Math 21a Review Session for Exam 2
Solutions to Selected Problems

John Hall
April 5, 2009

Note: Problems which do not have solutions were done in the review session.

1. Suppose that the temperature distribution in a room is given by 7' =
T(x,y,2), and that T'(1,3,2) = 55,7,(1,3,2) = —1,7,,(1,3,2) = 2, and
T.(1,3,2) = 3.

(a) At (1,3,2), in which direction is the temperature increasing most
rapidly, and at what rate is it increasing?

(b) Write an equation for the tangent plane to the isotherm (level
surface) T'(x,y, z) = 55 at the point (1,3, 2).

(c) Use a linear approximation to estimate 7°(1.01,2.98,2.10).

(d) A fly moves through the room according to 7(t) = (24 cos7t,3 +
2sin 7t, 2t). How fast is the temperature the fly experiences chang-
ing when it passes through the point (1,3,2)7

2. Show that the sphere 22 + 32 + 22 = 72 and the elliptical cone 2% =
a’x?® + b*y? are orthogonal at every point of intersection. Why doesn’t
this depend on a and b?

3. Let f(z,y) =a*+y* —alz — 1) — by — 1)~
(a) Show that if neither a nor b is equal to 1, f has exactly one critical
point.

(b) Again assuming a,b # 1, give conditions on a and b under which
the critical point you found in part (a) is, in turn, a local maxi-
mum, a local minimum, and a saddle.
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What happens when a =b =17

4. (11.7, # 12, modified)

()

1

Find and classify all critical points of f(z,y) = 2% + y* +

22"
Solution: Set Vf = (2z — 35,2y — 525) = (0,0) to get y* =
4 and 2? = # Combining these gives y* = & = %, ie,
2% = 1, ie., x = £1, and so y = +1. So the critical points

are (1,1),(1,—1),(—1,1), and (=1, —1). To classify these critical
points, we use the Second Derivative Test:

2+ 462 343
D(x,y) = Ty Yy
( y) ‘ x34y3 2_,_%
8 4
D(l,l) = D(—l,—l):‘4 8’:64—16:48
8 —4
D(l,—l) = D(l,—l):‘ 4 8‘:64—16:48

Since in all cases D > 0 and f,, > 0, each of the four critical
points is a local minimum.

Find the maximum and minimum values of f (if they exist) along
the curve zy = 4.

Solution: Using the method of Lagrange Multipliers, we have

2

2r — i = \y
2

2y — 2y = \r
xy = 4

Multiplying the first equation by z and the second by y gives

2
212 — = Ay

.T2y2
2
2
_Z
722 Y



Then, since xy = 4, we have

2

2w — — = 4\
T T 16

2
22— 2 = 4\
Y 716

Equating these two expressions gives y = £x. Using the constraint
zy = 4 gives (2,2) and (=2,-2). f(2,2) = f(-2,-2) =8+ &,
and this is clearly the absolute minimum, since f(z,y) — oo as z
or y goes off to co.

True or false? g(z,y) = e/®¥ has a maximum/minimum /saddle
point at (a,b) if and only if f(x,y) does.

More generally, how do the maxima/minima/saddle points of h(x,y) =
g(f(z,y)) depend on the properties of g and f?7

Solution: By the Chain Rule,

Vh(z,y) = (g (f(@,9) (2, y), 9" (f(x,9) fy(x,9)) = ¢'(f(2,9)Vf(z,y).

So Vh(a,b) = (0,0) if ¢'(f(a,b)) = 0 or Vf(a,b) = (0,0). We'll
look at these two cases separately, but first we compute

haxx h;ty

D:’h h

yx

‘ 9" e+ fex 9" (N fafy+ 9 () fay
9" st + 9Ny 9" NI+ 9 )y

Case 1: ¢'(f(a,b)) =0

In this case,

vy

D(a,b) — ’ 9"(F(a,0)f2(a,0)  ¢"(f(a,b))fs(a,b)f,(a,b) ‘
’ g'(f ( ,0) fy(a,b) fula, b)) g"(f(a,b))f;(a,b)
" 2 fZ(ab) fz abfyab
= "] T o) fZab '
= (9"(f(a,)))* (f2(a,b) f;(a,b) — fi(a b))
— 0.

So the Second Deriavtive Test tells us nothing. However, we can
still say something the maxima and minima of h. Specifically, if
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g(u) has a local maximum at u = f(a,b), then h(z,y) has a local
maximum at (a,b). To see this, note that g(u) < g(f(a,b)) for
all u near f(a,b). Assuming f(z,y) is continuous (in this class
functions are generally assumed to be continuous unless stated
otherwise), this means that g(f(z,y)) < g(f(a,b)) for all (z,y)
near (a,b). By similar reasoning, if g(u) has a local minimum at
u = f(a,b), then h(x,y) has a local minimum at (a,b).

