SOLUTIONS TO 2. PRACTICE EXAM, 2. HOURLY Math 21a, S 03

Problem 1) TF questions (20 points)

At a local maximum (xo,yo) of f(z,y), one has f,, (o, yo) > 0.

False. At a local maximum, f,, <0.

If R is the region bounded by z? +4y* = 1 then [ [ xy* dzdy < 0.

False. The integral is zero because the integral on RN {x > 0} is the negative of RN {z < 0}.

The gradient (2z,2y) is perpendicular to the surface z = x? + 2.

False. The surface is the graph of a function f(z,y). While the gradient of f is per-
pendicular to the level curve of f, it is only the projection of the gradient to the function
g(x,y,z) = f(z,y) — z. The later is perpendicular to the surface.

The equation f(x,y) = k implicitly defines = as a function of y and
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False. Almost right, the sign is wrong.

flzy) = \/(16 — 22 — y?) has both an absolute maximum and an

absolute minimum on its domain of definition.

True. The domain of definition is the disc 22 4+ y? < 16. The maximum 4 is in the center the
absolute minimum 0 at the boundary.

If (zo, yo) is a critical point of f(x,y) under the constraint g(z,y) =
0, and fuy (20, y0) < 0, then (zo,yo) is a saddle point.
False. The point (z,yo) does not need to be a critical point of f at all.
The vector r,(u,v) of a parameterized surface (u,v) +— r(u,v) =
(x(u,v),y(u,v), z(u,v)) is normal to the surface.
False. The vector is always tangent to the surface.

The identity [} V1™ (22 + y2) dydz = [} [7/* % dOdr holds.
False. The area element dfdr should be replaced by rdfdr. So, the right hand side should be

JE T2 08 dfdr.
T f(x,y) and g(x,y) = f(2? y*) have the same critical points.

False. The function g has always (0,0) as a critical point, even if f has not.
T F If f(x,t) satisfies the Laplace equation f,, + fi; = 0 and simulta-
neously the wave equation f,, = fy, then f(z,t) = ax + bt + c.

False. Take f(z,t) = xt. (Here is how we get the general solution: From the two equations, we
get fror =0 and fi; = 0. From f,, = 0, we obtain that f(z,t) = a(t)z + ¢(t). From f;; = 0, we
obtain a(t) and ¢(t) are linear in ¢. Therefore the general solution is f(z,t) = atz +bt+cx +e).
T F Every smooth function satisfies the partial differential equation

fa:xyy = fxy:(:y .

True. This follows from Clairot’s theorem.
T F The function f(z,y) = (z* — y?*) has neither a local maximum nor

a local minimum at (0, 0).
True. The function is both smaller and bigger than f(0,0) for points near (0, 0).
T|| F JE S5 dodr = /4.

True. This is the area of a quarter of the unit disc.




At a saddle point, the directional derivative is zero for two different
vectors u, v.

True. The directional derivative can be both positive and negative at a saddle point. By the
intermediate value theorem, there are two directions, where the directional derivative vanishes.

It is possible to find a function of two variables which has no max-
T F
imum and no minimum.
True. There are many linear functions like that.
The value of the function f(z,y) = €y at (0.001,—0.001) can by
T F 9 bl
linear approximation be estimated as —0.001.
True. Because the gradient at (0,0) is (0,1) and f(0,0) = 0, the linear approximation is
Hoew Zv f f(z,y,2) and has th
or any function f(z,y,z) and any unit vectors u, v, one has the
dentity Ducuf (2,45 ~ Duf (5,4,2)Df (5.5, 2)
False. The directional derivative in the u X v direction has nothing to do with the directional
derivatives into the other directions. An example, u = (1,0,0),v = (0,1,0), f(x,y,2) =z +y
is an example, where D, f(x,y,2) =0 but D, f =1,D,f = 1.

T F Given 2 arbitrary points in the plane, there is a function f(x,y)
which has these points as critical points and no other critical points.

