CURVES AND SURFACES IN R?

Let us intuitively define a curve as a geometric object which, on a very small
scale, looks like a straight line. We need to make this more precise. The simplest
exampie of a curve is the graph of a function of one variable, y = f(z). As we vary
the independent variable 2 over some range, say a < @ < b, the points (z,%) in the
plane R? that satisfy y = f (z) lie on a curve.

In single variable calculus, we learn that the derivative of a function at a point
gives us the slope of the tangent line to the graph at that point. That is, f (e} is
the slope of the tangent line to the curve at the point {¢, f(c}). We can write the
equation for a straight line passing through a point (xg,39) with slope m as:

Y~ ZW(I—-fCo)

Applying this in the case xg = ¢, yy = flc) and m = f{e), some rearranging
vields:

0.) =1+ T a-o).

This is the knear approzimation of the function f{(z) near the point x = ¢. The
adjective “linear” means the variable z does not appear with powers higher than
one. The term “approximation” means that the function Lz) = flo)+L(c) (z - ¢)
and its first derivative agree with the function f{z} and its derivative at the point
Z = ¢. The linear approximation is a straight line. This is what we mean when we
say thal a curve “looks like” a straight line ¢n a small scale,

Before continning our study of curves, let us apply the same ideas to surfaces.
We will imtuitively define a surface to be & geometric object which, on a small scale,
looks like a flat, plane. The simplest example of a surface is the graph of a function
of twe variables, » = g(z,y}). As we vary the independent variables x and Y over
some region D in the plane R?, the points (2,9, 2} in the space R® that satisfy
z = g(x,y) lie on a surface.

To find the analogne of linear approximation at a point {a,b) in this case, we
need to find a function L(z,y) in which the variables z and % do not appear with
powers higher than one, which agrees with g{x,y) and its first, derivatives al the
point (a,b). Notc in this case, since the function g{z,y) depends on two variables,
we have futo first derivatives. The conditions therefore are as follows. We need
L{x,y) = A+ Bz 4 Cy, subject to

& ¢ oL &
Lot =g@) (et = Dy 3 (@D = 200)

This is enough information to determine the constants A, B, and ', and after
rearranging we obtain:

(0.2) z = gla,b) + g‘%(a, by (x—a)+ %(&, b} (y — b)
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2 CURVES AND SURFACES IN R®

as the linear approximation to the funetion g(x,y) at the point {¢,d). Tt is now
easy to scc the analogy with equation 0.1, This time, the linear approximation is
a plane, and it is the langent plane to the surface at the point {a, b, g{o,)). This
is the precise meaning of the statement that a surface “looks like” a flat plane on
a small scale.

In general, however, curves and surfaces can be more complicated than simply
graphs of functions. TFor cxample, a circle of radius R centred af the origin, given
by the equation

2+t = R?

is something we would like to call a curve: it has a tangent line ai. every point. But
it is not the graph of a function, because if we solve for y as a function of z, we get

y =+ R?—z2

That is, there are two values of y for each x, (except for x = £ R) which should be
clear by considering a sketeh of this curve in the plane.

We can “trace” out the circle if we start at the point (B,®) and travel around 1t
counterclockwise. In this way, every point on the circle is delermined uniquely by
the angle 4 between the positive @-axis and the vector with tip at thal point. The
coordinates (i, ) are given by

(0.3} x(f) = Rcos(f)} y(f) = Hsin(#) 0 <8< 2.

In this context the variable @ is called a parameter, since it is by considering all
allowed values of this parameter that we obtain all the points on the curve.

There are infintely many ways to parametrize any curve. Let us continue with
the example of the circle to see this. Another valid parametrization is:

z(#) = Heos(20)  y(6) = Rsin(20) O0<@ <.

