger, form a lattice for a crystal. Vectors written similarly
in terms of ky, k;, and k; form the reciprocat lattice.)
(a) Show that k; is perpendicular to v; if i # j.
(b} Show thatk, - v, =1 fori =1, 2, 3.

1

Show that k —_—
(c) Show that k, Vi (v X vy)

'{kg Xk3)=