Case 2: V f(a,b) = (0,0)

In this case,

@) falah) o(F(ab)
Dla,b) = ‘g’(f(mb))fyx(a,b) o (F(,0))fyy(a,D)

= (¢'(f(a,0)))”

fyﬂc
So, assuming ¢'(f(a,b)) # 0, D(a,b) has the same sign as

fuo(a,b)  fuy(a,b) ‘
fym(aab) fyy(a,0) |

So in the case Vf(a,b) = (0,0) and ¢'(f(a,b)) # 0, h(z,y) has
a saddle at (a,b) if and only if f(x,y) does. However, the sign
of hye(a,b) = ¢'(f(a,b))frz(a,b) depends on both ¢'(f(a,b)) and
fez(a,b). If f(x,y) has a local minimum at (a,b) and ¢'(f(a,b)) >
0, then h(z,y) has a local minimum at (a,b). Similarly, if f(z,y)
has a local maximum at (a,b) and ¢'(f(a,b)) > 0, then h(z,y) has
a local maximum at (a,b). If ¢’(f(a,b)) < 0, these conclusions are
reversed.

6. (11.7, # 31, modified) Show that f(z,y) = —(z*> —1)* — (z*y —z — 1)?
has exactly two critical points, and that both are local maxima.

Solution: Setting

Vf

= (—da(2® - 1) —22zy — 1)(2%y — 2 — 1), ~4a(2*y — 2z — 1))

—Adx(2? —1) =222y — )2’y -z —1) =
—22%(2x*y —x —1) = 0.
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7.

The second equation gives x = 0 or 2y — 2 — 1 = 0. If z = 0,
then the first equation becomes —2 = 0, which has no solutions. If
r?y—x—1 = 0, then the first equation becomes —4z(z*—1) = 0, which
implies x = 0,1, or —1. If = 0, then the equation 2%y —x — 1 =0
becomes —1 = 0, which again has no solutions. If z = 1, we get
y—2=0,ie,y=2 Ifxr=—1, we get y = 0. So there are two critical
points, (1,2) and (—1,0).

To classify these critical points, we use the second derivative test.

D= 74(12 —1)— 822 — 4y(12y —z—1) — 2(2zy — 1)2 7493(121; —z—1)— 222(21y —1)
' —dz(z?y — 2z — 1) — 222 (2zy — 1) —2z%
—26 —6
D(1,2) = ‘ iy _2'_52—36—16
—-10 2
D(-1,0) = ‘ ) _2'—20—4—16

Each critical point is a local maximum, since D > 0 and f,, < 0.

(a) Find where the tangent plane to 22 —z? —y* = 1 is parallel to the
plane 3x — y + 2z = 4. If no such point exists, explain why not.

Solution: Letting f(z,vy, z) = 2% — 2% — y?, we need to find where
Vf=X3,-1,1). Since Vf = (—2x, —2y, 2z), this gives

—2r = 3\

-2y = —A
22 = A
2y = 1

Solving the first three equations for z,y, and z, respectively, gives
xr = —%/\,y = %)\, and z = %/\. Plugging these expressions into
the last equation gives 1A% — 2A? — X2 =1, i.e.,, —2\? = 1. This
last equation has no real solutions, so there is no point on the
surface 22 — 2% — y? = 1 where the tangent plane is parallel to the
plane 3z —y + 2z = 4.

(b) What is the “steepest” a tangent plane to 2% — 22 — y*> = 1 can
be? In other words, what is the largest possible angle between the
z-axis and the normal vector of a tangent plane to z2+y?—22 = 17
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Solution: Note that the surface is a hyperboloid of two sheets,
opening along the z-axis. Let 0 be the angle between the gradient
vector Vf = (—2z,—2y,2z) and k = (0,0,1). Then

Vf-k
IV fII&
<—2(L’7 —2y, 22> ) <O’ 0, 1>
\/4:1:2 + 4y? + 422
2z

VAz? + 4y? + 422
z

’$2+y2+22

z
222 —1

cos =

Y

since x* + y?> = z? — 1 on the surface. Assuming z > 0 (the
two halves of the hyperboloid are symmetric), the angle 6 will
be largest where cosf is smallest. So we need to minimize the
function g(2) = 5= on the domain z > 1. Since ¢'(z) =
V222-1-222//222 -1 -1
(222-1) (222-1)3/2
value of cos; in fact cos @ approaches \/75 as z — 0o0. This means
that the angle between the z-axis and the normal vector of a
tangent plane to z® + y* — 2* = 1 is always less than %, and
approaches 7 as we move further and further up the surface.

< 0 for all z, there is no minumim

Show that the maximum cross-sectional area of a rectangular
beam cut from a circular log of radius 1 foot occurs when the
cross-section is a square.

