MATH 21A Green’s Theorem SPRING, 2009
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Green’s Theorem: Suppose C'is a positively oriented, piecewise-smooth, simple closed
curve in the plane that bounds a region D. If P and @ have continuous derivatives (in an
open set containing the region D), then

Pdr+Qdy= 9@ 0P\ 4.
i frosoun [ (8% .

Sometimes the line integral is written 7{ P dx + @ dy to emphasize that the curve is closed.
c

For each of the following regions D, associated boundary curves C, and line integrals. ..

(a) Compute the given line integral directly by parameterizing the path C.

(b) Compute the given line integral by applying Green’s theorem and computing a double integral.
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/ zy? dr — 2%y dy
c



How does this relate to our work on Friday? If the vector field F = (P, Q) is conservative
(that is, if F = Vf for some f), what does Green’s theorem say about the line integral and
the double integral?

@ Some trickery: Recall that [/ p 1 dA is the area of the region D. So if we choose P and @ so

that %—g — %—1; =1, then fCP dr + () dy is also the area of D.

(a) One such choice is P = —y and ) = 0. Write down two other choices of the vector field
F = (P,Q) so that [, P dz+ Q dy is the area of D.

(b) Use one of your line integrals from part (a) to find the area of the triangle with corners
at (0,0), (2,0), and (5,2):

In this problem we’ll calculate

?{xdy—ydx
c Ty

where C' is any positively oriented simple closed curve that encloses the origin, as follows:

(a) Let C; and Cy be two different such simple closed curves that don’t intersect. Let D be
the region with boundary C; U (—Cy). Show that
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(b) Since

/ Pdz+Q dy = / P dz+@Q dy+/ P dz+Q dy = / P dz+@Q dy—/ P dz+Q dy,
C 01 *CQ C'1 C

2

use Green’s theorem to show that the two line integrals (over C} and Cy) must agree.

(¢) Choose a particularly nice parameterized curve (say, a simple circle) to compute the
given integral.



Green’s Theorem — Answers and Solutions

(a) T'll write this line integral as a sum of four line integrals, each of which I'll parameterize

and compute separately:

y
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We perform the parameterizations without comment:

Ci: r(t) = (x,y) = (¢,0) (for 0 <t <1), s0 dx =dt and dy = 0. Thus

1 1
/a:ydx+(x2—y2) dy:/t-Odt+(t2—02)O:/ 0=0.
C1 0 0

Cy: r(t) = (x,y) = (1,¢) (for 0 <t <1),s0 dxr =0 and dy = dt. Thus

1 1

2
/:Cydx+(:c2—y2) dy:/ 1-t04 (17 = ¢%) dt:/(l—tQ)dt:§.
Co 0 0

Cs: r(t) = (x,y) = (1 —t,1) (for 0 <t <1), sodr =—dt and dy = 0. Thus

/Cgasydx+($2—y2) dy:/o(1—t)-1-—dt+((1—t)2—12) O:/O(t—l)dt:—%

Cy: r(t) = (x,y) = (0,1 —t) (for 0 <t <1),sodr=0and dy = —dt. Thus

/C4xydm—l—(x2—y2) dy:/o 0-(1—t)0—|—(02—(1—t)2)-—dt:/o(1—t)2dt:%.

Putting this all together, we get

2 1 1 1
/a:ydx+(a72—y2) dy:/ +/ —|—/ —I—/ =0+-—-—=-+-=-.
c o Jo Jos Je 3 2 3 2

(b) Here P = zy and Q = 2 — y?, so the integrand of the double integral is Q, — P, =
2x —x = x. The region of integration is a square, so the limits of integration are simple:

11

1
/q:ydx—i-(xQ—yz)dy://di://azdyd:c:—.
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(a) Again we’ll break the line integral into simple line segments:
Y

1,,

C
3 A Cy

-
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Again we parameterize and integrate each piece more or less without commentary:
Cr: r(t) = (x,y) = (¢,0) for 0 <t <1, so dx = dt and dy = 0. Thus

1 1

1
/x?’d:c—q:y2dy:/t3dt—t(0)20:/tgdt:—.
Cq 0 0 4

Cy: r(t) = (x,y) = (1,t) for 0 <t < 1, so de = 0 and dy = dt. Thus

1 1

1
/x3d:c—$y2dy:/ 130—1(t)2dt:/ —t2dt = —=.
Co 0 0 3

Cs: r(t) = (zr,y) = (1,1) + ¢ ((0,0) — (1,1)) = (1 —¢t,1 —t) for 0 < ¢ < 1, so do = —dt
and dy = —dt. Thus

