CHAPTERH REVIEW O 313

M (a)dA = %% dz + GB_A dy = dydz + Lz dy and |Ax| < 0.002, |Ay| < 0.002. Thus the maximum error in the

calculated area is about dA = 6(0.002} + 2(0.002) = 0.017 m? or 170 cm?.

x .
(b) 2z = /22 + 2, dz = T dr + = 2” = dy and | Az| < 0.002, |Ay| < 0.002. Thus the maximum
error in the calcutated hypotenuse length is about dz = $(0.002) + $#(0.002) = %% = 0.0026 m or
0.26 cm.
35.d4w=—3*(2e2*)+ (3¢ +4) + — 2(2t)—e += (3t2+4) :a»:ﬁ’-zi
t o 2./x z2
: 6. g:; (~ysinzy — ysinz)(2u) + (—zsinzy + cos ) = cosx — Juysinzr — (sinzy)(z + 2uy),
% = {—ysinzy — ysinz)}(1) + (~rsinzy + cosz)(—2v) = —weos T + (sinzy)(2ve —y) — ysinz
8z 8zdz

37, By the Chain Rule, — + — 0z 3y .Whens=1landt=2,=¢(1,2) =3andy = h({1,2) = 6,50

8s  Ords 8y 98’

8z _ e+ e 0: _ 9200 020y
85 = F2(3,6)9s(1,2) + fy (3,6) he(1,2) = (T){—1) + (8}({—5) = —47. Similarly, — Erilr vy 35 9t >
2 = 12(3.6)0:(1,2) + £, (3,6) hu(L,2) = (T)(4) + (8)(10) = 108.

8. w Using the tree diagram as a guide, we have

////’\\\\ Bw_ouot buwou owdw
: dp Otdp OBudp Ovép

dw _Odwdt Owbu  Swdy

//\\ //\\ //\\ 8¢ 0Ot dg Oudq  ovdg
Sw Bwdt Swou Hwdr

reseT or - otor TBudr T ovor
dw _Owdt  Odwbu Owdy
As 8t 8s  Bu Hs  Hv Hs

82’, Oz ’ ; df
w.anzxf(:c -7, ;95=1—29f($2"y2) [Whefef=w}-ﬂlen
d

az—i—zg—y—Q:zyf {#®—y ]+a:—2:z:yf’(w2—y2)=

M. A = Lrysinf, dr/dt = 3, dy/dt = -2, d6/dt = 0.05, and

d
d;: _1 [(ysmﬂ) -+ (:csm9) 7 + {zycos®) *} Sowhenz =40,y =50 and 6 = Z,
‘;A $125)3) + (20)(~2) + (1000v5) (0.05)] 3—5—“5359-{ ~ 60.8 in%/s.
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8z Oz 8z —y
é_;_-B_Uy-’-é_vm? and

&z B (8z\ 2Bz —yd (0:z
oz~ U bz (Bu) rT * 2 Ba 61;)

2y Oz 3z 9%z -y —y. _Bz_z—y 0%z
+y(8u2y+ Sudu z? T2\ 8 22 + 6u8vy)

41.

Fr_ 0 (02,10 (9 (T, Prl) 1 (PaL, Pe
8y? T Ay \ fu oy \ v/ \8u? dvbu = g\ vz = Oudv

(B2, e 10

=% Fa2 T2 5uo0 T o0
Thus
xQ&_yzﬁ_-_-Q_y?ﬁ.i. zyz?ii_ﬁ_)yg 6z +£&_32y2?_2_z_ 2622 _.ﬁﬁ
o2 oy2  x Bv Ju? Gudv T2 Hv? Pu? Y 5utv 22 vt
2y Oz . &Pz 8z &z
W02 2 UE 922y
T Gv Y Busv Y By w dudv
. uv 5
since y = zv = m or ¥ = uv.
o Bz o yze™* — 212° 2a2® — yze®¥®

_ SEuET 4 3 _ = R = =
41 F(.’I}, y:z) =€ Yz Tz 0’ 50 8:1: Fz ryeriz — 4yz3 — 3$212 erYE — 4 33 — 32;222
Y TY Y

