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This standard multivariable
calculus course extends single
variable calculus to higher
dimensions. It provides a
vocabulary for understanding
fundamental equations of nature
like weather, planetary motion,
waves, heat, finance, or
quantum mechanics. It teaches
important background needed
for statistics, computer graphics,
bioinformatics, etc. It provides
tools for describing curves,
surfaces, solids and other
geometrical objects in three
dimensions. It develops methods
for solving optimization
problems with and without
constraints. You learn a
powerful computer algebra
system. The course will enhance
problem solving skills and
prepares you for further study n
other fields of mathematics and
its applications.
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Mathematica project due

Review

Midterm exams
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SYLLABUS

e — E—

CHECKLIST
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1. Week: Geometry and Space
Lect 1-2 6/22 Space, Vectors, Dot Product
Lect 3-4 6/24 Cross product, Lines/Planes, Distances

2. Week: Surfaces and Curves
Lect 5-6  6/29 Implicit and Parametric Surface
Lect 7-8 7/1 Curves, Chain Rule, Arc Length

3. Week: Linearization and Gradient
Lect 9-10 7/6 Partial Derivatives, Review

Lect 11-12  First hourly. Gradient, Linearization

4. Week: Extrema and Double Integrals
Lect 13-14 7/13 Tangents, Extrema
Lect 15-16 7/15 Lagrange . Double integrals

5. Week: Multiple Integrals and Line Integrals
Lect 17-18 7/20 double and triple integrals
Lect 19-20 7/22 Second hourly. Line integrals

6. Week: Vector Fields and Integral Theorems
Lect 21-22 7/27 Curl, Greens theorem, Flux
Lect 23-24 7/29 Stokes and Divergence theorem

DIFFERENTIATION RULES

" General notes. In the followi ime fand ¢ ars
diftrcable, Each rule should be viewed as
that the function to be differentiated is \hﬂu:nunhlc
on s domain and that the derivative is as givi

each, there s also a functional form,

g e =t
 Sum. 0+ 501= 7ot
* Scalar multiple. (/)= cf ()
* Product. {7(x)s00] = 1 )+ /00 ()
< Quains. 4] 9] L1t o
« The Chain Rule (for compositions).
-,—|Uexxn|-;}j<mn S0
Hange n input o the composi-
i

I 'xtx) ﬂ\cn by /'((x). In Licbniz
) and = g(x), and we thereby view

G i evtuntay = 0
InDrotaon. D

LOCAL FEATURES OF FUNC-
TIONS

hborhoods. In the following, “near” a point
i ing the poiat. Such

A solid single variable calculus background

APPLICATIONS

« Optimization with constraint. Here is an out-
lne to pprosch opimizaion pebles involing

wo variabl

1 Visualize o and e the iabes.

ponts A poin,c i i point o /if

dcl'lncdnwnand-:n!mrﬂci 0 0r/"(c) does not
oral atrema, A lical sl poles of

poin c with 00> 100 forx ncar . A local m

m..;..pmmlor/: agointcwith /09 fc) orxne
Ifcis a local ex

{ Derivative Test, Suppose ¢ s a riical point
rom

~ optimized-—as a function of two. e
3.Write down a constraint equation relating the vari-

the constaint o rewrie he objetive fnc-
terms of one variable.
he

imeterbeing p, we pose he problm 15 iz
bject 1o the constraint 2/

of
negative to positive as x increases through c. then c is
B

X vt et s v

« Inverse functions. 1£/is the inverse of a function ¢
(and g’ s continuous and nonzero), then

e o
To gt aspesitc formul el st ity -
; diffrntate wilh respe

Sgon L e
temsof 3 usin e elatics
Eg. Y=le=

« Implict functions. The dervatv
defined implicily by a elation Flx.y) = c m nybdwnd

ing y as a funct it appears i the rcla-
s and th sobving fo 3 n erms of x od y. The
resultisthe same as obtained from the formal expression

a5 Fx.y)
where i treated as a constant in the numerator, x
as a constant in the denominator.