This parametrizaticn also traces around the circle in the counterclockwise direction,
but at twice the “speed” since it only takes m units of the parameter to get all the
way around. In a similar way we can parametrize the circle to be traversed for any
range 0 < # < L of the parameter. If we consider now only the top half of the
circle, here is yet another parametrization:

(0.4) 2ty =t y(t)= R?—-12 ~R<i<R

This example illustrates that the symbol for our parameter can be any variable we
want (the most common is £}, and our range of allowed parameter values does 1ot
have to start at zero, You may be wondering which parametrization is the “correct”
one. They arc all correct. However, in a particular problem one choice might be
easier to calculate with than another,

Now we are ready to make our general definition of a parametrized curve. A
parametrized curve in R3, is given by

(0.5) ) = (=(t),¥(t),2(8))  a<t<h

If the curve lies in the plane R® then we only have two fanctions z{t) and y(t).
A quantily we are ollen interested in is the length of a curve. If we vary Lhe
parameter by a small amount Af, then the curve is approximately a straight line
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with length |A7] = | 4] At. Adding up all these little pieces and letting At — 0, we
obtain the formuia for arc length:

B
(0.6) Are length — / 17 (1) .

As an illusiration of the fact that the choice of parametrization does not matter,
let us compute the length of the top half of a circle of radius R using two different
parametrizations. Using the parametrization in equation 0.3, we have

7 (8)] = v/ (=Rsm{0))% + (Rcos(8))2 = R

and the arc length is

¥

Rdt=rmR
0
which is as expected from elementary geometry. (Note the upper limit of integra-
tion is T because we are only considering the top half of the circle.) Using the
parametrization in equation 0.4, we obtain

7 (1)) = \/(1)2+ (—R‘\/_’f_—:ﬂ) - —Ri?:

The arc length integral is

|
R ——di =T R.
/—R VI — 2

The arc length is the same, as we wonld expect because the length of & curve does
not depend oy the way we choose to describoe . {To evaluate this integral, make the
substitution £ = Rsin(u).} This example also illustrales that some parametrizations
are easier to calculate with than others.

Let us now turn our attention back to surfaces and disenss the analogous facts.
A general surface will not be the graph of a function of two variables. The simplest
such example is a sphere of radius R centred at the origin, given hy the equation

224y + 27 = R

This is a surface because it has a tangenl plane at every point. But it is not the
graph of a function, because if we solve for z as a function of z and v, we get.

z= 4R — g2 — 42,

If we think of the sphere as the Earth, we can describe any point on the surlace
using two numbers: latitude and longitude. The convention in mathematics is to
measure “latitude” # counterclockwise from Lhe positive x-axis, and “longitude”
¢ from the north pole (0,0, R). These are called spherical coordinates, and they
parametrize the sphere by:

(0.7) z(8,¢) = Rsin(¢) cos(8) y(0,¢) = Rsiuf(¢)sin(f) z(f, ¢) = Rcos(g)
where 0 < 8 < 27 and 0 < ¢ < 7 are the allowed values of the two parameters. As
we vary over all allowed values, we obtain all points on the surlace.

Just as in the case of curves, there are infintely many ways to parametrize any

surface. For example, the top half of the sphere (which corresponds to 0 < ¢ < Z)
cait also be parametrized by:

(08) =z(uwvi=u ylu,y)j=v  2uv) =+ R2—u2—~y? (w,v) € D




4 COURVES AND SURFACES IN R®

where D is the disc or radius R in the v plane. ({The circle Logether with its
interior). This is the allowed set of parameters. The most commonly used symbols
for surface parameters are % and v.
Any choice of parametrization ol a surflace is good, but as in the case of curves
for a particular problem one choice mighl be easier to calculate with than another.
Now we arc ready to make our general definition ol a paremetrized surface. A
parametrized surface in B? is given hy

(0.9) X(u,0) = (zu,v),y0u,v), 2{u, v)) (w, v} € D

where D) is a region in the w-v plane called the parameter space.

A quaniity we are ollen interested in is the area of a surface. If we vary Lhe
parameters by small amnounts An and Awv, then Lhe corresponding piece of the
surface iz approximately a flat parallelogram which has area I% X %—fl Audy.

Adding up all these little pieces and letting An and Av — 0, we obtain the formula
for surface area;

(0.10) Surface area = //
D

Let us computc the area of the top half of a sphere of radius R using two different
paramnetrizations. Using the parametrization in equation 0.7, we have (check!)

oX E‘Z){ dudy.