8z Iy zzeV® — 24 2t - zze®VF

and — = ~— = — = .
Oy F, Tyesy? — 4yz8 — 3227 wye ¥F — dyz? — 32222

. 227 .
_ /2 evw B2 AN _2Z_
43- vf <z \/ﬁe L] 2\/@7 ,‘Zze > ze <2:\/§,2‘\/§,2

44, (a) By Theorem 11.6.15, the maximum value of the directional derivative occurs when u has the same direction as

the gradient vector.
(b} 7t is a minimum when u is in the direction opposite to that of the gradient vector {that is, u is in the direction
of —V ), since Do f = |V flcos (see the proof of Theorem 11.6.15) has a minimum when 8 = .
{¢) The directional derivative is 0 when u is perpendicular to the gradient vector, since then Duf=Vf-u=0.
(d) The directional derivative is half of its maximum value when Duf = |V flcos8 = 3|Vfl &
1

—1 —_
cosff=35 & &=z

8. Vf = {14/Z, ~2), Vf(1,5) = {1, -10), u = 1(3,~4). Then Do f (1,5) = £
2. Vi = {22y + VI + 2,22,/ (2T +2)), VAL, 2,3) = (6,1,1), andu=(%},3,—%). Then
D.f(1,2,3) = 2.
A58 4y

a7, Vf = (2zy,2° + 1/(2/9)), IVF(2, 1) = |(4, 2)|. Thus the maximym ratc of change of fat(2,1) is

the direction {4, 2}.
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8. Vf = (zye”, zxe™ ™), VF(0,1,2) = (2,0,1)} is the direction of most rapid increase while the rate is

H2,0,1){ = V5.

49, First we draw a line passing through Homestead and the eye of the hurricane, We can approximate the directional

51.

 flzy) =a" — 6oy +8y° = f.=3z" -8y, f, = —6z 4 24y°,

L flzy) =8zy — 2%y — 2 = fo=3y-—2zy -7

derivative at Homestead in the direction of the eye of the hurricane by the average rate of change of wind speed
between the points where this line intersects the contour lines closest to Homestead. In the direction of the eye of
the hurricane, the wind speed changes from 43 to 50 knots. We estimate the distance between these two points to be
approximately 8 miles, so the rate of change of wind speed in the direction given is approximately

3045 — £ = 0.625 knot/mi.

. The surfaces are f(z,y, z) = z — 22% +y* = O and g(x,y, z) = 2 — 4 = 0. The tangent line is perpendicular to

both V§ and Vg at (=2, 2,4}. The vector v = ¥V f x Vg is thercfore parallel to the line.
vf(z!y! Z) = <_4$,2y,1) = vf(_2$2!4) = (8r4$ 1>7 Vg(.'r,y,z) = (0a0$ 1} =

1

Vg{-2,2,4) = (0,0,1). Hence v =V f x Vg = = 41 ~ 8 j. Thus, parametric equations are:

O B e
[

8
G
r=—2+4df,y=2-8andz=4.

Flz,) =2 —zy+y° + 97 -6y +10 = f. =22 —y+8,
fu=—23+2y—8, fou =2 = fyy, foy = ~1. Then f = O and
y = 0imply y = 1, & = —4. Thus the only critical point is {—4, 1}

and frz{—4,1) > 0, D{—4,1} =3 > 0,50 f(—4,1} = =1lisa

local minimum.

faz = BE, fuy = 48y, fry = —6. Then f, = 0 implies y = /2,
substituting into f, = 0 implies 6:5(1:3 - 1) = (), so the critical points are
(0,0}, {1,1). D(0,0) == —~36 < 0o (0,0} is a saddle point white
Fez(1,8) =6>0and D(1,1) =108 > 0so f(1,4) = —1isalocal
minimum.

fo =32 — 22 — 22y, foo = =3y, foy = —22, foy = 3 — 22 — 2y. Then

fz = 0implies 4(3 — 22 —~ y) = 0so y = 0 or y = 3 — 2z, Substituting into
» = 0 implies 2(3 — =) = 0 or 3z(—1 + z) = 0. Hence the critical points

are (0,0), (3,0), (0,3)and (1,1). D(0,0) = D(3,0) = D{(0,3) = -9 <0

so (0, 0). (3,0), and (0, 3) are saddle points. D{1,1) = 3 > Qand

fze(1,1) = —2 < 0,50 f{1,1) = 1 is a local maximum.
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M. flx,y) = (332 + y) e¥? = f, = 2me¥? f, = ev/? (2 + z? +y)/2,
foe = 26%'2, fuy = /2 (4 + 37 + y) /4, foy = ze¥/*. Then fo =0
implies = = @, se f; = 0 implies y = —2. But fz2(0,-2) > 0,

