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CHAPTER 9 VECTORS AND THE GEOMETRY.OF SPACE! "+

d Equations of I.inesuh'd.'Pl'c::nes .

'P_a_(x.':, Yo» Zoj .

FIGURE 1

FIGURE 2.

line (its slope or angle of inclination) are given. The equatlon of the lme can then

- Po{xa, Yo, 20) on L and the direction of L. In three dimensions the direction of a line i
.-,conveniently described by a vector, so we letv be a vector paratlel to L. Let P(x, y, z
be an arbrtrary pomt on L an_d) let 1y, ﬂ t be the posmon vectors of Pg and P (thati

. they have representations OF,, ancl OP).. Ifa is the. vector wrth representat:lon Py

aand v are parallel vectors, there is a scalar rsuch that a = ¢v. Thus L

. the vector r. As Figure 2 1nd1eates, posmve values of £ correspond to points on L thag;
- lie on one side of PO, whereas negatlve values of t correspond to pomts that he 0 1 th
. other side of Py, - D

- ¥ = {a,b,c), then we have tv = (ta,ib, fc}. We can -also wnte r' = (x, y, z)

- Two vectors are equal 1f and only 1f correspondmg components are equal Theref
we: have the thIee scalar equat:lons ' :

.where ¢ E R These equatrons are: called parametrlc equations of the line L throu
the point Po(xo; Yo Zo} and para]]el to the vector v = {a, b, ¢). Each value of the p
eter ¢ gwes a point (x, y; z} on L. : .

a figure
Example
ooint an
direction

\
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A line in the xy- plarle is determined when a point on the liné and the direction of the FIGURE

written using the point-slope form.
Likewise, a line L in three- dimensional space is detenmned when we know a poin

as in Flgure 1, then the Tnang]e Law for vector addition gives r = ro + a. But, sin

L R l' =ro+tv ! o

which is 2 vector equation of L. Fach value of the parameter ¢ gives the positio
vector r of a point on L. In other words, as # varies, the line is traced out by the tip

“If the vector v that glves the du‘ectron of the lme L 1s wrltten 111 component fo

ro = (xo, Yo, zo) so the veetor equauon (1) becomes o

' .. (xg + ta,yq + rb 2o + tc)

. [ C
; ' x—xo+at y—yg+bt =zt ¢t

e




re 3 shows the line L in
nple 1 and ifs relation to the given
f ahd to the vector thot gaves its

n. :

- SECTION-9.5 EQUATIONS OF LINES AND PLANES =

EXAMPLE 1-- SR )
(a). Find-a vector equal:lon and pa:ametnc equations for the line that passes through
the point (5; 1, 3).and is parallel to the vector i + 4j — 2k. ' -

-(b) Find twe other points-on the line. -

SOLUTION

: :;(a) Here rp = (35,1, 3) = 3i +J -+ Skandv— i+ 4j — 2k, so the vector equa-
: :tlon (1) becomes

r*(51+.]+3k)+r(1+4_]—2k)

-.or r=(5+t)1+(l+4t)1+(3—2r)k

Paramemc equatlons are

! x-—5+t y—1+4t r=3-2
(b) Choosmg the pa.rameter value =1 gwes x=260,y= 5 andz =1, s0{6,35,1)
isa pomt on.the line. Smula.rly, t = —1 gives the point (4, —3, 5). : 3

The vector equation and paramet:ric equations of a line are not unique. If we change
the peint-or the parameter or choose- a different parallel vector, then the equations
change. For instance, if, instead of (5, 1, 3), we choose the point (6, 5, 1) in Example 1,
then the parametric equations of the line become

x=6+t y=5+4 z=1-2

’ Or, if we stay w1th the pomt (5, 1 3) but choose the parallel vector 21 + 8j — 4k we

arrive, at the equatlons o
= 5 + 2t y=1 +8  z=3-4&

In general ]_f a vector v = (a, b, c) is used todescribe the direction of a line L, then

_the numbers a, b, and c are called direction numbers of L. Since any vector parallel

to v could also be used, we see that any three numbers proportlonal toa, b, and c could
also be used as a set of direction numbers for L. - :
Another way of describing a line L is to eliminate the parameter 7 from Equations 2.