I
tive o negative as x increases through c. then ¢ is &
Tocal maximum point. 1£/'(x) keeps the same sign, then
<2 ot e it

sphere: 4753

cylinder:z r2
l + d has exactly

« Cubies. A cul
e inflction point (1K) where =1
A normal form is

a critcal pointc. I/ m>u hen ¢ is a local minimum
i a local maximum point

(- +k

where m = bl + ¢ is the slope at the inflection point. If|

hegrph of s
gent line (possibly \err
lical) at ¢ and /"(x)
changes sign as x in-
creases through c, then
c. or the graph point
(&) iscallodan nflec-
ion poin E.g. 117 hasa

. Inflection Point
Z

ey e
"cclmn point at mrn A inflection

R
e
T T e

DERIVATIVE FORMULAS
7]

nstants. For any constant C, 4-C=0.

et -

The chain rule gives - f"] /m 2109

+ Square root. 4%

® Powers. For any real mln: ofn, T
valid where x*! is defined. The chain rule gives
(o] =l 0] G0
o Expnneml-lx An exponential function has deri
ive proportional to i mcmponmmmy factor!
ng o e ogar o
z;u* =(naa"

The chain rule gives e/ = e/f' ()
+ Logarithms.

denlsl=t. Foiog, |+l = rbe

same s hold without absolte value, but the do-
main is restrcted to ¢

Fln[ fw= l}—
+ yperboic functons.

sinlf x = cosh.x

coshix=sinhx
!

T+7
+Trig functions.

arcsinh x= arceosh’x =

ihe inflection poi
a distance |, he inflection
poin. and ocat cﬂmnn"\r apsmm at points

INTEGRATION

o Area under acurve. The ntegral ofa nomnegative
function over aninterval ives the arca under the graph
ofll» function.

Average value, The average value offoveran -
i) iy be defined b

Wengs value =

o
Ofien a rough estimate of an iniegral can be made by

+ Mean Value Theorem (V). 11/

by the length of the interval.

a.b] and her
i S i (o3 wih

Fio =t

e nteral ()5 () represnts velocity, then

Graphically, some tangent.
line between a and b is par- ‘Mcan Value
allel to the secant line through Theorem

The proof of the MVT rlcs

timencrement 101+ . Adding the displcemensor

2 imate change
overth enir G inerval, I the i of
small Gme increments. one gels the inte-
gral Lﬂvm; (b)- s(a) » which is the total displacement.

7 Incressing i
ing. 167" = 0 on an interval, then fis constant on that
interv
7275 o an interal, then fisstictly increasing on
o imeral

Oonan interval,
e e (o low Roms MVEY

© Coneavity. A graph is said 1o be concave up [dow

ata oint ¢ fhe graph s sbove [blow] the langent

»m.uu e s i dsiatics 3 ongion
dierby aconstant. (This follows from
wetan(1/x) are both|

re turning downward as.
© Extrema on a closed interval. The pluh:ll orabsoluie.

onaclosed il ) (guarneed Inbeurhu'vcdbvlln
Extrer

2)Constructing ant dmnum 16fis continu-
ous n [a2], e

Gly=
/0n (@b): G (x)=Ax). (The one-

vrcndpaml\

9|“ il || || i

1098

395
i1

sided derivatives of G agree with /at the endpoints.)
entiate a func-

s e T e s
oS

Horizontal
Asymptol

y=fw

Note: This is not a function of x.

‘Symmetric about the o
. Determine the symmetrics of the:

yes@

x=ais avertical asymptote for this function

Parametric Functions

=B i the parumeter

+a®
5. Plota fewmore additional poins.

TRANSCENDENTAL FUNCTIONS
I e R FT G
six rigonometric functions are:
sins; cosx, tanf, cotx, secx, and cscs; where secx =
1/cosy, cscx = 1/sin, tan = sinx/cosx, cotx =

cosi/sin
2. Keyldontes: orany anglex

lisecte=1 4t coty;

s sin nx cosx

3. Graphs of trigonomerric functions: In sketching

graphs of functions of the form y = a cos (b + o),
ory=asin(bx +) isolate:
mplitude

haseangle, 1 = phasetit

2n/b=p

el e

y=cos@x+x/2)

I real numbers while
In particular, log, x.

Note that the domain of y = b* i
in of y = log, x
27181s written asIn

A. DEFINITION
Given a function £ and a fixed value a of xas the

value of the function tends to a number L as f is evalu-

ated at values of x approaching a, then we say (write)

ety

Example: lim = 4.To see this evaluate

caseyo ke vlus o clos bt s
than'I; in the second case you take values of ¥ small
than L only.

C. PROPERTIES OF LIMITS

For functions f and g wh

lim g(x) = M, the following holds:

lim [ (0 +g (01 =L+ M; lim f (0)-g(0l=L-M

lim 1f (1% g (0] =LxM

™ £ (0 /g0 =L/ M provided M=0
m 1f (1"

5. lim (@7 et % + G/ +..sbyx + by

=a,/b,, provided b, =0
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