D(0,~2) = e 2 — 0 > 050 f(0,—2) = —2/e is a local minimum.
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55. First solve inside D. Here f» = dy® — 2zy? — 3°, y
fy = 8zy — 22y — 3xy®. Then f, = Oimpliesy = Dory = 4 — 2z, 0.8
but y = 0 isn’t inside . Substituting y = 4 — 2z into f, = 0 implies
z=0,c=20rz =1, butz = 0isn’tinside D, and when = = 2, R L,

y = O but (2,0} isn’t inside D. Thus the only critical point inside D
is (1,2} and f{1,2) = 4. Secondly we consider the boundary of D.
On L, f{z,0)=0andso f =0o0on L. On Lg, £ = —y + 6 and
FI—y+6,5) = 4*(6 — 1)(=2) = —2(64° — 5°) which has

{0, 9) (6, 0}

critical points at ¥ = 0 and i = 4. Then f(6,0) = 0 while f{2,4) = —64. On L3, f(0,y} = 0,50 f = 0on L3.

Thus en D the absolute maximum of f is f{1,2) = 4 while the absolute minimum is f{2,4) = —64.

56. Inside D: f, = 2ze™" ¥ (1-2%-2y?) = Cimpliesz = O or&® + 2y* = 1. Thenif z = 0,
fv= 2ye_:2 v (2-2° - 2%} = Oimpliesy = O or2 — 2y = 0 giving the critical points (0,0), {0, £1). If
22 + 9% = 1, then f, = 0 implies y = 0 giving the critical points (£1,0). Now f(0,0) =0, f ((£1,0) =e™*
and {0, 1) = 2. On the boundary of D: z? + 3% = 4, s0 f(z,y) = e~*(4 + y*) and [ is smallest when
y = 0 and largest when ¢® = 4. But f{=2,0) = de™*, £(0, £:2) = 8¢™*. Thus on D the absclute maximum of f
is £(0,41) = 2e~* and the absolute minimum is £{0,0) = 0.

5. f(z,v) = z® -—3m+y4 - 2y2
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To find the exact quantitics, we caleulate f» =3z —3=0 & z=zxlandfy =4y —4dy=0 &

y = 0, &1, giving the critical points estimated above. Also foz = 62, 2y =0, fyy = 129 — 4, 50 using the
Second Derivatives Test, D{—1,0} = 24 > 0 and fzz{—1,0) = —6 < 0 indicating a local maximum
F(=1,0) =2; D{1,%1) = 48 > Oand fo(1,£1) = 6 > 0 indicating local minima f(1, +1) = ~3; and
D(-1,+41) = ~-48 and D(1,0) = —24, indicating saddle points.

flz,y) =124+ 10y — 22° —8xy —y* = folr,y) = —dz ~ By, f(o,y) =10 -8z — 43°. Now
fzlr,y) =0 = =z = -2z, and substiwting this into f,{z,y) = 0 gives 10 + 16y — 4 =0 e
5+8y— 2 =0

Wl 4
=2 ¥

From the first graph, we see that this is true when y = —1.542, —0.717, or 2.260. (Alternatively, we could have
found the solutions to f, = f = 0 using a CAS8.} So te three decimal places, the critical points are

(3.085, —1.542), (1.434, ~0.717), and (—4.519, 2.260). Now in order to use the Second Derivatives Test, we
calculale fox = —4, fay = —8, fyy = —12¢° and D = 48y” — 64. So since D(3.085, —1.542) > 0,

D(1.434, —-0.717) < 0, and D{—4.519,2.260) > 0, and f.. is always negative, f(x,y) has local maxima
F{—4.519,2.260) = 49.373 and £({3.085, —1.542) = 9.948, and a saddle point at approxi_matcly {1.434, -0.717).
The highest point on the graph is approximately (—4.519, 2.260, 49.373).