.. Ifnoneofa, b, orc.is 0 we can solve eaeh of these equatlons for ¢, equate the results

and obtam

' These equatlons are called symmetnc equatlons of L. Notice that the numbers a, b,
--and ¢ that. .appear in the denominators of Equations 3 are direction numbers of L, that
. is, components of a vector parallel to.L. If one of a, b;.01 ¢ is 0, we can still eliminate

- t. For instance, if & = 0, we could - write the equattons of L as

Y~ Yo _Z— Zo
X = Xq T = e

This‘_meens' that L liés in the vertical plane x = xq. -
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4 Figure 4 shows the line L in
Example 2-and the point P where it
|ntersecis the xy~pic1ne :

FIGURE 4

& Thelines Lyond L inExample 3, -

shown in Figure 5, are skew lines.

b

FIGERE 5

| ~txnmptt2 S - -
- - (a)-Find: parameme equauons and symme ic equatmns of the lme that passes
R through the: ‘points A2, 4,=3). and B(3, -1, 1)i" e
~ (b) At what pomt does thts lme mtersect the xy- plane‘? i

CSoumow | L | SR
- (a) We dre not exphcnly gwen a vector parallel to the lme but observe that the
~ vector.y wuh representanon ABi is parallel to'the l1ne and - :

'v—<3—2—1—41—(3»—(1 5@

‘Thus, difection numbersare g = 1, b = -5, arid ¢ = 4., Taking the point (2, 4,?3:)

as Py, we see that parametric equations (2) are

x=2+1 y=4-5t z=-3+4

and syrnmettfic e_quati_ons_ 3 are_

X=2.y=S47 243

1 —— .

(b) The hne 1utersects the xy plane when z= 0 80 we put z.= 0 in the symmemc:

: .equattons and obtam T

_3
4

; Th15 gwes x= 4 and y 4, 50, the hne mtersects the xy plane at the point (]7 } 0)

In general, the procedure of Exarnple 2 shows that direction numbers of the line L.:-
through the points Po(xo, yo, 20) and Pl(xl, yl, zl} are x; — Xo, y1 — Yo, and z; — zp an

S0 symmetnc equahons of L are

e .x-.—_xg-.- - y—yg : .Z - Zy

T LXr T Xo __— yo . zZ) — Zp

: EXAMPLE 3 Show that the Imes L1 and Lz Wlth paramemc equattons

x~1+t -y=—2+3t:::z=4—t--'
x=2s y—3+s .=—3+4s

are skew lines; that is, they do not intersect and are not paral]e] (and therefore do
not lie in the same plane) L : : ;

':-SUlIJTIBH The lmes -are not parallel because the correspondmg vectors (1,3, -1} and

{2,°1, 4) ‘are not parallel. (Their components.are not proportional.) If L, and Ly had :
a point of intersection; there would be values of ¢ and s such that

1+ ¢=2¢
'_ —2+3t—3+s'
4 r—'—3+4s
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" But if we solve the-first two equatlons, we get? = % and s = 3, and these values

don’t satisfy the third equatton Therefore, there are no values of 1 and s that satisfy
the three equatwns Thus, Ll and L;do not mtensect Henee, L. and Lz are skew
lines: - . = . . &

[ _Planes

' Although a line in'space is determined by a point and a direction, a plane in space’is
‘morze difficult to describe. A smgle vector parallel to.a plane is'not enough to convey
_the- “clu'ectlon of the p]ane, but a vector perpendicular to the plane does completely

" specify its direction: “Thus; a plane in space 1s.determined by a point Po{xy, Vo, 2o) in

the pline and'a vector n that is-orthogonal to the plane. This orthegonal vector n is

_called a normal veetor. Let P(x, 'y, 2} be an arbitrary point in the plane, and let ry and

r be the position- véctors of Py and P, Then the vector r — “Tois represented by ITGF
(See Figure 6.) The niormal vector i is orthogenal to every vector in the given ‘plane.

