MATH 21A Partial Derivatives SPRING, 2009

Define the partial derivative of f(z,y) with respect to = by
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and similarly the partial derivative of f(z,y) with respect to y by
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For each of the following functions, compute both first partial derivatives f, and f, (or f;):

f(z,y) = e”cos(y) flx,y) = 23 — 3xy?

3] f(z,t) = e @+ 4 | f(x,t) =sin(x —t) + sin(x + ¢)
El

We can compute higher order derivatives by simply repeating the process. For example,
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and 0 (0f 0*f

Compute the four second partial derivatives foz, fay, fye, and fy, for the four functions above.

These four functions above were selected because they solve some partial differential equations
or PDEs. Listed below are four common PDEs, some of which you will see in the homework.
Determine which function is a solution of which PDE by substituting in derivatives.

Laplace Equation: fy; + fyy =0 Advection (Transport) Equation: f; = f,

Wave Equation: fi; = f.. Heat Equation: f; = f..



| 6 | Here is a contour plot for the function f(z,y) = sin(z) sin(z + y).

Without actually computing the derivatives, answer the following questions:

(a) What is the sign of f, at (z,y) = (1,0)7

(b) What is the sign of f, at (z,y) = (1,0)?

(c) What is the sign of f,, at (x,y) = (5,1)?
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(d) What is the sign of f,, at (z,y) = (3,1)?

You may notice that f;, = f, in all of the above cases. This is a consequence of Clairaut’s
Theorem.

(a) Use Clairaut’s Theorem to compute the requested derivatives of the following functions:

(i) fowayy if fl2,y) = 2%y - EEe



Partial Derivatives — Answers and Solutions

For f(z,y) = e” cos(y), we get first derivatives
of _of

fo= Fr e” cos(y) and fy = o = —e”sin(y).
The second derivatives are
92 92
fmm - a_xj;j =e" COS(y)a fyy = a_y]; = —e” COS(y),
and o f o f
fay = fyz = —€”sin(y) (where Joy = w and f, = o ay) .

Notice that f,, + f,, = € cos(y) — e” cos(y) = 0, so this function f(z,y) satisfies the Laplace
equation.
For f(x,y) = 2 — 3zy?, we get first derivatives
fo = 32% — 32 and fy = —6xy
and second derivatives

fxx = 6£U, fxy = fyx = _6?/a and fyy = —b6z.

Notice again that f,, + f,, = 62 —6x = 0, so this f(z,y) is a solution to the Laplace equation.

For f(x,t) = e~ (9 we get first derivatives
fo=fr = —2(x + t)e @’
and second derivatives
Joo = fot = fta =t = (4(517 + t)z - 2) 6_(x+t)2-

Notice that f; = f, and fy = fus, so this f(x,y) is a solution to both the advection equation
and the wave equation.

For f(z,t) = sin(x — t) + sin(z + t), we get first derivatives
fz = cos(x —t) 4 cos(x + t) and  f; = —cos(z —t) + cos(x + t)
and second derivatives
fox = —sin(x — t) — sin(x + t), fot = fio = sin(z — t) —sin(z + 1),

and
foe = —sin(x — t) — sin(z + ).

Notice again that fy; = f.., so this f(z,y) is also a solution to the wave equation.



[ 6] (a) and (b): Both f, > 0 and f, > 0 at (z,y) = (1,0). The idea is simply that there is a
maximum at (z,y) = (3,0) ~ (1.57,0) (where f(7,0) = 1), which is in the circled region
on the contour plot. Since the the vertical lines © = kn and diagonal lines y = —x + k7
are the only places where f(x,y) = 0, we see that the function is increasing in both the
positive x and positive y directions at (1,0).

(c) Here is a “zoomed-in” contour plot near the point (z,y) = (3, 1):
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As above, f, > 0 at this point. As we move to the right, however, the contour lines
become spaced farther apart. Thus f is increasing slower, so f, is decreasing (although
still positive). Thus f., < 0.

(d) Looking at the same picture as in part (c), we see that the contour lines again become
spaced farther apart (horizontally) as we move up vertically. Thus, again, f,, < 0 at

(z,9) = (3. 1).

The point of both these problems is to re-order the derivatives so that you take the “easier”
derivatives first.

(a) Here we take the x derivatives first:
f = 2*cos (ey + y2)
fe = 2x cOS (ey + y2)
frz = 2cOs (ey + yz)



(b) Here we take the y derivatives first. We get

_ 3.2 Y
f=a z + In(x)
1
= 23y —
Ju=20y z + In(z)
fyy:2x37

and so (after more derivatives) fyypee =232 =12, Thus fuy, = 12 as well.



