Math 21b Fall 2001

Practice Problems: Test #2

Please note: | have chosen these problems because | think that they are representative of
many ofthe mathematical concepts that we hatedied. There is no guarantdet the
problems that appear on any test will resemble these problems in any way whatsoever.

Remember:On exams, you have to supply evidence for your conclusions, and explain why
your answers are appropriate.

(a)

(b)

(c)

(d)

(a)

(b)

A square matrixA is calledsymmetridf A=A, and skew-symmetric & = -A".

Suppose thabis a symmetric matrix and is a skew-symmetric matrix. Under
what conditions is it possible f&to equaK?

Show that the only diagonal skew-symmetric matrix is the matrix with zeros in every
entry.

Suppose that i andB are both symmetric matrices of the same size. Show that
the sum ofA andB is also a symmetric matrix.

Suppose that i andB are both symmetric matrices of the same size. Is it possible

thatABis also a symmetric matrix? If so, what condition is necessaABto be a
symmetric matrix?

If Ais a 3 by 3 matrix whose determinant is 5, alRIfQAP, where:

3 1 -20 01 0 10
-0 O -0, _ O
Q—Dl 0 4D and P—Dl 1 1[1
A2 1 1 F2 1 34

what is the determinant &f?

LetV denote the set of solutions of the homogeneous differential equation:
ym _3yn + yr _3y - O

It is possible to show (although you are not required to show her#) ihatvector
space, and th&= {€*, cos), sin()} is a basis fol.

Verify thatf,(x) = 26, f,(X) = cosg) + sink), andf,(x) = € - sin) are contained
in V, and find the coordinates with respect to the &fgis each of these functions.

Show thatww = {f, f,, f.} is a basis folV.

Find the characteristic polynomials and eigenvalues of the following matrices:
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(b)

(c)

(a)

(b)
(c)

(d)

(a)

(b)
(c)

(d)

(e)

9 3 15
B -7 80
02 10
H1i6 10H
1 1 0O

0
911
B 1 -4

=0 U
+2 3 -2 -10
U 0

Sketch a graph of the characteristic polynomia,aind use this graph to decide
how many distinct eigenvaludshas.

What are the distinct eigenvaluesAGf

Find bases for the eigenspaces belonging to each of the eigenvectors you found in
part (b).

Do the eigenvectors @& form a basis foR* or not? Explain your reasoning.

In each of the following cases, decide whether the collection of functions is a
subspace of the vector space of real-valued functions of a single variable.

1

If(x)dx

0

All functionsf(x) such that: <o,

All solutions of the differential equatiory” - (sin(x))y’ + €y = 0.

All functionsf(x) with the property thatf(x) > f(y) if x=>y.
1

All functionsf(t) that satisfy: I f(t) Gin(t)dt = 0.
0

All functions that satisfy(x) = O for all real numbers.
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7. Let A be am by n matrix, and ley/be a non-zero vector.
(a) Show that § Ay, ... ,A"} is a linearly dependent set.
(b)  Show that the subspace Spg#y;, ... ,A"W} has dimension 1 if and only jfis an
eigenvector oA.
8. Let A be a 4 by 4 matrix with the following properties:
() Two of the eigenvalues éfare: 3 and 2.
(I1) 3is an eigenvalue of the matex+ 2,
(1) det(A) = 12.
(a)  What are the other two eigenvaluedt
(b)  What is the characteristic polynomialAf?

(c)  What is the charateristic polynomial &t ?

9. Suppose that the set of vectors { . . . ,u.} is an orthonormal basis f&". Let
a, . ..,a,beany real scalars, and define:
A=auu’ +...+auu’.

(a)  What sort of algebraic object (scalar, vector, matri®) s

(b)  What is the relationship betwegrand its transpose ?

(c) Showthat, ... ,a, are the eigenvalues Af

(d)  What are the eigenvectorsAf?

10.  Suppose thak is ann by n matrix that is diagonalizable. Show that each of the
following matrices is also diagonalizable.

(a) sA wheresis a scalar.

(b) A

(c) A" provided thaf is non-singular.

11.  In this problem, the matri& will always refer to:

2 30

ATH o
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(a) Find the characteristic equation/Afp,(X).