In particular, n is orthogonal to.r'— “ To and so we have

wm | ni-(i--m):o

which can be reWritten as

_ | — \n.r=n.m W

Either Equation 4 or Equation 5 is callecl da ector equatlon of the plane.
To obtain a scalar equation for the plane we writen = {a, b, chr={x,yz),and

ro= {xg, yg, zo) Then the vector equahon (4) becomes

(a* ‘b C) (x . an y y()’ Zl)) = O

1‘ Calx = xo) + By — ) + olz ~ 7) =0

oot

Equatlon 6 is the scalar equatlon ol‘ the plane through Po(xo, va, z[.) w1th normal
’ vectorn = (a,b ¢y, R :

_ EXAMPI.E 4 ‘Find an equauon of the plane through the point’ (2 4 - 1) wlth normal
- vector n = (2 3, 4) Flnd the mtercepts and sketch the plane o :

_'smunun Putting a. = 2,5 =3, c'= 4, %= 2, yo = - 4, andzo—- —lmEquatlonﬁ

we see that an equatlon ef the plane is

2(x—2)+3(y—4)+4(z+1]—0

Or : _:__;. " 2x + 3y + 4z = 12

To ﬁnd the x-mtercept we <;et y =z= 0 m thJs equation and obtam X = 6. Simi-
larly, the - intercept is 4 and the z-lntereept is 3. This enables us to sketch the pos-
tion of the p]ane that hes in the first octant (see Frgure 7). T L




FIGURE 8

FIGURE 9
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: twn of a plane a8 o

’ ST P ax+by+ Cz-+'d-'='0

__ EXﬁMPLE 5 Fmd an equanon of Lhe plane that passes rhrough the pomts P(l 3,2),
) Q(3 -1, 6) and R(5.2, 0)

. SULUTIOH The vectors a and h eorrespondmg to PQ and PR are. :.'

A F|;c';ure.8 shows the portion of the
plane in Exc:mple 5 that is enclosecl by
friangle PQR

' Smce both a and b lie in the plane their cross product a. X b is orthogonal w© the_

_With the peint P(1,3,2) and the normal secter n, an equation of the plane is

o L EEER T 6x+ 10y + 72 = 50

. EXAM PI.E 6 Fmd the pomt at Wthh the lme w1th parametric equations x = 2 + _3

: _x i 2y —3z=4 and 2x + Ay — 6z = 3 are parallel because their normal vectors’
are'n; = {1, 2 —3) and m; = {2, 4, 6) and ny =-2m;. If two planes are notp_:
lel; then they-intersect int a straight- line and the angle hetween the two planes i

‘(a) Find the angle between the p]anes x+y+z=1landx — 2y + 3z = 1

SULUTIOH SRR —
(a) The normal vectors: of these planes are

By ce]lecnng terms in Equatxon 6 as we: d1d in Example 4 we can rewrite the equa

'-where d= —(axe + by, +cz). Equanen 7is ca]led a linear equatmn inx,y andz g
-Conversely, it can be shown that if @, b, and ¢ are not all 0, then the linear equatios
(7Y represents a plane with normal VeCtor (a, b, c}. (See Exercise 53.)

& An
sechio
alans:
ol the
- paran

a—-(2 44) b= (4, 1—2)

plane and can be taken as the normal vector. Thus -

: i § 'k
m=aXb=|[2 =4 -4}=12i+20j+ 14k
T

12(x—1)+20(y-3)+14(z—2)—0 )

y = '—41‘ z=35 + ¢ intersects the plane 4x + 5y — 22 =18.

