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Problem 1) True/False questions (20 points)

) | T F The distance from (1,2, —1) to (3,—-2,1) is (—2,4, —2).

Solution:
The distance is a number, not a vector.

2) T F The plane y = 3 is perpendicular to the zz plane.

Solution:
The plane is parallel to the xz plane.

3) T F All functions u(z, y) that obey u, = w at all points obey u, = 0 at all points.

Solution:
The function u(z,y) = ey satisfies u, = u but u, = .

The best linear approximation at (1,1,1) to the function f(z,y,z2) = z° +
HT i y® + 2% is the function L(z,y, z) = 32% + 3y* + 322

Solution:
The linear approximation is a linear function in z,y, 2. The correct linear approximation
would here be L(z,y,z) = 0.

If f(x,y) is any function of two variables, then f[; (fgcl f(z,y) dy) dr =
Iy (I f(x,y) dz) dy.

Solution:
The correct identity would be [y (f; f(z,y) dy) dr = [y (f¥ f(z,y) dx)dy.

Let C = {(z,y) € R* | 22 + % =

1 } be the unit circle in the plane and
F(z,y) a vector field satisfying |F| < 1.

Then —27 < [, F . dr < 2.




Solution: B B o B
By definition: [ F-dr = [ F(7(t))-7'(t) dt and so | [ F -dr| = " |F(7(t)) - 7'(t)| dt <
o [E(FEO)IF ()| dt <[5 |7 (¢)] dt = 2.

Let @ and b be two nonzero vectors. Then the vectors @+ b and @ — b always
point in different directions.

Solution: . . .
Take @ = (4,2) and b= (2,1). Then @+ b and @ — b point in the same direction.

If all the second-order partial derivatives of f(z,y) vanish at (z¢,yo) then
(20, o) is a critical point of f.

Solution:
Take f(z,y) = z+2°+y> Then (0,0) not a critical point even so all second-order partial
derivatives are zero.

If a, b are vectors, then |d@ X I;\ is the area of the parallelogram determined
by @ and b.

Solu:cion: B .
|@ x b] = |a||b|| sin(¢)|. |d| is the length of the base of the parallelogram and |b||sin(¢)]| is
the height of the parallelogram.

The distance between two points A, B in space is the length of the curve
10) | THF | F=AtuB-A), telo1]

Solution:

[7(t)| = |B — Al and [ |'(t)| dt = |B — A|.

11) T F The function f(x,y) = xy has no critical point.

Solution:
(0,0) is a critical point of f.



12) T F The length of a curve does not depend on the chosen parameterization.

Solution:
This is a consequence of the chain rule: if r(s(t)) is a new parameterization, then

SElr(s)) L dt = 1 (sO)Is'(D)]dt = 52 /()] ds.

13) T F The equation p = 1 in spherical coordinates defines a cylinder.

Solution:
It defines a sphere.

For any numbers a, b satisfying |a| # |b|, the vector (a — b, a + b) is perpen-
4) | T F dicular to (a4 b,b — a).

Solution:
The dot product is 0.

The line integral of F(z,y) = (—y,z) along the counterclockwise oriented

15) 1L K boundary of a region R is twice the area of R.

Solution:
The curl of F'is 2. The statement is a consequence of Greens theorem.

There is no surface for which both the parabola and the hyperbola appear

16) T F as traces.

Solution:
The hyperbolic paraboloid is an example.

If (u,v) — 7(u, v) is a parameterization for a surface, then 7, (u, v) +7,(u, v)

17) T F is a vector which lies in the tangent plane to the surface.

Solution:
Both 7, (u,v) as well as as 7,(u, v) are tangent to the surface. Therefore, also the sum is
tangent.



When using spherical coordinates in a triple integral, one needs to include
18) | T F the volume element dV = p? cos(¢) dpdpdo.

Solution:
The correct factor would be p?sin(¢).

