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E Review
o CONCEPT CHECK »

1. See Definitions 1 and 2 in Section 13.1. A vector field can represent, for example, the wind velocity at any location
in space, the speed and direction of the ocean current at any location, or the force vectors of Earth’s gravitational
field at a location in space.

2. (a) A conservative vector field F' is a vector field which is the gradient of some scalar function f.
{b) The function f in part (a} is called a potential function for F, thatis, F =V f.
3. (a) See Definition 13.2.2.
(b) We normally evaluate the line integral using Formula 13.2.3.
(¢) The mass is m = [, p(x,y) ds, and the center of mass is (Z,%) where T = < [ zp(z,y)ds,
7 == [oyp(z,y) ds.
(d) See (5} and (6) in Section 13.2 for plane curves; we have similar definitions when C is a space curve
(see the equation preceding (10) on page 930).
(e} For plane curves, see Equations 13.2.7. We have similar results for space curves
(see the equation precedihg (10} on page 93 0).
4. {a) See Definition 13.2.13.
(b) If F is a force field, f, F - dr represents the work done by F in moving a particle along the curve C.
©) [ F-dr= [, Pdz+Qdy-+ Rdz '
5. See Theorem 13.3.2,

6. (a) f, F - dr is independent of path if the line integral has the same value for any two curves that have the same
initial and terminal points.

(b) See Theorem 13.3.4,

1. See the statement of Green’s Theorem on page 945,
8. See Equations 13.4.5.

9. (a)curlF=(@—@)iﬁ-(gg—g@)j-k(a—cg—@)k:VxF

dy 0=z 9z Oz dz Oy
wpo 0P, 09 OR _
0 divF = o+ S5+ =V -F

(¢) For curl F, sce the discussion accompanying Figure 1 on page 935 as well as Figure 6 and the accompanying
discussion on page 975. For div F, see the discussion following Example 5 on page 956 as well as the
discussion preceding {8} on page 982.

10. See Theorem 13.3.6; see Theorem 13.5.4.
11. (2) See (1) in Section 13.6. '
(b) We normally evaluate the surface integral using Formula 13..6.2.
{c) See Formula 13.6.4.
(d) The massism = [f ¢ p(x,y, z) dS and the center of mass is (Z,7,Z) where T = % [f o zp(z,y, 2) dS,
U= 2 [fguole,v,2)dS. 2= L [[ ¢ 2o{z,v,2) d5.
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12. (a} See Figures 6 and 7 and the accompanying discussion in Section 13.6, A Mébius strip is a nonorientable
surface; see Figures 4 and 5 and the accompanying discussion on page 964,

(b) See Definition 13.6.8.
(¢) See Formula 13.6.9.
(d) See Formuia 13.6.10.

13. See the statement of Stokes’ Theorem on page 971.
14. See the statement of the Divergence Theorem on page 978.

15. In each theorem, we have an integral of a “derivative” over a region on the left side, while the right side involves the
values of the original functicn only on the boundary of the region. '

A TRUE-FALSE QUIZ A

1. False; div F is a scalar field.

. True. (See Definition 13.5.1.)

. True, by Theorem 13.5.3 and the fact that div0 = 0.

. True, by Theorem 13.3.2.

. False. See Exercise 13.3.33. (But the assertion is true if D is simply-connected; see Theorem 13.3.6.)
. False. See the discussion accompanying Figure 8 on page 929,

. True. Apply the Divergence Theorem and use the fact that div F = Q.

80 = o N A W M

. False by Theorem 13.5.11, because if it were true, then div curl ¥ = 3 £ 0.

4 EXERCISES ¢

1. (a} Vectors starting on ' point in roughly the direction oppasite to C, so the tangential component F - T is
negative. Thus [, F - dr = [, F - T ds is negative.

(b} The vectors that end near P are shorter than the vectors that start near P, so the net flow is outward near P and
div F (P} is positive.