L Fly) =Py glmy) =2+ =1 = Vf={2zy,:%) = AVg = (2, 2)y). Then 2ey = 2Ax and

2% = Dy imply A = xz/(2y) and A = yifz # 0and y # 0. Hence 22 = 2y%. Then 7% + 4* = 1 implies
3yt =1soy = :I:\—lfa- and z = i\/g. [Note if z = O then 2* = 2)y implies ¥ = 0 and f (0,0) = 0.} Thus the

possible points are (i\/g, j:-‘%) and the absolute maxima are f (:t Z, %) = % while the absolute minima

2
are f(i\/;,uﬁ) = 2.

 f(my) =1z + 1y g9z y) =12+ 1y =1 = Vf= (—:c_z, -y_z) =IVg= (—2)\3:*3, —2/\y“3).

Then —z 2 = —2Xz® orz = 2Xand —y 2 = =22y S ory = 2A. Thus z = . s0 1 /2 + 1/3° = 2/=z* =1
implies £ = +/2 and the possible points are (i\/ﬁ, :}:\/5) The absolute maximum of f subject to

224+ 4% =1listhen f (\/5, \/ﬁ) = +/2 and the absolute minimum is f (—\/_, —ﬁ) = /2.




Vf=

1} satisfies both constraints and

¢ is no absolute maximum.

L e 4 G,y 4 Oand 2 # 0, 50

! 2 2 2.2
z§=3—x—y~2—;0ry =3z S0

= i—%z, But zy22® = 2sozand z

22 =20rz= +31/* and the

/ 4), However at each of these points

1£(2,1,1) =

constraint zy?z® = 2,

flw,2) = 5° + - 23 + 2%, Then
Tz
f:z = - _6-—_ Now fz =10 implies
x2z4
1T

6 > 2+/3. Thus f has
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y,orziszero, thenr =y =

2y2z =32zr% = y2 = ;52,

gives 22 + 2% + 22
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Bl f(z,y.2) = zyz, g(z,y.2) =2* +y° + 2° =

=3 = z?

INININn C2gtET =z

points are (:t_{—\/_

for (4,
1_

origin are (j: i

%

:1:@2—

AViI=2g = lyzxz 3y =

= 0 which contradicts z2 + 4% + 2> = 3. Then X = vz _

and similarly 222 = 22%y = =z
2%, Thus the possible points are
1, -1, %1). The absolute maximum is

F(~1,-1,1} = 1 and the absolute minimum is

(]-v 1! j:l)’ (1: "'1: :tl)’ (_17 11 j:]')’ (_
ALY = F1,-1,-1) = f{-1,1,-1) =
f(l, 1! -'1) = f(l} "1)1) = f(_]'?]-?]-) = f(_ls _1: _1) =-

62 f(z,y,2) =z + 27 + 322, g(z,y,2) =zs+y+s=Lhlz,y2)=2~y+22=2 =

(2z,41,62) = AVg +uVh =D+ p A —p, A+ 4gand (1) 22 =2+, (2) dy = A —p,

(3) Bz=A+2u,@) c+y+2=1(5 =~ y+ 2z =2 Then six times (1} plus three times {2) pius two times
(3) unphes 12(z +y + z) = 11X + Ty, so (4) gives 11X + 7 = 12. Also six times {1) minus three times (2) plus

63.

:l:\/_) Then D(

A {2z, 2y, 22). If any of z,
rr_ 2y
2x 2y 2z

2 = »2. Substituting into the constraint equation

vﬁgr urhgs {4} jlnpugaf‘u 1z ‘E‘f“;:+ ’zvm_é._-f'v\__— LIUT SO D EIVES TA — 3 ,',r,,-z

Subsntu:mg into (1), ¢

z = & giving only one point. Then f(23~ -, %l -

F(0,0,1y =3 > 23,)"(—3 - 3!23J =

2—3. Now since (G, 0,

3 2 {5 an ansclute minimum, and ther

4

Flay,2) =2 + 7+ 2% glz,y,2) = eys® = 2

Vf = (2z,2y,22) = AVg = (A%, 2hzys®, Shxy®2?). Since zy72® < ¢
i

(1) 2z = Ay22%, (2) 1 = Az2®, (3) 2 = 3Azy®z. Then (2) and (3) imply - :