TF PROBLEMS FOR REGULAR AND PHYSICS SECTIONS:

A connected surface in space for which all normal vectors are parallel to

19) T F each other must be part of a plane.

Solution:
Assume all normal vectors are parallel to 7 = (a, b, ¢) and assume Zj is a point in the
plane. then Then 7i(Z — Zy) = 0. But this is the equation of a plane.

90 A vector ﬁeld F= (P(x,y),Q(x,y)) is conservative in the plane if and only
) T F if Py(z,y) = Qu(z,y) for all points (x,y).

Solution:
This is a consequence of Green’s theorem: the line integral along a closed curve is the
double integral of (), — P, over the enclosed region and so zero. The reverse is easier to
see: if a potential f satisfying Vf = (f., f,) = (P, Q) exists, then Q, — P, = fyz — fuy =0
(Clairot).

TF PROBLEMS FOR BIOCHEM SECTIONS:

Suppose X and Y are two random variables such that E[X] > E[Y]. Is it
21) | T F always the case that P[X > Y] > 1/27

Solution:
Let 2 ={1,2,3} and X(1) = X(2) =1, X(3) =100 and Y (1) = Y (2) = 100, Y (3) = 1.

If ¢ is the density function of a random variable x, then [ ¢(x) dx is the
expectation Ey of the random variable.

Solution:
No, the integral [ ¢(x) dx is equal to 1. The expectation is [ x¢(x) dz



Problem 2) (10 points)

We have a function u(t, ) which is a solution to partial
differential equation. In all cases, we have u(0,z) =
e~*". The picture to the left shows this function u(0, z).
Which partial differential equation is involved, when you
see the function u(1,x) as a graph?
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Enter LILIILIV here | Equation

up(z,t) = ug(z,t)

ug(x,t) = uge(x, 1)

(2, 1) = Uge (2, 1)

ug(x,t) = —ug(z,t)




Solution:

Enter LILIILIV here | Equation
v ur(z,t) = ug(x,t)
111 uy(w,t) = Uau (7, 1)
1T Uy (7, 1) = Uge (1, 1)
I u(z,t) = —u(z,t)

Some more explanation:

Case u; = u,: If you look at the traces where t is fixed. This gives functions of one
variable. u; = u, means that the function will increase, where the slope u,, is positive and
decrease, where the slope u, is negative. This makes the graph move to the left. With
g(x) = u(0, ), the general solution is u(t,z) = g(z + t) as you can check.

Case: u; = —u,: Dito, the graph moves to the right. With g(z) = u(0,z), the general
solution is u(t, x) = g(x — t) as you can check.

Case: u; = Ugz,: The function will decrease where the second derivative u,, is positive. So,
the bump will become smaller. The tails of the bump have u,x < 0, there, the function
will increase.

Case: uy = ug,: This is the wave equation. You best look at it physically. Pluck an
infinite string in the middle. The disturbance will travel to both sides. You might also
recall that with g(z) = u(0, z) the function u(t,z) = (g(z —t) + g(x +t))/2 is the general
solution.

Problem 3) (10 points)

a) Find an equation for the plane ¥ passing through the points P = (1,0,1), @ = (2,1, 3)
and R = (0,1,5).

b) Find the distance from the origin O = (0,0,0) to .
c¢) Find the distance from the point P to the line through Q, R.

d) Find the volume of the parallelepiped with vertices O, P, Q, R.



Solution:

a) Take the cross product between two vectors in the plane to get a normal vector n =
(a,b,c) = (1,1,2) x (—1,1,4) = (2,—6,2). The plane has the equation azx + by + cz = d,
where d is obtained from plugging in one of the points. The answer is |z — 3y + 2z = 2.|.

b) The distance is |(1,0,1) - 7|/|n| = [2/V/11|

¢) The distance is |[PQ x QR|/|QR| = \/11/2.
1 01

d) The volume isdet | 2 1 3 | =4.
015

Problem 4) (10 points)

The equation f(z,y,z) = €™ + z = 1 + e implicitly defines z as a function z = g(z,y) of
x and y.

a) Find formulas (in terms of z,y and z) for ¢,(x,y) and g,(z,y).

b) Estimate ¢(1.01,0.99) using linear approximation.