2. We can parametrize Cbyz =z, y = 22, 0 < 2 < 1 so
1
Jozds= [} z/1+ (2z)%dz = £ (1 —{——4:82)3/2]0 =3 (5vE~-1).
3. [ rlzds = 0”/2 (2sint)® (2cost) \/(2 cost)? + (1)® + (—2sint)? dt = [/? (16sin® tcost) /5 dt

0
= 4\/55111%]:{2 =45

4. fc:cydz-f-ydy:foﬁz (xsinz + sinx cosz) dx = —xcosx—i—sinm—»};cos?a:];ﬂ:%

b x =costl = dr = —sintdt, y = sint = dy = costdt, 0 < ¢ < 2% and
0% (— cos® tsin® t — cos® t) dt = 02” (— cos® tsin® ¢t — cos? tydt = —w
Or: Since €' is a simple closed curve, apply Green’s Theorem giving

ffxz ty?<i (—1 - ES) dA = fﬂl Ozﬂ (—r— 4 cos? 9) df = —x.

S Pydr - zdy =




on

10.

1.

12,

13.

14.

. Jozsinydr + zyzdz = fol (tsint® + 3t%) dt = —1 cost® + %tg]é =3 -
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Criz=ly=tz=2t,0<1t <1;

Coz=1+2y=12=24+2(0<t<1,

Then [ ydz + zdy +zdz = [ 5tdt + [, (4 +4t)dt = 7.

F(r() = —tTi+e 5, F /() = —26% — 3¢%~*" and

1
[oF-dr=Jf} (—2t3 - 3t2e-‘3) dt = —2¢% + e—‘j =e t -4
0

CRr(t) = (2t +2) i+t + 44k For'(t) = 4t + 26% 4 2¢° + 16t7 and

JoF -dr= f (4t 4 2t2 4 2t° +16t7) dt = 5.
(@ C:w=3-3t,y="25t2=3,0<¢< 1 Then

W=[,F dr= [ [3ti+(3-3t)j+ Ztk] [-3i+ Zj+3k]dt=[ [-9t+3F]dt
=2{(3r—9)

LYW = [ F.dr= 0"/2 (3sinti+ 3costj+tk)-(—3sinti+ j+ 3costk)dt

= fu’r/z (-9 sin®t + 3 cost + 3t cos t} dt

LT -

= [-2(t —sintcost) + 3sint + 3(tsint +cost}] /" =~ 434+ 3L 3= 31

5‘% [(1+ zy) Y] = 2ze”¥ + z?ye™ = gw [e¥ + z2e”¥] and the domain of F is R?, so F is conservative. Thus

there exists a function f such that F = Vf. Then fy(z,y) = e¥ + z?e™¥ implies f{z,y) = ¥ + ze”¥ + g(z) and
then fz(z,y) = cye™ + ™ + ¢'(z) = (1 + zy)e®™ + ¢'(z). But folz,y) = (1 + zy)e”¥,s0 ¢’ (z) =0 =
g{z) = K. Thus f(z,y) = ¥ + ze™¥ + K is a potential function for F.

F is defined on all of B3, its components have continuous partial derivatives, and

curl F=(0—-0)i— (0—0j+ {cosy — cosy) k = 0, so F is conservative by Theorem 13.5.4, Thus there
exists a function f suchthat Vf = F. Then fz(x,y, z) = siny implies f(x,y, z) = zsiny + g(y, z) and then
Julz,y,2) = zcosy + gy(y, 2). But fy(z,¥,2) = zcosy, s09y(y,2) =0 = g(y,2} = h(z). Then
f(z,y,2) = zsiny + h(z) implies f.(z,y,2) = h'(2). But f,(z,y, 2z} = —sin z, so h(z) = cos z + K. Thus
a potential function for F' is f{z,y,2) = zsiny + cos z + K.

Since £ (4%y® — 22y°) = 82%y — 6zy® = Z (2z*y — 32%y” + 4°) and the domain of F is R%, F is
conservative, Furthermore f (z,y) = *y® — z°y® + y* is a potential function for F, ¢ = 0 corresponds to the
point (0,1) and t = 1 corresponds to (1,1},s0 [, F-dr= f(1,1) - f(0,1)=1—-1=0.