SUI.UTI{HI We substitute the expressions for x, y, and z from the parametric equation
into the equatlon of the plane :

4(2+3r) +5( 4t) -2{5 +8) = 18

This simplifies to —10¢ = 20 0= —2. Therefore, the point of intersection occu
when the parameter. value s t==2Thenx =2 + 3(~2) = =4,y = —4(=2) =
z=5—-2=3 andsothepomtoflntersectmnls( 4,8, 3).

. Two planes are parallel if the:r nermal vectors are parallel. For instance, the planes«

ﬁned as_ the acu_te angle between theu_- nermak vectors (see Figure 9)..

EXAMPLE 7

(b) Find symmetric equatmns for the line of intersection L of these two. planes

n.—<1 i, 1> " i’i;=:'<"1, ~2,3)
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T :and 507 1f 6is the angle between. the planes, at

other way to find the line of inter-
is fo solve the equations of the
two of the variables in terms
ird, which can be taken as the
far.

10 shows the planes in
e. 7 and. their life.of inter- -

FIGURE '|_d=

mem L D H=D)+16) . 2
|n1||n2| J1+_1+__1_J1+_4+9 Va2

(2N
(b) We first need to find a point.on.L. Forinstance, we can find the point where the

line intersects the xy-plane by setting z = 0 in the equations of both planes. This
gives the equations x + y = 1 and x—2y= 1 whose solution is x = 1, y= 0. 5o

cos 9

-'the point {1, 0, 0) lies on L. '

" Now we observe that, since L lies in both planes, it is perpendlcular to both of
the normal vectors Thus a vector v parallel to L is given by the cross product

ik o
v=nm _x.llz : 1 11 =51‘—2.l"3k
Do 1. -2.3 PR
and se the symmetric equations of L can be written as
x—1 .-

A
5 -2

x—2y+3z=1 .

HOTE « Since a linear equauon in. x, y, and z represents a p]ane and two non-

5 parallel planes intersect in a line, it follows. that two linear equations can represent

can also be regarded as the
of intersection.of planes derwed fram

“a line, The points (x, ¥, z) that saUSfy both- a1x + b1y + c1z + d, = 0 and
Claix b2 ¥ + &z + dp. = Olie'on both of theée planes, and so the pair of linear equa-
' tions represents the Tline of interséction of the planes (if they are not parallel). For

instance, in Exaniple 7 the line L was' gwen as the line of intersection of the planes

x+ty+tz=landx -2y +3z= 1 The symmetnc equattons that we found for L
- could be written' as '

.
coand | —— = —
an 2 3

which is agatn a pair of linear equatlons They.exhibit L asthe line of intersection of

. the.planes (x — 1)/5 = y/(— 2) and y/(+2). = z/(—3). (See thure 11.)

In general, when we write the equat;ons of a line in the symmetric form

X T Xl ¥ “}0 L= Iy
L errh o e
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we can regard the lme as the hne of mtemeCUOn of the two. planes

x__ x0.=.)'> _.yn ) and . y ".’}'70_=ﬂ

EKMAHE 8 Find a formula for the ci1stance D from a pomt p (xl, 1 z1) to the
planeax+by+cz+d—0

* SOLUTION Lit: Po(xg, yg, ) be any pomt in the gwen plane and let b be the vector-
SR 'correspondlng to’ P0P1 Then '

b = <JC1._-' Xbs, )"1 — yo, 2y .‘:'Z{}> :

:._'From Flgure 12 you can see r_hat the chstance D from P, to the plane is equal to th
‘absolute value of the scalar projection of b onto the normal vector n = (a b, c)
(See Section 9.3.) Thus -

_|n-bj
In]