Solution:

a) By the chain rule g, = —f,./ f. = —yze™?/(14aye™?) and g, = — f,/ f. = —xze™* /(14
xyerv?).

b) Note that f(1,1,1) =1+ e so that (1,1, 1) is on the surface and ¢(1,1) = 1. From a)
we know ¢,(1,1) = —¢/(1+e) and g,(1,1) = —e/(1+e¢). By linearization, g(1+a,14+b) =
g(1,1)+g.(1,1)a+g,(1,1)b =1—(a+b)e/(1+e). In our case, where a = 0.01,b = —0.01
we estimate ¢(1.01,0.99) = 1.

Problem 5) (10 points)

Find the surface area of the surface S parametrized by 7(u,v) = (u,v,2 + % + §> for
(u,v) in the disc D = {u® +v*> <1 }.



Solution:
ro = (1,0,u),r, = (0,1,v) and r, X r, = (—u, —v, 1).

The surface area is [ [ 1+ u® + 02 dudv = [} [Z™ /1 + 72 dfdr = 27 [ /14 r2r dr =
2m(1 +1r2)%2 /3|5 = |2m(v/8 — 1)/3].

Problem 6) (10 points)

Find the local and global extrema of the function f(z,y) = 2*/3+v*/3 —2?/2 —y*/2+1
on the disc {z? +y* <4 }.

a) Classify every critical point inside the disc 22 + y? < 4.

b) Find the extrema on the boundary {z* + y* = 4} using the method of Lagrange multi-
pliers.

¢) Determine the global maxima and minima on all of D.

Solution:
a) Vf = (2? — z,y* — y). The critical points of f are (0,0), (0,1),(1,0),(1,1).

The Hessian determinant (=discriminant) is D = (2o — 1)(2y — 1), which is 1, -1, -1, 1.
The point (0,0) is a local maximum, the point (1,1) is a local minimum and (0, 1), (1, 0)
are saddle points.

b) g(z,y) = x* + y* — 4. The Lagrange equations are

2> — 1=\

Y-y =2y

22 4+yP—4=0

which have solutions |(—2,0), (0, —2),(0,2),(2,0), (—v2, —v/2), (v/2,v/2)]. At these
points, the function f takes values —14/3, —14/3,2/3,2/3, —/2, —2—4+/2/3, —2+4+/2/3.
c¢) To find the maximum and minimum, just compare the values at all the candidates ob-
tained in a) and b):

the minimum is at the two points (—2,0), (0, —2)
where f takes the value —11/3.

The maximum is at the f(2,0) = f(0,2) =5/3|

Problem 7) (10 points)




a) Given two nonzero vectors 4 = (a,b,c) and v = (d,e, f) in R3, write down a formula
for the cosine of the angle between them. Find a nonzero vector ¢’ that is perpendicular to
= (3,2,1). Describe geometrically the set of all ¢/, including zero, that are perpendicular
to this vector .

b) Consider a function f of three variables. Explain with a picture and a sentence what
it means geometrically that V f(P) is perpendicular to the level set of f through P.

c) Assume the gradient of f at P is nonzero. Write a few sentences that would convince
a skeptic that V f(P) is perpendicular to the level set of f at the point P.

d) Assume the level set of f is the graph of a function g(x,y). Explain the relation between
the gradient of g and the gradient of f. Especially, how do you relate the orthogonality of
V [ to the level set of f with the orthogonality of Vg to the level set of g7

Solution:

a) cos(a) = ad + be + cf /(a2 + b2 + 2\/d? + &3 + f2). The vector (1,—1,—1) is per-
pendicular to (3,2,1). The set of points which are perpendicular to (3,2,1) satisfies the
equation 3z + 2y + 2z = 0.