Here curl F' = 0, the domain of F is R?, and the components of F have continuous partial derivatives, so F' is
conservative. Furthermore f(z,vy, z) = ze¥ 4- ye® is a potential function for F. Then
fo F-dr=7(4,0,3)— f{(0,2,0) =4 -2 =2.
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15. ¥4 Crir(®) =ti4+6%§,-1<t <1, Cv{t) = —ti+j,—1 <t < 1. Then

=y (1.1) 1 1
?’ /myzdm—-migydyzf (t5—2t5)dt+/ tdt
. (o] -1 -1
' - 161" 1,1t
0 X I 10 _
| -[5e] L+ [57] -0
Using Green’s Theorem, we have
2 2 a 2 6 2
xy“dr — x dsz [-—-—- —x - — (z ]dA=/j —2xy — 2zy) dA
/Cy ~=ydy Daz( y) ay(y) D( y — 2zy)
1 1 1 =1
=/ / —4:rydyd:r=/ [ 2a:y] gz dz
-1 Jx2 -
1
5 6 271
=/_1 (20° — 22) dr = [32° —2?]" =0

16. [ Vit oS do+ 2zydy = [ [ (2zy) - £ (VIF 2 )} dA= [} [* (2y - 0)dydz
1
=f0 9:1'.: dr = 3333]0=3

. [oafyds —ay?dy = [0, g | (~2v7) — & (%)] dA

=ff¢2+y2$4(—y2—m2)d,A:_ f2 r3drdf = -8
18 curlF = (0 —e™Ycosz)i~ (e""cosz —0)j+ (0 —e “cosy) k= —e Ycoszi—e *coszj—e “cosyk,
divF = —e ®siny—e ¥sinz — e ®sinz

19, If we assume there is such a vector field G, then div(curl G) = 2 4 3z — 2zz. But div(curl ¥') = 0 for all vector
fields F. Thus such a G cannot exist.

20 LetF =P i+ Q1 j+ Rikand G = Pai+ (2 j+ Ra k be vector fields whose first partials exist and are
continuous. Then

FdivG -GdivF

_ {Pl(aPaneraRz) P40 (3P2 @Jr@)jJrRl(anJranJraRz)k]

ox oy 0O 8y = Bz or = dy ' Oz
_{P2(3P1+6a?; +6z1)1+Q2(%P1+65% +6£1) +R2(%+%+8£1)k]
and |
(G-V)F—(F-V)G [(&%+Qz%+m%) +(P26—Ql+Q %H{ aail)j
+( % | o, 3;;1 + Ra 6;11) k]
[(PI%HQI 3 +R1%P2) (P18Q2+Q186?;+R1%)j

(Pl — Q1 + R

AR, 8R; 8Ho
9 ) “}
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Hence

FdivG - GdivF+ (G- V)F - (F-V)G
= [(P1@+Q2%) - (Peaa—%-l-Ql%)

Oy
HRy AP, OR2 apP\].
_(PQEJrRlE)*(Pl 5. TRy, )]‘

bRy . 8@ Ry, p 90
+[(QIE+R2E)__ (Q2 5, T az)

(5 0Q . 8P 9Q: . . OR\].
"(Pl gz T 3m)+(P2 Bc +Q1E’)]J

OR; 0P, OR2 8P
+ {(Pz Bz + E) - (Pl Bz + Re E)

8R2 3Q1 6R1- 6@2
- (Ql"‘é“y—'i'Rza—y) + (Q2E+Rl_3§-)] k

_ a% (PLQ2 — PaQ1) — % (PgRl - P1R2)] i+ [% (QuRz — Q2Ry) — ;% (PaQ_z - Ple)]j

+ [23% (P2Ry — PiRs) — 6% (ChRa — Q2Rl)] k.