—|c0mpnb! =
= Lalx = x0) +5(31— yo) + elz — z0) |
Var+ bttt

|(a:x1 + by, + czi) = (axo + byg + 6‘20)|
fa2-+ bz-+ c? L

FIGURE 12

Since Po lies in the plane its coordmates sat:lsfy the equatlon of the plane and so w
_-__have axq.+ byg + ¢z +d=0. Thus, the formula for D can be written as

laxi + by + ez _.+ dj -

| b= - :
< et bi et
N l -
EXAMPI.E 9 F].l'ld the distance between the para]lel planes 10x + 2y —-2z=95
and5x +y—z=1. o _
SOLUTION. First we note that the planes are parallel because their normal vectors °
(10,2, =2) and {5, 1, 1) are parallel, To find the distance D between the plane:
we choose any point on o_ne plane and calculate its distance to the other plane. In.
: partleular ifweputy =z = 0in the equanon of the ﬁrst plane we get’10x =5 an
" 'so (2, 0, D) is-a point in tlns plane By] Fonnula 8 the istance between(3, 0, 0
'theplane5x+y—z—1—013 s '_ 2-5
' the
5 + 10) —-1 0 ~1
e 10 - 10 - | .

\/52+12+( 1)2 B

So. Lhe dlstance between the planes is’ f 3/6.

_EXM\PI.E I(l In Examp]e 3 we showecl that the hnes o
. L x~1+t___y—-2+3r z=4—1
L ox=3 T y=3Fs o -='—-3+4s.

 are skew. Find the distance between them.
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' .:SDLUTIOH Since the two lines L, and Lz are: skew, they can be viewed ag: lymg on‘two.
_ parallel planes P, and P». The:distance between L; and L, is'the same as the dis--
- tance between P, and P,, which can bé computed-as in Example 9. The commory

normal vector to both planes must be ‘orthogonal to both v, = (1,3,

—1} (ihe direc-

non of Ll) and \’z = (2 1,4} (the drrectlon of Lz) So anormal vector is-

i .l
D=viXwn=|1 3 —1
2 l

If we put § == 0 in thc equatlons of Lz, we get the pomt (0 3,

T equahon for Py is

13(x—0)—6(y—3)—5(z+3)—~0 or

* T -we now set +-= 0'in the equations for L., we get the point (1,
the distance between L, and L, is the same as the distance from (1,
13x = 6y + 5z + 3 = (0. By Formula 8, this distance is

D=

Eié.rcis_es R

-.Detemune whether each statement is, truc or faise
.(a) 'I‘wo lmes para]lel to a third line are parallel.
-(b) Two lines’ pcrpendlcular to a third ]rne are parallel
) ‘Twe planes parallel to a thrrd plane are parallel.
() "Two planes perpendicular to a third :plane are parallel:
\(c) 'I‘wo lines parallel to a plane are parallel. :
“Two linés perpendicular.to a plang are parallel
“Two planes parallel to 4 line are parallel. -
+th) Two planes perpenthcular to & fine are paralle]
@) Two planes either i intersect or are parallel.
(j) Two lines either intersect or are parailel.
k) A plane and a lne clther 1ntersect or are parallel.

: Fmd a vector cquatlon and paramemc cquahons for

The. llne through the point: ( L0, —
vector21 4J+5k :

The lmc through the pomt { 2.4, 10) and paral]el to the:
ctor (3,1, —

The hne through thc origin and parallel to the lme X = 2r
=l-tz= 4 + 3

_ Thc line through thc pomt ( ] 0 6) and perpendlcular to thc
: planex+3y+z—5

= 131 — 6j ~ 5k
4 T T

.3) on I, and so an

B3x—6y—5+3=0"

-2, 4) on P;. So
-2, 4) to

[13() - 6(-2) = 5(4) +3] _ 8

] and t)arh].lol'to' ._the . R

1327+ (6P + (—5p

ET = .53

&l m Fmd parametnc equatrons ancl symrnemc cquauons for

: _9 The line through the pomts (0, 5,1

I'I Show that the line thréugh thc pomts (2

. -_:the hne
6. The hne through the ongm and the pomt (1 2, 3) _
I Thc ltne through the pomts (3 1 '—1) and {3 2, —6)
. '8. The line through the points ( i 0;5) and- , -3, 3]

and (2 l —3)