b) V[ is orthogonal to every tangent vector to the level surface. V[ is

‘orthogonal to the velocity Vector‘ of a curve r(t) on the level surface.

c) Take two curves on the level surface which cross transversally. Because f is con-
stant on the level surface, f(r(t)) = ¢ is constant or ‘by the chain rule|, d/dtf(r(t)) =

Vf(r(t))-r'(t) = 0. This means that V f is orthogonal to the velocity vector 7’'(t). By
b), V f is orthogonal to the level surface.

d) In the special case f(z,y,z) = g(x,y) — z, we have Vf = (Vg,—1). We see that
projecting the vector V f onto the xy plane gives the vector Vg.

Problem 8) (10 points)

Let R be the region inside the circle 22 + y? = 4 and above the line y = /3. Evaluate

Y
— 7 _dA.
//Rx2+y2



Solution:
The key is to set up the integral in polar coordinates:

2r/3 2 ;
/ rsin(6) rdrdd .
V/3/sin(0)

w/3 r?
This gives [274°(2sin(0) — v/3) df = (~2cos(6) —v/30)[27,> = —2(~1/2—1/2) — V3 /3 =
2 —/371/3|.

Problem 9) (10 points)

A region W in R? is given by the relations

o® +y? <22 <3(a% + )
1<z +y*+22<4
>0

1. Sketch the region W.
2. Find the volume of the region W.

Solution:

1. First inequalities: the region is sandwiched between two cones. Second inequalities:
the region is sandwiched between two spheres.

2. Use spherical coordinates:

/12 /:/4 /w/2 p2 sin(¢) dbdedp

/6 J—m/2

which is the product of the integrals J7 p? dp = 7/3, ™15, df = 7 and [7)s sin(¢) dp =

(v/3 —+/2)/2 which is | (7/3)7(V/3 — v/2) /2|

Problem 10) (10 points)

Consider the vector field

g1l

Y x
(x’y)_<a:2+y2’a:2+y2>



defined everywhere in the plane R? except at the origin.

a) Let C' be any closed curve which bounds a region D. Assume that (0, 0) is not contained
in D and does not lie on C. Explain why

/ﬁ-dF:O.
C

b) Let C be the unit circle oriented counterclockwise. What is [ F - di? Explain why

your answer shows that there is no function f for which F (z,y) = Vf(z,y) everywhere
except at the origin (0,0).

Solution:

a) I is conservative in the region R*\{(0, 0)} because with ' = (P, Q)) we have Q,—P, = 0
and Greens theorem assures that the line integral along any closed curve is zero, provided
the region does not contain 0.

b) A direct calculation with r(t) = (2(t),y(t)) = (cos(t),sin(t)) gives [;" 1 dt = 2x. If
there would exist a potential function f defined all over the plane, then the line integral
along any closed curve would be zero. This would contradict the result for the curve along
the unit circle.

Problem 11) (10 points)

First use rectangular, then cylindrical and finally spherical coordinates to integrate the
function f(x,y,z) = xyz over the solid in space described by the inequalities 0 < z <

(1—a2—y?), 2 +y* <Lz —y >0,y >0.

Solution:

Euclidean: fol/ﬂ JV = U yr dz da dy.

Cylindrical: [ [7/* [Y177" 13 cos(6) sin(6) dO do dr.

Spherical: [} [7/% [T/* 53 cos(¢) sin®(¢) cos(8) sin(0)p? sin(¢) dedb dp.

SECTION SPECIFIC PROBLEMS FOR REGULAR AND PHYSICS SEC-
TIONS.



Problem 12A) (10 points)

Let F (x,y) be a vector field in the plane given by the formula

1
WS
If C'is the path WhiCh goes from from (—1,0) to (1,0) along the semi circle 2% + y* = 1,
y > 0, evaluate [, F - dr.

Fla,y) = (e — 2aye™ + 2y, +

)

Solution:
The curl of F'is —2. The line integral along any curve from (—1,0) to (1,0) minus the line
integral take the curve r(t) = (¢,0) for ¢t € [—1,1] is by Green’s theorem [ [, 1 dxdy = 7.