ETe)

and the area is
5 plw )
/ / R? sin(¢)dfdp = 2n R*
o Jo

which is as expected from elementary geometry. Using the parametrization in
equation 0.8, the double integral for the surface area is

B VR T 1
R ] / ——————dudv = 21 R?.

~RJ-vEFTE VRE—uE — 2
As expected, the computed arca is the same. {To evaluate this double integral,
change to polar coordinates).

Notice that a curve, which we think of as one-dimensional, has one parameter.
Also, its tangent “space” is a line, which is one-dimensional. A surface, which
we think of as two-dimensional, has two parameters. Tts tangents “space” is a
plane, which is two-dimensional. In more advanced courses we study n-dimensional
manifelds, which require n parameters, and their tangent “space” at a point looks
like R™. O{ course, we cannot draw pictures of these objects, but otherwise there
is essentially no dilference in the mathematics.

There is yet another way we can describe curves and surfaces, as level sets of
functions. This approach is useful because it provides an easy method to compute
a normal vector field to curves in R? or surfaces in R3.

The level set of a function of g(x,y) of two variables is a curve in R?. We
have already seen an example ol this: the circle 2 + ¢? = R? is the level set
{¢{z,y) = K%} of the [unction g(r,y) = x> + 3*. Consider a point {xg,y0) on the
circle. The vector with components (g, ) points in the radial dircetion, and is
clearly normal to the circle at that point. It ig also proportional to the gradient
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Vg = (2x,2y) evalnated at the point (zy.40). This is true in general. 'Fo see why,
supposed we have a curve v which is the level set of a function {g(x,y} = C'}. We
can parametrize v by (£} = (z(t),y(f)). Then the composed function g(#{l)) =
g (x(t},y(t)) is constant as a funetion of # since g is constant on . Taking the
derivative with respect to £ and using the chain rule, we obtain:

£ 9(7(e) = Vo (a(D).u(t) -7 (1) = 0.

But the velocity vector #(£) is tangent Lo the curve, so the gradient Vg{z, ¥} must
be normal to the curve at the point {z,¥}.

We can do the same thing for surfaces. A surface M in R® can be given as the
level set of a function h{x,y, 2) of three variables. For example, the level sets of
R{z,y,2) = x?4y* 42 are spheres centred at the origin. The exact same caleulation
as above, with a parametrized curve 7{£) = (x{2), y(f), 2(t}} on the surface shows
that the gradient VA(x,y, 2) must be perpendicular to the surface M at the point
(z,y,2), becausc 7(1) is tangent to the curve on M and hence tangent to M.

Let us finally consider these facls in the special cascs when a curve 4 in R?
is the graph of a function f{x)} and when a surface M in R¥ is the graph of a
function g(x,y). We can easily parametrize v as 7t} = (¢, f(£)), which gives us the
tangent vector 7 (t) = (1, f'()) and from there the normal vector @ = (—f'{¢), 1).
We can also view v as being the level set {F{x,y)} = 0} for the function F{x,y) =
y—f(x). With this approach, a normal vector  to the curve is given by VF(z,y) =
(—f'{x),1), which is the same normal obtained using the parametrization. (Recall
# =1 in our parametrization.)

We can parametrize our surface M as X {(1,2) = (u,v, g{u,v)), which gives us two
tangent vectors X, = (1,0, gﬁ) and X, = (0,1, %%) This gives us the normal vector
=X, xX, = (—-f—,ﬁ, —-gﬁ, 1). We can also view M as the level set {G(z,y,2) = 0}
for the function G{z,y,2) = z — g{z,y). With this approach, a normal vector 7 is
given by VG(x,y,2) = (—g-:%, —%ﬁ: 1), which is the same as the normal obtained
from the parametrization since x = % and ¥ = v in this case.

This point is one that is very often confusing to students in this course. The
gradient vector gives a normal to a curve or a surface only if you arc taking the
gradient of the function whose level set is your curve or surface. For example, if
you have a surface which is the graph of g{x,y), the gradient Vg is a vector in
K?, which cannot possibly be normal to a surface in B3, The correct normal is the
gradient of G(z,y,2) = 2z — ¢{z,y), a function of three variables, whose gradicnt is

a veclor in R,