10, The hne of mtersectton of the plancs x + ¥ + z=1

ant[x+z—0

-1, —5) and -
L 0(8, 8, 7) is parallel to the ]me through the pomts (4 2 —-6)

7 4nd (8, s 2).
12 Show that the lme through the points. (0 i, 1) and (1 ]

is perpeﬂdlcuiar to the lme through the pomts ( 4 2 1)
“and ( -1,6,2); S

BN (a) Fmd symmemc equattons for the ]me that passes :

through the pomt (0,2, 1) and is. parailel 10 the hne ¥
-~ with parametnc equatmns x= 1 + 21, y= 31‘ .
=75 -"Tt- ’

I(b} Fmd the pomts in whtch the requlred hne i part (a)

mtersects thc coordrnate plancs
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14. (a) Find parametric equations for the line through (3, 1, 0}
that is perpendicular to the plane 2x — y + z = 1.
(b} In what points does this line intersect the coordinate
planes?

1770 1 Determine whether the lines Ly and £, are parallel,
skew, or intersecting. If they intersect, find the point of
intersection,

x—4 y+3 z-1
15. L;: = =
S L3 4 -3
L x=2 y+1 2z
P 3 2
xr—1 ¥y z—1
L A
& L 1 4
x y+2 z+2
Ly —=2_%<
1 2 3
17, Ly x= -6, y=1+9, z= -3¢

Ly x=1+12, y=4-3; z=3
B Lix=1+¢ y=2-4¢ =3
Ly x=2-5 y=1+72s5, z=4+3s

“=Zd . Find an equation of the plane,

19. The plane through the point {6, 3, 2} and perpendicular to
the vector {(—2, 1. 5)

20. The plane through the point (4, 0, —3) and with normal
vector j + 2k

21. The plane through the origin and parallel to the plane
2x—y+ 3z =]

22. The plane that contains the line x = 3 + 21, y = ¢,
z = 8 — tand is paralle! to the plane 2x + 4y + Rz = 17

23. The plane through the points (0, 1, 1), (1,0, 1), and {1, 1, 0

24. The plane through the origin and the points (2, ~4, 6)
and (5, 1, 3)

25. The plane that passes through the point (6, 0, —2) and con-
tainsthelinex =4 — 2, y=3+ 54, z=7 + &

26. The plane that passes through the peint (1, —1, 1) and
contuins the line with symmetric equations x = 2y = 3z

27. The plane that passes through the point (—1, 2, 1) and con-
tains the line of intersection of the planes x + vy — 2 = 2
and 2x — y + 3z =

28, The plane that passes through the line of intersection of the
planes x — z = 1 and y + 2z = 3 and is perpendicular to
theplanex +y — 2z =1

=71 17 Pind the point at which the line intersects the given
plane.
. x=1+2ry=-l,z=1 2x+y—-7+5=0

W x=l-ty=tz=1+y z=1—2x+y

Determine whether the planes are parallel, perpendicu-

lar, or neither. If neither, find the angle between them.
Nx+z=1 y+:z=
32 —8x— 6y + 2= 1,
B.ox+ 4y -3z=1,

z=4dx + 3v
=3 +6y+7:=10
HM2x+2y—z=4, 6x—3y+2z=3

35. (a} Find symmetric equations for the ling of intersection of
theplanesx + y — z =2 and 3x — 4y + 5z = 6.
{b) Find the angle hetween these planes.

36. Find an equation for the plane consisting of all points that
are equidistant from the points {—4, 2, 1) and (2, —4, 3).

37. Find an equation of the plane with x-intercept g, y-intercept
b, and z-intercept c.

38. (a) Find the point at which the given lines intersect;
r={1,1,0) +£1,-1.2)
and r={202) +5{=1,1,0)
{(b) Find an equatien of the plane that contains these lines.

3%. Find parametric equations for the line through the point
{0, 1, 2) that is paratlel to the plane x + y + z = 2 and
perpendicularto the linex =1 + f,y =1 — ¢,z = 2¢.