= curl{F x G)

21. For any piecewise-smooth simple closed plane curve C bounding a region D), we can apply Green’s Theorem to

Fo,0) = F@)i+ o) ioge [ f@ar+aw)dv= [[ | 2o - 25| aa= [[ 0aa=o

e & 9?
2. Vz(fg) = 8(:;’29) + 3(;29) + 3(529)

8 [af 8¢\ & [of a9\ 8 [&f ag
(-——g+fé—£)+5§(ag+fa—y)+a(5g+f5) (Product Rule)

= Bz \ Oz
8 8f dg . 0% B°F 8f dg
=529 2500 T o T 9T 25y 5y
_,.f@_Fﬂ +23_f@+f@ (Product Rule)
ay? 6;? 9z Bz 022

=f(629 il 629)4— (ﬂ+ﬁ+@)+2<g,g’g>_<@ % 89>
z Bz’ By’ Oz

= fV3g+gV3f+2Vf-Vg
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Another method: Using the rules in Exercises 11.6.33(b) and 13.5.23, we have

VHf9) =V -V(fg) =V -(gVi+FfVg)=Vg-Vf+gV-Vi+Vf Vg+ fV-Vg
=gVif+ fVig+2Vf Vg

52 2
23. V2§ = 0 means that —f % = (0. Nowif F = f, i — f. jand C is any closed path in D, then applying
Green’s Theorem, we gct
JoFdr= [ fydo— fody=ff, [a% (~f:)—%& (fy)] dA=— [ {fez + fuy) dA
=—ff,0dA =0
Therefore the line integral is independent of path, by Theorem 13.3.3,

24, (a) * +y° = cos® t +sin’ t = 1, so C lies on the circular cylinder ° + y* = 1. But
aiso y = z, so C lies on the plane y == 2. Thus (' is the intersection of the plane

y == z and the cylinder 2% + % = 1.

(b) Apply Stokes” Theorem, [, F -dr = [ curlF - dS:

i ] k
curl F = | 8/9z a/oy 8/0z
2ze® 222%™ 4 2ycotz —ycsc? 2
= (—2yesc® z — (—2ycsc? 2}, 0, 4we® ~4ze®™) =0
Therefore [, F-dr= f{ 0-dS=0.
5= floy) =2+ with0 < z? +y° < 4sors X ry, = —2xi— 2yj + k (using upward oricmz{tion). Then
[s2d8=Jf 2, pcq(2*+4") VAT + &2+ 1dA = [ [7 3T+ 47 dr df

- iw(391\/1—?+ 1)

(Substitute u = 1 + 472 and use tables.)
6. z=f(z,y)=4+z+ywith0 < 2?2 +3° <4dsor, xry, = —i—j+k. Then
[fs (@2 +y2)dS = [f_ 2+yg<4(x2+y2)(4+$+y)\/§d14
—fo V3r3( 4+rcos6’+r¢;1n9)d9dr_fo 87 V3r? dr~327r\/_

21. Since the sphere bounds a simplc solid region, thé Divergence Theorem applies and
[[sF-dS=fffo(z—2)dV = [ffozdV -2 [[f, dV =mz — 2(4x2%) = ~&x.
Alternate solution: F{r(¢,8)) = 4sinpcosfcosgi— 4singsinfj-+ 6sin pcosfk,
rs X rg = 4sin® ¢cos#i + 4sin? ¢$sin8j + 4sin ¢ cos ¢k, and
F . (rg x rg) = 16sin® ¢ cos® f cos ¢ — 16sin® ¢ sin? § + 24 sin® ¢ cos ¢ cos . Then

[fgF-dS= fI" [T (16sin® ¢ cos ¢cos® @ — 165in® psin? 6 + 24 sin” ¢ cos ¢ cos 0} de 6
= 021“"( 16 sin? 6‘)0',9—— 7r
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28 z = f(z,y) = 2 + 4 1= X ry = 201 — 2yj + k (because of upward orientation) and

I F (r(z,y)) - (rz x ry) = —22° — 22y% + 22 + 2. Then
JsF-d8=[f 0, ne, (—22° —22® + 2% + y?) dA
= folfu " (—2r® cos® 8 — 2r® cos@sin? 0 + ) rdrdf = fol r(2m)dr =2
29, Since curl F = 0, f[_ (cwrlF} - dS = 0. We parametrize C: r(t) = costi+sintj, 0 < ¢ < 2 and

$oFdr= fI" (—cos®tsint +sintcost) dt = L cos®t + 1 sin® t]i" =0.