2
~—-or3x =2%s0x=

2x
— 2 . . , ks =
y=12z \/; . Similarly (1) and (3) imply el W

must have the same sign, thal is, z = %z Thus g(z.y, z) = 2 implies 71§z[
1/4,/3, £31

f takes on the same value, 2+/3. But {2, 1, 1) also satisfies g{,y, ) = 2 anc

possible points are (1—3_”4, 37143, 4_»31/‘*), (13—1/ 13-

an absolute minimum value of 2 +/3 and ne absolute maximum subject to the

Alternate solution: g(z,y,z) = xy?2® - 2 implies Y= 50 minimize

28’
2 6 4 24
f==2.-'5"-' '2'“:3—,_}'2:—;—{-22,}%‘1:2—}--3 E,f“=- 5-+2and
z = 1= Suostitdtidg nto 75 =T1 impues =od sz —=uofw =0 b
- 2
22 VE) = @+ 42+ %) - (&) >0and

2 t\‘/g) =6 > (, so each point is a minimum. Finally, 3> = ?c_zzd’ s0 the four points closest to the

Lot ). (45 -4 £95),
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64 V = xyz, say =z is the length and = + 2y + 22 < 108, z > 0, ¥ > 0, z > 0. First maximize V' subject to
=+ 2y + 22 = 108 with =, y, z all positive. Then {yz, 2z, zy) = (A, 2,2} implies 2yz = =z or x = 2y and

zz = zyor z = y. Thus g(x,y, z) = 108 implies 6y = 108 or ¢y = 18 = 2z, x = 36, so the volume is

o V = 11,664 cubic units. Since {104, 1, 1) also satisfies g(z, ¥, z) = 108 and V (104, 1, 1) = 104 cubic units,
(36,18, 18) gives an absolute maximum of V' subject to g(x, ¥, z) = 108. But if z + 2y + 2z < 108, there exists
& > 0 sych that = + 2y + 2z = 108 ~ « and as above 6y = 108 — o implies y = (108 — }/6 = z,
¢ = (108 ~ &)/3 with V = (108 — @)/ (6® - 3) < (108)%(67 - 3) = 11,664. Hence we have shown that the
maximum of V' subject te g(z,y, z) < 108 is the maximum of V' subject to g(z, 3, z) = 108 (an intuitively obvious
fact).

nes: JTieureaur €4 wrdngé 18 $Ea sin vhna itk area or e rectangyé 1€ ok, .

RILTH

Thus, thie area of the witole object 1s f{a, b; cf= Stasinf + b The
perimetet of the objectis g(a, b,¢) = 2a + 2b +- ¢ = F7 G simplity sin 8.

in terms of a, b, and c notice that 2 sin? §'+ _(%c)%% a? =

sind -_~3-15 VI TN f(a, bre) s S VAT EE 4 b

(Instead of using ¢, 'We could just have used thé Pythagorean Theorem.) As a result, by Lagrange’s method, we must i

find a, b, ¢, and A by solvirig V= AVg which gives the following equations: (1). ca{4g? — ¢?) 12 o

@6 =203 § (10— )" 12022 2 V¥ Hb= ), and (4) 204 26F 2 = P7From (2), A = e

and so (1) preduces ca{da® = )" "2 = ¢ = (0> — )25 -tadm et (5) c=V3E-
dz
2
A . d i A2 1/2 - e 1m a~ ¢ o O “g " §E o -\/§a,..
" Similarly, since (4a%+ ¢”)1." = s and A= 28/ (3) gives. = T +b—__2,__§o from (3), il Fb= -
: a fa
I)mts 5T o m= -b..=> (H}b= 3 1 +=\/j Substituting (5) and (6) info (4) we get:
:has :::::::::::::::::ii::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: ____________________
‘ 20+ a(L+®/3) +v3a=P =30+ 2 vIa =P =g = 3:; Yok 2‘/;_ 3'p and thus
2 (T
b= ( \/— )( :F‘\/_) o 3P and #'= (2m )_:_P'::“
. s e . _ . dr  dzx, dy
86.°(a) r(t) = () i+ y(B)i+ fle(®)y(idk = v i E{H- fz +fy ¢ k (by the Chain
Rule). Therefore
-z 1 3 '.r:'l I TS P e kSl ST
JEL T . Ewesipdyr=gi

4:l

W& @@ ]

RkisHE dlEE

5[

dx

&

I
) + 2




