
SOLUTIONS TO SECOND PRACTICE EXAM Math 21a, Spring 2003

Problem 1) (20 points)

Circle for each of the 20 questions the correct letter. No justifications are needed. Your score
will be C−W where C is the number of correct answers and W is the number of wrong answers.
* denotes the place with the correct answer.

* F
The vector connecting the point (1, 4, 2) with the point (1, 1, 1) is
parallel to the vector 〈0,−6,−2〉.

T * The length of the sum of two vectors is the sum of the length of
the vectors.

* F For any three vectors, ~v · (~w + ~u) = ~w · ~v + ~u · ~v.

T * For any three vectors, (~v × ~w) · ~u = (~w × ~v) · ~u.

* F For any three vectors |(~u× ~v) · ~w| = |(~u× ~w) · ~v|.
* F The vectors ~i+~j and ~k are orthogonal.

* F For any vector ~v one has ~v × (2~v) = 0.

T *
If we attach the vector 〈2, 1, 1〉 to the point P = (2, 3, 4), the head
of the vector points to the point Q = (3, 4, 5).

T *
The set of points which have distance 1 from a plane form a single
plane.

T * The set of points which satisfy x2 + 2x+ y2 − z2 = 0 is a cone.

* F
If ~u + ~v and ~u − ~v are orthogonal, then the vectors ~u and ~v have
the same length.

* F
If P,Q,R are 3 different points in space that don’t lie in a line, then
~PQ× ~RQ is a vector orthogonal to the plane containing P,Q,R.

* F
The line ~r(t) = (1+2t, 1+3t, 1+4t) hits the plane 2x+3y+4z = 9
at a right angle.

T *
If in rectangular coordinates, a point is given by (1,−1, 0), then its
spherical coordinates are (ρ, θ, φ) = (

√
2,−π/2, π/2).

* F
If the velocity vector of the curve ~r(t) is never zero and always
parallel to a constant vector ~v for all times t, then the curve is a
straight line.

* F The equation r = 3z in cylindrical coordinates defines a cone.

* F
There are curves for which the binormal vector is not defined at
some points.

T * The curvature of a curve is the length of the acceleration vector .

T *
A surface which is given as r = sin(z) in cylindrical coordinates
stays the same when we rotate it around the y axis.

* F The identity |~v · ~w|2 + |~v × ~w|2 = |~v|2|~w|2 holds for all vectors ~v, ~w.



Problem 2) (10 points)

Match the equation with their graphs. To do so, it can help to look at the intersection of each

surface with the xy-plane.
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I,II,III,IV,V or VI? Equation

II z = sin(x)y

IV z = cos( π
(1+x2+y2)

)

I 2x+ 3y + 4z = 0

I,II,III,IV,V or VI? Equation

III z = y3

V z = x2

VI z = x2 + y2
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Problem 3) (10 points)

Match the equation with their graphs and describe the x-y trace (the intersection of the surface
with the xy-plane) with at most three words in each case.

I II III

IV V VI

Enter I,II,III,IV,V,VI here Equation Describe the x-y trace in words

V x2 − y2 − z2 = 1 hyperbola

I x2 + 2y2 = z2 a point

II 2x2 + y2 + 2z2 = 1 an ellipse

III x2 − y2 = 5 a hyperbola

IV x2 − y2 − z = 1 a hyperbola

VI x2 + y2 − z = 1 a circle

Problem 4) (10 points)

Find the distance between the point P = (1, 0,−1) and the plane which contains the points
A = (1, 1, 1) and B = (0, 2, 1) and C = (1, 2, 2).
To do so:

a) Find an equation of the plane.
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Solution: n = ((0, 2, 1) − (1, 1, 1)) × ((1, 2, 2) − (1, 1, 1)) = (1, 1,−1) is normal to the plane.
Therefore x+ y − z = d = 1. The constant d = 1 was obtained by plugging in a point.

b) Find the distance.