(b) Itis possible to substitute a matrix into a polynomial equation in much the same way
as you can substitute a numerical value into a polynomial equation. The main
difference is that the constant term of the polynomial must be replaced by a scalar
multiple of the identity matrix. For example, consider the polynomial function:

f(x) = 4¢ — 9x + 11.

Thenf(A) would be the matrix:

3 3 3 0
F(A) = 4 Sorf Thenny o
2 2H oH" 1H
If you work all of this out, then you just get a 2 by 2 matrix as the redai.the
characteristic polynomial from Part (a) to calculate the 2 by 2 mady{&).
(c) LetBbe am byn diagonalizable matrix. Show thatsatisfies its own

characteristic equation.

12.  Find the distance from the point (1, -1, 1, 1) to the hyperplane (i.e. higher
dimensional equivalent of a plane) spanned by:

0 20 00
0 0, O 0

1
R N
HH Ho H HH

13. (a) Suppose thak = PDP*, whereP is a 2 by 2 matrix and = g SE Definea 2
by 2 matrix: B =5 - 3A + A% IsB diagonalizable?
(b)  Letu be a unit vector frorR". Define a matrixQ =1 - 2uu™. Show thaQ is an
orthogonal matrix.
14. LetAbe a diagonalizable 3 by 3 matrix whose characteristic polynomial is:
PA(X) =X - 3 + 4.
(a) If q(x) is a polynomial with the properties thgtl) =q(2) = 0, show thag(A) = 0.
(b)  Find the polynomialmn, of smallest degree for which(A) = 0.

(c)  Express each of the matrice&®, A*, A° andA™ as a linear combination #fand the
3 by 3 identity matrix|.

Page 4 of 8



15.  In this problem, the matri& will always be:

d 20

AR R

(a) Find the eigenvalues and eigenvectorA.of

(b) If Awas the coefficient matrix in a system of differential equations, would the origin,
(O, 0), be an asymptotically stable equilibrium?

(c) Suppose thahis the coefficient matrix for a 2 by 2 system of differential

equations: -
LN
dt
with initial value >r<0 = E}E Find an explicit formula for the solution vecteft).

Answers

1.(a) The two matrices must be the same size and the two matrices must each have zeros in every entry.
1.(b) Suppose thatl is a diagonal, skew-symmetric matrix. Becaldse diagonal, every entry except

the ones of the forrh; is zero. Becausd = -H', every diagonal entry must satisfy=-h;. So all of the

diagonal entries are zero as well.

1.(c) (A+B)'=A"+B"=A+B.

1.(d) The matrices have to commute.

2. det() = -425.

3.(a) To show thaf,, f, andf; are contained iV, it is sufficient to show that they can be written as
linear combinations of vectors from the baislt is pretty clear that this is the case, and the coordinates
of f, are (2, 0, 0), the coordinatesfofire (0, 1, 1) and the coordinatesadre

(1, 0,-1).

3.(b) One way to do this is to show that the linear mappi™M— V defined by:

T(€) =f.(x) T(cosg) =f,(¥) T(sin()) =f:(x)

is an isomorphism. Writing everything in terms of the coordinates in the®akes linear transformation
T can be represented by the 3 by 3 matrix:

@2 0 1[0

_ 0
A_@ 1 04
M 1 -17

This is an invertible matrix, sb:V — V is an isomorphism. Since the isomorphic image of a basis is
also a basis, then the given set of vectors is a basis for

4.(a) x*-14¢+ 64x-96. Eigenvalues are 4 (multiplicity 2) and 6.
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4.(b) x*-12+ 36. Eigenvalue is 6 (multiplicity 2).
4.(c) x*+ 2¢- 8. Eigenvalues are 0, -4 and 2.

5.(a) The graph of the characteristic polynomial is a quartic with two roots. There are exactly two
eigenvalues oA.
5.(b) The eigenvalues are 1 and -3.
5.(c) The eigenspace belonging to 1: {(-1, 0, 0, 2), (0, 1, 1, 0)}.
The eigenspace belonging to -3: {(1, 1, 0, 1)}.
5.(d) The eigenvectors are linearly independent, but do not spanRfll of

6.(a) vyes
6.(b) vyes
6.(c) no
6.(d) vyes
6.(e) no

7.(a) The most immediate way to see this is to note that giriseann by n matrix, this must be a set

of n-dimensional vectors. There are 1 vectors in the set. No set of more thamdimensional vectors

can be linearly independent.