True Connect the two points with a line and take this height as the x-axes, centered at the
midpoint and with units such that the two points have coordinates (-1,0),(1,0). The function

f(z,y) = —y*(z® — 1) has the two points as critical points. One is a local max, the other is a
saddle point.
T F The maximum of f(z,y) under the constraint g(z,y) = 0 is the
same as the maximum of g(x,y) under the constraint f(z,y) = 0.

False This can not be true, because the first problem is the same if we replace g(z,y) with
2¢g(x,y), but this will change the value of the maximum of g on the right hand side.

Assume (0, yo) is a critical point of f(x,y) and fo. fyy — fz, # 0 at
this point. Let T" be the tangent plane of the surface S = {f(z,y) —

z =0} at P = (xo, Yo, f(x0,y0)). If the intersection of T" with S is
a single point, then (zg, o) is a local max or local min.

True. The other possibility would be a saddle point, in which case, the tangent space intersects
the surface in two curves which pass through the critical point.

The key is
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Problem 2) (10 points)

Match the parametric surfaces S = 7(R) with the corresponding surface integral [ [¢ dS =
[ g |7 X | dudv. No justifications are needed.

I
111 v
Enter LILIILIV here | Surface integral
111 [ [ 1P x 7| dudv = [y Jy V1 + 42 + 407 dvdu
11 J Jg P X 7| dudv = [ Jy /3 dvdu
IV [ fn [P X 7| dudv = 27 [T sin(v)\/l + cos(v)? dvdu
I [ Jp|Fu x 7l dudv = [§7 [ sin(v) dvdu

Problem 3) (10 points)

Find all the critical points of the function f(z,y) = xy(4—2? —4?*). Are they maxima, minima
or saddle points?

Solution. Taking derivatives of f(x,y) = 4xy — 23y — xy® gives Vf(z,y) = (4dy — 322y —
y3, 4 — 2% — 3zy?). To solve the system

y(d =32 —y*) = 0 (1)

3




1)y=0,2=0
2)4-322—y* =0,z =0
3)4—2> -3y =0,y =0

4)4 -3 —y*=0,4—2*>-3y* =0

There are 9 critical points in total

1) gives the critical point (0, 0).

2) gives the critical points (0, 2), (0, —2).

3) gives the critical points (2,0), (—2,0).

4) (subtract 3 times the second equation from the first): (1,1),(—1,1),(1,1),(1,—1).

The Hessian determimant (=discriminant) fu, f,, — f2, at a general point is —9(z* 4 y*) — 16 +
24(z% + y?) + 182%y* and f,.(x,y) = —6xy.

Applying the second derivative test gives

Critical point || (-2, 0) | (-1,-1) | (-1, 1) | (0,0) | (1,-1) | (1, 1) | (2,0) | (-2,0) | (2,0)
Discriminant -64 32 32 -16 32 32 -64 -64 -64
fox 0 -6 6 0 6 -6 0 0 0
Anslysis saddle | max min | saddle | min max | saddle | saddle | saddle

Problem 4) (10 points)

Let f(z,y) = e ¥ so that f(log(2),log(2)) = 1. Find the equation for the tangent plane to
the graph of f at (log(2),log(2)) and use it to estimate f(log(2) + 0.1,log(2) + 0.004).

Solution. The graph of f is a level curve of the function g(z,y,2) = z — f(x,y). The gradient
at the point (xo,vo, f(xo,%0) = (log(2),log(2),1) is (a,b,c) = (=1,1,1), so that the tangent
plane has an equation ax + by + cz = —x + y + 2z = d. and the constant d is obtained from
d = —x¢+ Yo + 2o = 1. Therefore

—r+y+z2—1=0

At the point (log(2),log(2), 1), the level surface g = 0 is close to the level surface L(x,y, z) =
r—y—2+1=0. If weplugin z =0.1,y = 0.04, 2 = 0, we get 1.06.