Solution: Project the vector ~PA onto the vector n to obtain d = 1/
√

3

Problem 5) (10 points)

An ant has gotten into the math department ’surface
cabinet’ and is walking around on one of the models.
Her position in cylindrical coordinates is

r(t) = 2
√
t

θ(t) = t

z(t) = 2t

for 0 ≤ t ≤ 6π.

a) What are the parametric equations describing the ant’s path in rectangular coordinates?

Solution;

x(t) = r(t) cos(θ(t)) = 2
√
t cos(t)

y(t) = r(t) sin(θ(t)) = 2
√
t sin(t)

z(t) = 2t

b) Write an equation (in either rectangular or cylindrical coordinates) which might describe
the surface the ant is walking on. Sketch the surface given by your equation, and indicate the
ant’s path.
(Hint: there are many possible surfaces. You may find some easier to draw than others.)

Solution: One solution is z = x2/2 + y2/2 = r2/2, the paraboloid.
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Problem 6) (10 points)

a) Find the curvature of the curve ~r(t) = 〈t2, t3, 1〉 at the point t = 1.

b) Is there a point ~r(t) with ~r ′ 6= ~0 for which the curvature is zero? Explain.

Hint. Use the formula κ(t) = |~r′(t)× ~r′′(t)|/|~r′(t)|3.

Solution.

a) ~r ′(t) = 〈2t, 3t2, 0〉
~r ′′(t) = 〈2, 6t, 0〉

~r ′(t)× ~r ′′(t) = (0, 0, 6t2) so that κ(t) = |~r ′(t)× ~r|/|~r′(t)|3 =
√

6t/
√

4t2 + 9t4
3
. For t = 1, we

obtain κ(1) =
√

6/133 .

b) We have ~r ′ 6= ~0 for all t 6= 0. But then, ~r ′(t)× ~r ′′(t) = (0, 0, 6t2) 6= ~0 so that the curvature
is not zero. The answer is no .

Problem 7) (10 points)

Let ~a and ~b be two vectors in R3. Assume that the length of ~a×~b is equal to 10. What is the

length of (~a+~b)× (~a−~b)?

Solution. (~a+~b)×(~a−~b) = ~a×~a−~a×~b+~b×~a−~b×~b =

−~a × ~b +~b × ~a = −2~a × ~b has length twice the length

of ~a × ~b. The answer is 20 . This problem can also
be solved geometrically. A single picture is necessary.
The paralelogram spanned by (a-b) and (a+b) contains
four triangles, each of which is half of the parallogram
spanned by a and b.

a

b

a+b

a-b

a

Problem 8) (10 points)
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Consider the parametrized curve ~r(t) = 〈et cos(t), et sin(t), et〉.

a) Find a parametric equation for the tangent line to this curve at t = π.

Solution. ~r(π) = (−eπ, 0, eπ).
~r′(t) = (et(cos(t)− sin(t)), et(sin(t) + cos(t)), et).
~r ′(π) = (−eπ,−eπ, eπ).

The parametrization of the tangent curve is ~r(t) = ~r(π) + t~r ′(π). In other words, x(t) =
eπ − t, y(t) = −t, z(t) = eπ + t.

b) Find a scalar equation for the plane perpendicular to the curve at the same point.

Solution. n = (−eπ, eπ, eπ) is normal to the plane which is therefore given by −x + y + z =
d = 2eπ.

c) Find the arc length of the segment of the curve for which 0 ≤ t ≤ 1.

Solution:
∫ 1

0

√
3e2t =

√
3(e− 1) dt

Problem 9) (10 points)

Let C be the curve of the intersection of the elliptical cylinder x2

25
+ y2

9
= 1 in three dimensions

with the plane 3z = 4y.

a) Find a parametric equation ~r(t) = (x(t), y(t), z(t)) of C.

Solution. x(t) = 5 cos(t), y(t) = 3 sin(t), z(t) = (4/3), y(t) = 4 sin(t).

b) Find the arc length of C.

Solution. x′(t) = −5 sin(t), y′(t) = 3 cos(t), z′(t) = 4 cos(t).

∫ 2π
0

√
x′(t)2 + y′(t)2 + z′(t)2 dt =

∫ 2π
0

√
25 sin2(t) + 9 cos2(t) + 16 cos2(t) dt = 10π.
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