1 1
/:c3da;—:cy2dy:/(1—t)3-—dt—(l—t)(l—t)Z-—dt:/ 0=0.
Cs 0 0

Putting this all together, we get

1 1 1
:U3dx—xy2dy:/ —|—/ -|-/ 4 0=——,
L« o Cy o, 4 3 12

(b) Here P = 23 and Q = —xy?, so the integrand of the double integral is Q, — P, =
—y? — 0 = —y%. The region of integration is a triangle, so the limits of integration are
reasonably straightforward:

1 T 1 1 1
/x?’dx—nydy://—jfdA://—y2dydx:/——:v3dm:——.
c D 0 Jo o 3 12



(a)

We’ll break the line integral into two line segments and one arc:

Y
1

Cy

Csy

> !

Cy 1z
Now we parameterize each part of the path and integrate, more or less without commen-
tary:
Ci:r(t) = (t,0) (0<t<1),sodr=dt,dy=0,and v dy—yder =t-0—0dt =0.
Thus [« dy —y dr = 0.
Cy: 1(t) = (cos(t),sin(t)) (0 < ¢t < %), so (dr,dy) = (—sin(t), cos(t )} dt and thus
x dy —y dz = (cos?(t) + sin®(t)) dt = dt. Thus Jo,xdy—yde = F/Q dt =
Cs:r(t) =(0,1—1t) (0<t<1),s0dx=0,dy=—dt, andxdy—ydsz(—dt)—(l—
t)(0) = 0. Thus sz xrdy —ydr =0.

Putting this all together, we get

/xdy—yda::/ a:dy—ydx+/ xdy—ydx+/ xdy—ydx:0+Z+0:
¢ C1 Ca Cs 2

bo| 3

Here P = —y and @ = z, so @, — P, = 1 — (—1) = 2. Thus Green’s theorem implies

that
/xdy_ydwz//QdA:ZArea(D):Z’
c D 2

as before.



(a) As usual, we’ll break the line integral into simple line segments and arcs:
)

2,

Cs &

Cy

I - I

1 Cl 2 x

Again we parameterize and integrate each piece more or less without commentary:
Ci: r(t) = (x,y) = (¢,0) for 1 <t <2, s0dr =dt and dy = 0. Thus

2
/ nydas—x2ydy:/ t(0)>dt —t*-00=0.
Ch 1

Cy: r(t) = (z,y) = (2cos(t),2sin(t)) for 0 <t < 7, so dv = —2sin(t) dt and dy =
2 cos(t) dt. Thus

w/2
/C oy do — oy dy — /0 2 cos(t) (2sin(t))? - —2sin(t) dt — (2cos(t))? 2sin(t) - 2 cos(t) dt
2 o
= —16/0 (sin®(£) cos(t) + cos®(t) sin(t)) dt

w/2
= —16/ sin(t) cos(t) dt (since sin®(t) + cos?(t) = 1)
0
— -8

Cs: r(t) = (z,y) = (0,2) +t((0,2) —(0,1)) = (0,2 —¢t) for 0 <t < 1, so dz = 0 and
dy = —dt. Thus

1 1
/wyzdx—x2ydy—/ O(l—t)20—02(2—t)-—dt—/ 0=0.
Cs 0 0

—Cy: (We'll parameterize —Cj instead.) r(t) = (z,y) = (cos(t),sin(t)) for 0 <t < 7, so
dx = —sin(t) dt and dy = cos(t) dt. Thus

w/2
/ vy dr — 2%y dy = / cos(t) (sin(t))? - —sin(t) dt — (cos(t))* sin(t) - cos(t) dt
—Cy 0
w/2

(sin®(¢) cos(t) + cos®(t) sin(t)) dt

sin(t) cos(t) dt (since sin(t) + cos®(t) = 1)



Putting this all together, we get

1 15
/nydw—nydyz/ +/ +/ —/ =0+(—8)+0—<—§)=—7
C Cq Co Cs3 —Cy

(b) Here P = zy* and Q = —z?y, so the integrand of the double integral is @, — P, =
—2xy — 2xy = —4xy. The region of integration is suited to polar coordinates, in which
the limits of integration are simple:

/xy2 dx—:chdy:// —4xy dA
c D

w/2 2
= / / —4r*sin(6) cos(6) - r dr df
0 1

w/2 2
= —4/ / 3 sin(0) cos(0) dr df
0

1
w/2 1 2
= —4/ —rt
o 4

sin(6) cos(0) do
— _15 / " sin(6) cos(0) df

1

1 w/2
=-15- 5sin2(0)
15

5

0

If F = (P, Q) is conservative, then we saw last time that % - %—1; = 0. This means that
Green’s theorem says that