7.(b) Suppose that the subspace spanned by those vectors has dimension 1. Then all of the vectors in
the set must be scalar multiplesjofin particularAj is a scalar multiple gf soj must be an eigenvector

of A. Next, suppose thais an eigenvector &. ThenAPj is a scalar multiple gffor every positive

integer powep. Therefore, every vector in the set is a scalar multipleasfd the subspace Bf spanned

by the set of vectors is equal to Spgdn{Therefore, the dimension of the subspace spanned by the set of
vectors is equal to 1.

8.(a) The other two eigenvalues are 1 and 2.

8.(b) Characteristic polynomial = ¢ 1)(x - 2)(x - 3).

8.(c) The eigenvalues dktare 1, 1/2, 1/2 and 1/3. The characteristic polynomia‘ak:
(x- 1) - L/2/(x - 1/3).

9.(a) Ais ann byn matrix.

9.(b) Ais equal to its transpose.

9.(c) Multiply each side on the right by, and then use orthonormality to geAu; = au;.
9.(d) From the working in part (c), the eigenvectorsgr¢ = 1, ...,n.

10. We have:A=PDP So:
10.(a) sA=P(sD)P™.

10.(b) A" = (P")'DP".

10.(c) At=P'D?P.

11.(a) The characteristic equation is: (8?%- 3 = 0.

11.(b) The result fop,(A) is the 2 by 2 zero matrix.

11.(c) A=PDP?, whereD is the diagonal matrix with the eigenvaluesfadlong the main diagonal.
Let pA(X) denote the characteristic polynomialfof Then it is possible to show that:
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0
0
M

I]:DEID.QDD
I

pA(An)

where; are the eigenvalues 8f Since the eigenvalues are the solutiong,0f) = 0, the matrixp,(A)
will be then by n zero matrix.

12. The distance is (2/8). (Do the orthogonal projection of the vector onto the subspace.)

13.(a) Yes.
13.(b) Need to show thatQ'Q =1,. Now,Q"=1-2uu"=Q. So:

Q'Q =1 -4uu + 4uu'ud.
Sinceu’u =1 (U is a unit vector), the last two terms cancel.

14.(a) Know from problem 11 that a matrix satisfies its own characteristic polynomial. Can factor the
given characteristic polynomial gs(x) = (x + 1)x - 2. This means that:

(A+I1)A-21)(A- 2,) is equal to the zero matrix.

If we were dealing with ordinary multiplication, then the equation given above would imply that (at least)
one of the linear factors was equal to the zero matrix. However, in matrix multiplication it is possible for
two non-zero matrices to multiply together to give the zero matrix as the result so the argument is not quite
so straight-forward here. Singes diagonalizable, there is an invertible ma8ithat satisfies the

relationship:

+1 0 0
SAS‘lzgo 2 o%
O 0 2(

Observe that:
gA+1,)(A-21,)S" =gA+1,)S'gA-21,)S" =(sAS™ + 1 )(sAas™ - 21,).
So that:

M 0 008 0 OO0 O OO

gA+1,)(A-21,)s*=® 3 030 0 0= 0 0f
M 0 3D 0 03 ® 0 0F

Multiplying on both sides of this equation ByandS* gives that A +1,)(A — 21,) is equal to the zero
matrix. Given the information abogfx), we can infer thatg(x) = (x + 1) — 2)f(x), wheref(x) is a
polynomial. Since,(A) = the zero matrix, then since the matiss diagonalizable X + 1)(A - 21) is the
zero matrix andj(A) will be the zero matrix as well.

14.(b) m(x) will consist of the distinct factors @f(x), i.e.m(X) = X + 1)(x - 2).
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14.(c) Sincem(A) = 0, have thatA>=A + 2I. Use this in the other powers to get:
A*=3A+2. A*=BA+6. AS=11A+10. A¥=0.5A-0.3.

15.(a) Eigenvalues are#/15. Possible eigenvectors (belonging t&/#5-and 4v15 respectively):
v; = (2, 3#/15) andv, = (2, 3v15.).

15.(b) As the moduli of the eigenvalues are greater than one, the point (0, 0) will not be an
asymptotically stable equilibrium.

15.(c) The explicit formula for the solution vector is:

r

+ 2 [ a-15)t 2 0
) = 0.0563 ) % 04436 %
(® +y15H' ~ V154
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