30. [f curlF-dS = $o F - dr where C: r{t) = 2costi+ 2sintj+k, 0 <t < 2w, so

r'(t) = —2sinti+ 2costj, F(r(t)) = 8cos®tsinti+ 2sintj + e?°* ¥k and

F(r(t)) - v'(t) = —16 cos® tsin®t + 4sin ¢ cos t. Thus

$F dr= 2" (—lﬁcosztsin%.-i-4sintcost) dt
= [-16(—isintcos3t+'%sin2t + %t) + 2sin? t]i’r = —A4m,
3. Thesurfaceisgivenbyz +y+z=1lorz=1-z—-9,0<2z<1,0<y<1—-zandr, x ry=i4+j+k
Then
$F dr=[f cullF -dS = [[ (-yi—2j—ak)-(i+]j+k)dA

= [f p(~1)dA = —(area of D) = 1
32. fst-dS = fffE3(m2+y2+z2) dVv = fﬂzwfolf: (3?‘2 +3z2)rdzd.rd6= 217_[01 (61“3 +81") dr = 117

B fffpdivFdV = [[f ; 2, ,2.,3dV = 3(volume of sphiere) = 4x. Then
F{r(¢,0)) - (ry x rg) = sin® pcos? 8 + sin® ¢ sin® @ + sin ¢ cos® ¢ = sin ¢ and
JIgF - dS= [2" [T sinpdp df = (2r)(2) = 4n.,
34. Here we must use Equation 13.8.6 since F is not defined at the origin. Let S; be the sphere of radius 1 with center

at the origin and outer unit normal n;. Let S be the surface of the ellipsoid with outer unit normal ns and let K be
the solid region between 51 and Sa. Then the outward flux of F through the ellipsoid is given by

[, F m2dS=—ff  F-(-n1)dS+ [ff divFdV. ButF =r/[r], s0
dvF =V (|| r) = e[ (V- r)+r- (Vie]?) = e] 2 (3) + 2 (=3jz[™*) (rIr|™*) = 0. (Here we have
i r r _a
— +— = |r|7" =1on 8. Thus
=R

[fs,F n2dS= ffS]_ dS + [ff 5 0dV = (surface area of the unit sphere} = 47(1)? = 4r.

used Exercises 13.5.28(2) and 13.5.29(2).) And F'- n; =

35. Because curl F = 0, P is conservative, and if f{z,y, 2z} = z*yz — 3xy + 2%, then Vf = F. Hence
JoF-dr= [, Vf dr=f(0,3,0) — /(0,0,2) =0 —4 = —4.
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36. Let €’ be the circle with center at the origin and radius a as in the figure. Let DD be ¥4
C
the region bounded by C' and C’. Then D’s positively eriented boundary is v/\
C U {—C"). Hence by Green’s Theorem Q)C >

/F-dr+/ F-dr:// (?—Qv—%)d}i=0,50
lo] - p \ 0z dy

/CF-drz—/;c’F-drzfc;F-drz/D%F(r(t))-r’(t)dt

_ /2" [2a3 cos® t 4+ 2a° costsin®i — 2asint
0

> (-asint)
a

263 sin® t + 2a% cos” tsint + 2acost
a?

(acost)| dt

2 2
=/ zi?dtzf-l?r
a 1)

37. By the Divergence Theorem, f{  F-ndS = [[[ divFdV = 3(volume of B} = 3(8 — 1) = 21.

38. The stated conditions allow us to use the Divergence Theorem. Hence

[fgcurlF -d8 = {ff_div(curiF) dV = O since div{cwl F) = 0.