40. Find parametric equations for the line through the point
(0, 1, 2} that is perpendicular to the line x = 1 + ¢,
y =1 — ¢ z= 2 and intersects this line.

41. Which of the following four planes are parallel? Are any of
them identical?

Pi: dx—-2y+6z=3 P
Pt —6x+3y—9z=35

dx —2y—2:=06
Pyz=2x—y~-3

42. Which of the following four lines are parallel? Are any of
them identical?

Lix=1+r1 v=t z=2-5
lopx+l=y—-2=1—7:
Lyix=1+t y=4+1 z=1-;

Lir=1{2,1,-3) +¢{2,2, —10)
© il = Use the formuta in Exercise 27 in Section 9.4 1o find
the distance from the point to the given line.
43, (1,2,3); x=2+4+1¢ y=2—3z1 z=5¢

4. (1,0,-1); x=5—¢f y=3rz1=1+2¢

-oro4 L Find the distance from the point to the given plane.
45. (2,8,5), x~2y—2z=1
45. (3, -2,7), 4x—6y+:z=

|
|
_;

3,
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® Find the distance between the given parallel planes, - .52 Find the distance between the skew lines with parametric
T PR o equationsx =1 +1,y =1 + 61,z = 21, andx-1 T 25,
x+2y+1 3):4_--6}’..\ .32_4 ' B y—5+15sz-—'—2+6s
x+6y-92—_4, x+2y—3z=1 _
. . . . . . .58, I a, b: and & are ot all 0, show that the equation
ax + by + cz +.d = O represents aplaneand (a,b c)isa
- normal vector to the plane. ~ -
Hmt Supposc a 9'5 0 and rewnte !he equatlon in the

m

nd equations of the planes that are paralle] to the plane
+ 2y = 2z = 1and wwounits away fromit. . . . 54, Give a geometric description of each famxly of planes.-
how that thelines with symmetnc equatrons x=y=z @x+ytz=c

andx+1—y/2-'z/SaIeskew,andﬁndthedlstance Dx+y+e=1
"etwe,en these lines.. - .- = 0 v _ e ey yoos B tzsing=1

tiow that the distance between the paraflel planes :
C by ezt d = Oandax+by+cz+d; 08

a(x+d)+b(y—0)+cz-—0)—0 '

Functions and Surfaces +
In this section we take a first look at functions of two variables and their graphs, which
' -are surfaces in three dimensional space We wﬂl glve a rnuch more thorough treatment

" of such functtons m Chapter 11

Funchons of Two Varlubles

: The temperature Tata point: on the s*urface of the earth at any given time depends on
- the longitude x and latitude y of the point. We can think of T as being a function of
- the two variables x and' y.orasa functlon of the pan‘ (x, y). We indicate this functlonal
2 dependence by writing T = f{x;). - _
" “The-volume V of a’'circtilar- eylmder depends on its tadius r and its height . In
: "'fact we know’ that V- = m’zh We say that V isa functlon of r and h, ancl we write -
V(r, ) = wrzh :

_:”Dehmllon A function f of two variables is a rule that assigns to each ordered |
. pair of real numbers (x;y) ina set D a unique real number denoted by f(x, y). '
“The set D is’ the- domain-of f and its range is the sef of values that f takes on,

: that is, {f(x, y) | (x y) = D}

We often wiite'z = (x y) to make exphclt the vaiue taken en by f at the general

- point (x, ¥). The vanables x-and y-are mdependent variables and z is the «dependent

varlable [Compare’ this with. the notation y = f (x) for: funcnons of a single variable.} .

-The domain is a subset of R? the xy-plane. We can think of the domain as the set

of all p0931ble mputs and the range as the set of all possible oitputs. If a function f is.

_ given by a formula and no doma.m is specified, then the domain of f is understood"

" to be the set of all patrs (x, y) for whtch the glven expressron is a: we]l-deﬁned rea];
number : . :




