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MATH 21A FIRST MIDTERM EXAM SPRING, 2009
(8 points)

(a) (4 points) Find an equation for the plane containing the three points P(3,3,1), Q(2,—1,0),
and R(—1,-3,1).

(b) (4 points) Are the four points P, @, R, and S(7,4,—1) coplanar? (Here P, @, and R are the
points from part (a).) Justify your answer.



MATH 21A FIRST MIDTERM EXAM SPRING, 2009
(12 points)

(a) (4 points) Find an equation for the plane given by the parameterization

r(u,v) = (3+2u,5—u+v,2u+ 3v).

(b) (3 points) Suppose the curve C is parameterized with respect to arc length by r(¢) (that is,
this parameterization has |r/(¢)| = 1 for all ¢). What is the distance along C' between r(3) and
r(10)?

(c¢) (2 points) Suppose the traces of a quadric surface are parabolas (z = k), parabolas (y = k),
and hyperbolas (z = k). What quadric surface is this? Explain your reasoning.

(d) (3 points) An ant is standing on the surface z = 23 — 3xy + €™ at the point (1,0,2). If the
ant walks East (that is, in the positive = direction), is he moving up or down? Explain your
reasoning.
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(12 points)  Consider the curve C' parameterized by r(t) = (tcost,tsint,t). This curve wraps
2

counterclockwise around the cone 22 = 2% + 92, as shown in the pictures below.

(a) (2 points) Show that C is smooth everywhere. (That is, show r'(¢) # 0 for any value of ¢.)

(b) (3 points) Give an intuitive reason why the curvature of C' should go to zero as the curve
winds up the cone.

(c¢) (4 points) Compute x(0), the curvature of the curve C at ¢ = 0. You may assume any of the
formulas for curvature:

dT
K =|—

_T@O)] _ () xx"(1)]
ds ’

)] v/ (t)|?

(d) (3 points) Find an equation for the osculating plane to C' at the origin.
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(8 points) Let C be the intersection of the surfaces y = 22 and z = 2, as shown in the pictures
below.

(a) (5 points) Find a parameterization of C'.

(b) (3 points) Write down the integral that represents the distance along the curve C' between
the point (1,1,1) and the point (—1,1,1). You do not need to evaluate this integral!
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(9 points) Consider the solid described by the inequalities

0<x<6 and 0§y2+z2§4.
The surface of this solid consists of three pieces: a cylinder, and two disks.

(a) (5 points) Find a parameterization of each piece of the surface. Give bounds on each parameter.

(b) (4 points) Draw in the grid lines on the surfaces below corresponding to the parameterizations
you found in part (a).
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[ 6 ] (12 points)

(a) (4 points) Let L be the line given parametrically by © =4 +¢, y = —1 —2t, z =5+ t. Find
the point on the line L which is closest to (—2,2, —1).

(b) (4 points) Find the point on the plane 22:—3y—2z = —7 which is closest to the point (7, -2, —1).

(c) (4 points) Find the point on the sphere (x — 7)% 4 (y + 2)? + (2 + 1)? = 16 which is closest to
the plane 2z — 3y — 2 = —7.
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(10 points) Pick the picture that each equation describes, and mark your answers in the space
indicated below.

(a) z = cos(x —y) (b) 22 —y—-22=0 (c) 22 —y+22=1

(d) 22 —y?+22=0 (e) 2?2 —y? +22=-1

Mark your answers here:
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(9 points)

(a) (2 points) Which one of the following is the same as ¢ = § in spherical coordinates?

(i) z=+/22 + 92 in Cartesian coordinates.
(ii) z = 3r in cylindrical coordinates.
(iii) z = /r in cylindrical coordinates.
(iv) 2% = 3(2? 4+ ¢?) in Cartesian coordinates.
)

(v) None of the above.

(b) (2 points)  Which one of the following is a picture of the surface defined in cylindrical
coordinates by z =r and 0 < r <17

(i) (i) (iif) (iv)

(c) (2 points) Let U be the solid bounded below by z = 22 + y? and above by z? + y? + 22 = 2.
Which one of the following is a description of U?
(i) 72>z > 2 — 2 in cylindrical coordinates.
(ii) p <2, ¢ > 7 in spherical coordinates.
(iii) r? < z < V2 — 7?2 in cylindrical coordinates.
(iv) sin¢ < p < 2 in spherical coordinates.
)

(v) None of the above.

(d) (3 points) Parameterize the surface described in spherical coordinates by 6 = ¢.
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@ (10 points) Let A = (0,0,1) and B = (0,2,3). Find the set of points P(z,y, z) such that AP is

orthogonal to BP. Give a geometric description.



MATH 21A FIRST MIDTERM EXAM SPRING, 2009

(10 points)  Suppose a and b are vectors about which we know: |a|] = 3, |b|] = 2, and
ax b = (1,-5,1). Find the following quantities, if possible. If you cannot find a particular value
because there is not enough information, indicate this.

(a) (2 points) a-b

(b) (2 points) |a-b|

(¢) (2 points) The acute angle between a line in the direction of a and a line in the direction of b

(d) (2 points) [|proj, b

(e) (2 points) An equation of the plane through the origin parallel to both a and b