[Pizqay=[[oan-o
c D

Thus the line integral |, o F - dr =0 for any simple closed curve C, provided the hypotheses of
Green’s theorem are satisfied. (In particular, P and () must have continuous derivatives in an
open set containing D, the region bounded by C. This is why Problem 7 isn’t a contradiction,
despite the fact that the vector field in that problem is F =V (arctan(%)). Neither P nor @),
or even their derivatives are not continuous at the origin, which is part of the region bounded
by each curve C.)



(6] (a)

There are lots of choices for P and () that will result in ), — P, = 1. For example, if
P = ay and @) = bx, then ), — Py = b — a, so there are many choices. Three typical
ones are (a,b) = (—1,0) (the given (P, Q) = (—y,0) of the problem), (a,b) = (0,1) (so
(P,Q) = (0,z)) and (a,b) = (1,1). These three examples give us the following line
integrals that are equal to the area of D:

1
/—ydx and /xdy and —/xdy—ydx.
c c 2 Jc

While these are the traditional integrals, one could contrive much more complicated
examples. For example, if

P(z,y) = y(f'(x) +1) + g(z) + h(y)
Qz,y) = f(z) + 1 (y)z + k(y)

h(y) and k(y) are any continuously twice-differentiable functions),

@
ox

(where f(z), g(),
then
aP

1 !/
so Py, — @, = 1. Thus

7{} (y(f’(:v) +1) +g(x) + h(y)> dr + (f(x) + R (y)x + k(y)> dy = Area(D).

and = f'(2) + K (y) +0,

Let’s use one of the simpler integrals — say, |, o T dy — to find the area of this triangle.
We'll label the three sides and compute the three line integrals, as usual, without much
commentary:

2 1

Cs
1 i .

Ch: r(t) = (x,y) = (t,0) (for 0 <t <2), so dv = dt and dy = 0. Thus
2
/:de:/t-():().
Cq 0
h: r(t) = (r,y) = (2,0) +t(3,2) = (2+ 3t,2t) (for 0 < ¢t < 1), so de = 3 dt and
d :2dt Thus

1
/ xdy:/(2+3t)-2dt:7.
Co 0

Cs: r(t) = (z,y) = (5,2) +t(=5,—-2) = (5 —5t,2 —2t) (for 0 <t < 1), so de = —5 dt

and dy = —2 dt. Thus
1
/ xdy:/ (5—5t) . —2 dt = —5.
Csy 0

Putting this all together, we get

Area(D):/ydx:/ yda:—l—/ ydx—l—/ ydr=047—-5=2.
C C1 Ca C3



(a) HereP:—ﬁLﬂ2 and Q = 777, 50

oP  1-(®+y’)—y-2y ¢y —a?

oy (@2 +92? (a2 +y?)?

andz
0Q 1-(®+y*)—x-2z  y?—a?

or (22 4 y2)? (224 y2)Y

L) e

(b) We've already seen that the double integral in Green’s theorem must be zero, so we must
have

9Q _ op _
Thus 52 oy = 0, so

/ Pd:E—I—Qdy—/ Pdr+Qdy=0
C1

Cy
or that the two integrals are equal.

This now implies that the integrals are the same for every such simple closed curves, even
pairs that intersect. If C; and Cy intersect, then choose a third curve Cj (for example
a really large or really small circle) that intersects neither curve. The above argument
shows that the integrals over C; and C5 both equal the integral over Cj, so all three must
be the same!

(¢) Let C be the unit circle, parameterized by r(t) = (x,y) = (cos(t),sin(t)) (for 0 <t < 27).
Then dx = —sin(t) dt and dy = cos(t) dt, so

/ vdy—yde /27r cos?(t) dt + sin®(t) dt
c 0

x2 + y? 1
27
= / dt = 27.
0

Thus ¢, fjg;gfz = 27 for any positively oriented simple closed curve that encloses the
origin.

Comment: The interesting thing about this example is that F is a gradient field:

F:V(arctan(y/x)):< TV >:< Y@ >

L+ (y/x)*" 1+ (y/x)? x? +y? %+ oy

But the domain D of F is the entire plane except for the origin. Thus D is open but
not simply connected (it has a hole!), so being a gradient field is not the same thing as
integrals being independent of path on D. (This is worked out in detail in the book as
well; see example 13.4.5 on page 937).