Remark. We could have worked in two dimensions and estimate f(zo + dz, f(yo + dx) by
f(zo,y0)+(1,—1)-(dz,dy) = 1+dx—dy which is for dz = 0.1, dy = 0.04 equal to 1+0.1—0.04 =

[1.06}

Problem 5) (10 points)




Find [ [ [ 2% dV, where R of the solid obtained by intersecting {1 < 2% + y* + 2? < 4} with
the double cone {z? > 2% + y*}.

Solution: since the result for the double cone is just twice the result for the single cone, we
work with the region R obtained with the single cone and multiply at the end with 2. In
spherical coordinates, the solid Risas 1 < p <2and 0 < ¢ < 7/4. With z = pcos(¢), we have

= 0809)) imja _ 21(31/5)(1 — 27%/2) .

2 2r pr/4 25 19
[ [t costo)sin(o) dododp = (% — L )2m(— R
1 0 0

The result for the double cone is |47 (31/5)(1 — 27%/2) |

Problem 6) (10 points)

A can is a cylinder with a circular base. Its surface area (top, bottom and sides) is 3007 cm?.
What is the maximum possible volume of such a can?

Solution. We have the problem to extremize f(r, h) = wr?h under the constraint 27r?+2rrh =
3007. This is equivalent to extremize f(r,h) = mr?h under the constraint g(r,h) = r? + rh =
150.

The Lagrange equations are

2nrh = A(2r 4+ h)
ar? = Ar
r*+rh = 150
The second equation gives 7r = A. Plugging in A into the first equation gtives h = 2r. From
the last equation, we get r? + 2r2 = 150 or r*> = 50. Therefore r = 5v/2e¢m, h = 10v/2cm. The

maximal volume is 7r2h = | 15004/2 |




Problem 7) (10 points)

Evaluate [2 /4~ 15122 dy dz.

Solution. The integral is taken over the disc intersected with the first quadrant in the plane.
In Polar coordiantes x2 + y* = r,x = rcos(#),y = rsin(f) the integral is therefore

2 /2 5 .5 2 rm/2
/ / TCOS(Q)TQ sin”(6) rdfdr = / / 7 cos(6) sin’(0) dfdr = 64/36 = 16/9
0 Jo r 070

Solution | 16/9]|.

Problem 8) (10 points)

a) Find the area of the region D enclosed by the lines = +2 and the parabolas y = 1 + z?,
y=—1—2a2

b) Find the integral of f(z,y) = y? on the same region as in a). (The result can be interpreted
as a moment of inertia).
Solution.

a) [, [, 1 dyde = [2,2+ 222 do = 8 + 223/3[%, = 8 + 32/3 = [ 56/3

b) [, S5 02 dyde = [2,2(1 + 22)3/3 do = [2,(2 + 622 + 62 + 225)/3 dz = [ 2216/35

Problem 9) (10 points)

Let T(u,v) = (vcos(u),2vsin(u)) = (x,y).

a) Find the image S = T(R) of the rectangle R = {0 < v < 7,0 < v < 1} under the map T
and find its area using the formula for the change of variables.

b) Write the integral fgl f;%mﬂ % dxdy using uv-coordinates with a change of variables,
T(u,v) = (z,y) = (u+ v, 2v) and evaluate that integral.
Solution.

a) Because 2% + y?/4 = 1, the image is half ellipse. The Jacobean ggig; is 2v. By the change

of variables formula, the area of the ellipse is [ [ 2v dA = [T [ 2v dvdu = (7]

b) The Jacobean of the coordinate change is ggzg; is 2. The integration region R is the image of

the rectangle [0,2] x [0, 1] under the map T because y/2 < z < y/2+1means 0 <z —y/2 <1
or 0 <u<.

Now, 2z + y)/2 = (2u + 2v + 2v)/2 = u + 2v. In the new wv-coordinates, the integral is
JZ 3 (u+ 2v) du dv = 10.