The line integral along the line segment is f_ll t? dt =|2/3|. Therefore, the result is
2/3 -7l

Problem 13A) (10 points)

In appropriate units, the charge density o(z,y,2) in a region in space is given by o =
V- E = div(E), where E is the electric field. Consider the cube of side lengths 1 given by
0 <uz,y,z < 1. What is the total charge in this cube if

E = (z(1 = 2)log(1 + zyz), y(1 — y) tan(z® + y® + 2%), 2(1 — 2)eV*T¥) .

(The total charge is the integral of the charge density over the cube.)

Solution:

On the z-faces, we know that F' = (0,Q, R). The flux through the z-faces is 0. Similarly,
the fluxes through the other sides is zero. By the divergence theorem, the triple integral
on the unit cube is @

Problem 14A) (10 points)

a) By calculating the integral [ [g F dS directly, find the flux of the vector field F (r,y,2) =
(0,0, + z) through the sphere x? + y* + 22 = 9, where the sphere is oriented with the
normal pointing outward.



b) Find the flux of the vector field F(z,y, 2) = (0,0, z+z) through the sphere x?+y*+ 22 =
9 using the divergence theorem.

¢) Explain in words without invoking any integral theorem, why the flux integral of the
vector field F' (x,y,2) = (0,0,2 4+ z) through any sphere with positive radius centered
at (0,0,0) is positive. A one or two sentence explanation is sufficient, but it should be
formulated so that it makes sense to somebody who does not know calculus.

Solution:

a) J3" J§ 9 cos(¢) sin(¢) dpdf = [36r].

b) The divergence of Fis 1. The integral of the divergence over the sphere of radius R is

AT R3/3 =[367].
c¢) The flux integral of F(z,y, z) = (0,0, x) is zero by symmetry: there is the same flux on
upper and lower hemisphere with opposite sign. The flux integral of F(x,y, z) = (0,0, 2)

is larger through the upper then through the lower hemisphere.

FOR BIOCHEM SECTIONS.

Problem 12B) (10 points)

It is known that spark plugs produced by a certain company will be defective with prob-
ability 0.01 independently of each other. The company sells the spark plugs in packages
of ten. The company offers a refund if more than one of the screws is defective. What
proportion of the packages sold must the company replace?

Solution:
The probability that k sparks are defect is given by the Binomial distribution

(1 )ra-ne

with p = 0.01. The probability that at most 1 spark is defect is 1 minus the probability

that 0 or 1 sparks are defect. That is 1 — < 100 ) (0.01)°(0.99)1° — < 110 ) (0.01)'(0.99)°.



Problem 13B) (10 points)

The monthly worldwide average number of cases of a certain disease is 3. What is the
probability that there will be at least two such cases in the next month?

Hint. The probability distribution function we use is the geometric distribution f(z) =
NPE2 with A = 3.

Solution:

The probability that the monthly average number of the disease is k is f(k). The probabil-
ity that there will be 1 or 2 cases in the next month is f(0)+ f(1) = e=3+3e~3. The prob-
ability that there will be at least 2 cases in the next month is 1— f(0) — f(1) = 1 —4e>.

Problem 14B) (10 points)

From a group of 10 women and 15 men, we wish to form a committee consisting of 4
women and 6 men. There are three men who cannot serve together in any committee.
How many different committees can be formed?

Solution:

The number of possibilities to chose 4 women is 140
The number of possibilities to chose 5 men from the group of 12 men which have no

constraints is 15
The number of possibilities to chose 1 man from the group of 3 men with constraints is
3
1
The number of possibilities to chose 6 men from the group of 12 men without constraints
12
6

The total number of committees which can be formed is

(L) ()8) ()]

18