After cutting the beam in part (a), four pieces of wood are left
over. If each piece to be then trimmed to form a rectangular beam,
as shown in bold in the diagram below, find the dimensions that
maximize the total cross-sectional area.



9. An ice cube tray is designed with 12 compartments, as shown in the
diagram below. Find the dimensions that minimize the cost of the tray,
subject to the constraints that each compartment has a square horizon-
tal cross-section, and that the total volume (ignoring the partitions) is
12 cubic inches.

l/// T\ ®
-

%

Solution: We want to minimize the cost function C(z,y,2) = zy +
Txz+ 3yz subject to the constraints ryz = 12 and § = ¢, which we can
write as x — 3y = 0. Using Lagrange Multipliers we get the following
system of five equations and five unknowns:

y+7z = dyz+p
r+3z = lxz—3u
Tx+3y = Axy
ryz = 12
xr — 3y 0

Adding 3 times the first equation to the second gives x + 3y + 24z =
3\yz + Azz, and replacing = by 3y in this and the remaining equations



10.

11.

gives
6y +24z = 6Ayz

24y = 3\y°

3z = 12
The second equation gives y = 0 (which does not work in the last
equation) or A = %. Using A = S, the first equation becomes 6y+24z =
482, i.e., y = 4z. Substituting this last expression into 3y%z = 12 gives
4825 = 12, i, z = {1 = Y& Then y = 42 = V16 = 2¢/2 and

x = 3y = 6+/2. This is the only “critical point”, and since C(x,y, z)
clearly goes to oo as any one of z,y, or z approaches zero or oo, it must
be an absolut minimum. So the dimensions that minimize the cost are

$:6\/_y—2\/§andz ‘ﬁ

Compute the iterated integral

1 /4
/ / rdydzx.
0 Jtan—lz

Let Dy be the region bounded by the polar curve r(f) = R + cos#,
where R > 1.

(a) Compute the area of D;.
Solution:

27 R—+cos 0
A(Dy) = / / rdrdd

R+cosf
- (5),
0 2 0

27
- l/ (R* + 2R cos 0 + cos® 0)db
0

2

2
= %/0 (R*+ 2R cos 6 + 12222 4

(R29—|—2Rsm9—|—1«9+ 811129)
= 7TR2+§



(b) Explain why Dy is not a circle.
Solution: The polar curve r(6) = R + cosf is symmetric over the
z-axis, with z-intercepts (R + 1,0) and (—R + 1,0). If it were a
circle, the radius would then be (R+1—(—R+1)) = R, and the
area would be mR2. Since the area is not mwR?, the curve cannot
be a circle.

(c) Let Dy be the circle 22 + y* = R?. Show that the ratio of the
areas of Dy and D,y approaches 1 as R goes to infinity.
Solution: }%im ””T/QRQ =1

12. Let S be the solid region in the first octant bounded by the surface
2 = 12, the cylinder 22 + y? = 4, and the xy-plane.

(a) What is the highest point in the region S?

Solution: S is bounded above by the surface z = zy?, below by
the xy-plane, and on the side by the cylinder 2% + y?> = 4. We
need to find the maximum value of f(x,y) = zy* on the region
R={(z,y)|2* +y*> <4,2 >0,y > 0}. Setting Vf = (y?, 2zy) =
(0,0) gives y = 0, while x can be any real number. So the only
critical points of f occur along the x-axis. But the z-axis is already
part of the boundary of the region R, so the maximum must occur
along the boundary. As since f(x,y) = 0 along both the z-axis
and the y-axis, and f(z,y) > 0 if both x and y are positive, the
maximum must occur on the circle 22 + y? = 4. Using Lagrange
Multipliers, we have

vt = 2\
2y = 2\y
4yt = 4

The second equation gives y = 0 or A = x. Since we already
know that the maximum does not occur where y = 0, we conclude
that A\ = . The first equation then becomes y?> = 22, and

when combining this with the third equation we get 32? = 4,
ie, r = %g So then y = %é, and as this is the only “critical

point” on the quarter circle 2 = y? = 4,2 > 0,y > 0, it must
be the location of the highest point. So the highest point in S is
(M? 216 16¢3>

2 ).
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(b) Sketch S.

Solution: See part (a) for a description of the region S. The traces
of the surface z = xy? in planes parallel to the zz-plane are lines,
and in planes parallel to the yz-plane are parabolas.

(¢) Compute the volume of S.

V(S) = //nydA

R
/2 P2

= / / r4sin® 0 cos Odrdo
0 0
2 w/2

= / rtdr / sin? 0 cos Odf
0 0

B 5\ 2 sin® 0 w/2

- ( >0< 3 )o

= (%) (3)

32
15

Solution:

<3

St

13. Compute the volume of the solid in the first octant bounded by the
planes 2z +y +32=6,2x —y =0, =0, and z = 0.
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