Math 21a Practice Final Exam Ansers
PART A

Note: No points are marked for e.

2. a) J’:NZ QV(HZ)M E]'Z(l_xz_yz)m xyzdngxgdy.
b) j:§’0“'4§’;l_rz)uz rzzcosﬂsinedzgj(a%dr.

c) J': %‘()T[/Z(Jomp3 cospsin® (pcosesinede)sincpd(p%fdp.
3.a) (2, 2,1)is one such vector. The vector (2, 7, 0) is another.
b) -7x+2y+10z=0.

c) L(X,y,2)=6+(-7x+2y+10 z).
d) =

9V3"

1
4. 5.

5. The square of the norm of the gradienkis® + 2y + 4 Z. This has its maximum on the
boundary at (0O, O, +1).

6. One such equation is+t (1 + 3t, -2t, t).

2
1.4



8. a) A;ifllu =0, then u is constant ang and y, are both zero.
b) S; for example u ZA2 solves the equation as does /2 .x
c) A; Ata global maximum,u+u, <0.
d) N; the origin would then be a local maximum go-w,, < O there.
e) S; this is the case fd(x* + y?), but not the case faf(x* + y?) — 3000 x.



PART B

9. a) The flux through B is bigger. Here is why: Fif§tFen dS +[[; Fen dS =

IIf, div(F) dV where V is the region between A and B witheing the outward pointing
normal from V. Thusne(0, 0, 1) > 0 on B and+(0, 0, 1) <0 on A. Meanwhile div] =2
+2z>0o0nV. Therefore, the A flux in question (computed wi)hrrust be less than the
B flux computed with.

b) The flux of curlf) is the same through both since they both have the same boundary (use
Stokes’ theorem).

c) Since the disk where z = 0 anthxy” < 1 has the same boundary as the surface under
consideration, one can just as well compute the flux through this disk. The normal to this
disk is (0, 0, 1) and cuf) where z =0 is (y, X, 0) and so the flux of ddyl{s zero.

10. a) Parametrize the surface by (u, v) whereux 1 and (x v < 2itaccording to the rule that

. anJ145 0O
sends (u, v)-» (u, u/2 cos(v), u/2 sin(v)). Then, the surface arcj’gl %’OT udu%jv.
_ 2n.1]1 2
b) IO %’Ozu du%iv

11.a)v=(z,-z 0)

b) Not possible since a unit radius disk, S, in this plane has normal (1, 0, 0) whose dot
product with (1, 1, 0) is 1. Thus, the flux of the hypothetical vector field through S would
equaltand so, by Stokes’ theorem, its line integral over the boundary circle would not be
zero.

C) v=(2x, 0, 0).

d) Not possible by the divergence theorem: The flux through any closed surface would equal
twice the volume of the enclosed region.

12. a) By Green's theorem= (0, 1x°).
b) Ijnécos“tdt = 1q



PART C

9.

10.

11.

12.

C 00
) Iﬁz J2m16.8

a) L =56 ando = 16.8.

b) % gf Q.?)m(.s)%-m.

m=62
1

exp((x — 56)* / 33.6) dx

a)3.
b) .
C)3.

a) (12.8)Le™>

b) Sinceu = 25 ando = 25, this is 3/5 standard deviations from the mean.

c) The probability of 40 deaths in one 4-year span i€ (25 *°. The probability of 40
deaths in two consecutive four year spans is the square of this last number.

a) 10.3 percent.
b) Sensitivity =22 ~ 0.13. PV =22 =0.13.
c) 0.1.

Part D

10

11.

Q) ix.

b) 3.

c) 5. This is the mean for the probability density on the positive integers that assigns to the
integer n the probabilitf)" “ £, of Bernoulli going to jail on the n'th day

d) £,

. Since G(x) = G(X) the assertion is true for n = 1. Now, suppose that the assertion holds for

all integers between 1 and n— 1. To show that it then holds for integer n, use the fact that G
+y) = G(X)G(y) to write G(nx) = G(x + (n-1)x) = G(x)G((n-1)x). Next, invoke the

induction hypothesis that G((n-1)x) = G{X}o equate G(nx) with G(x)G(X) which is the
desired G(X)

a) The program must write each two element set once and only once.

b) Here is an algorithm: For each positive integer in turn starting with 2, list that integer with
each of the positive integers that are strictly less than it. Also, number the whole list
consecutively from 1.



For those interested in a more ‘computer language’ algorithm, consider the
following translation:

Step 1: Letm=2.

Step 2: Letk=1.

Step 3: Letn=1.

Step 4: Print ‘*k— (n, m)".

Step 5: Letk=k + 1.

Step 6: Ifn=m -1, go to Step 9.
Step7: Letn=n+1.

Step 8: Go to Step 4.

Step 9: Letm=m + 1.

Step 10: Go to Step 3.

Here are the first six outputs:
1-54{1,2},2-54{1,3,3-54{2,3,4-{1,4},5 - {2,4},6 > {3, 4}.

c) For each integer N, let Aenote the collection of n-element sets of distinct, positive
integers with largest integer N. Note thatid\a set Wit% elements. This
understood, the collectiar= {A } ..\, IS the collection of all n-element sets of distinct
positive integers, here exhibited as a countable union of finite sets. Thus, assuming the
claim, the collection is itself countable.

12. a) Since the integral of f o& must equal 1, ¢ 5.
b) 5%

c)B.



