Math 21b Fall 2001

Practice Problems: Final Exam
Please note: | have chosen these problems because | think that they are representative of
many ofthe mathematical concepts that we hatadied. There is no guarantdet the
problems that appear on any test will resemble these problems in any way whatsoever.
Remember:On exams, you have to supply evidence for your conclusions, and explain why
your answers are appropriate.

1. A continuous, 2rperiodic functiorf(x) has the Fourier series expansion,
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Evaluate each of the following integrals and carefully justify your evaluation.

(a) J’f(x)dx (b) J’f x) [$in(3x)d
(c) J’f x) [eog(5x)dx (d) J’f x) [eosh(2x)d
2. Find a solutioru(x, t) of the initial/lboundary value problem,

2 2
* u(0,t) =0 andu(rzt) =0 fort>0.
* u(x,0)=0 for x<T

. %(X,O):Zl];in(Bx) for Osx<m

3. Find the solutionu(x, t) of the initial/lboundary value problem,
2
. 9@:@ for 0 <x<4 andt>0.
ox: ot

* u(0,t) =0 andu(4,t) =0 fort>O0.
* u(x, 0) = sin(3x).



(a) Use the technique of separation of variables to find a non-trivial solution of
the differential equation,

with the property that,
u(0,t) =0 andu(rzt) =0 for allt.

Note: There are many non-trivial solutions - you are required to find only
one here.

(b) Find the limit of the solution you obtain s, .
Use the technique of separation of variables to find solutions to the differential
equations given below. Because no boundary or initil data is given, your solutions
may contain some constants whose values are not specified.
(a) u+u =0.
(b) u-yy=0.
(c) u,~u=0.
Find the temperatungx, t) in a bar of silver (length 10 cm) when the ends of the
bar are kept at°C, the heat flow is governed by the equation,
u, = 1.57521,,

and the initial temperature in the bar is given by the function,

E X ,0<x<5
f(x) =0 :
Ho-x  ,5<x<10

(a) Find the Fourier series of the following function,

1 —T/2<x<ml2

Eb JT/2 < x <31/ 2

(b) Using your result from part (a), show that:
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In this problem, we will be dealing with a periodic function. The formula for



one repetition of the function is given below.

fX)=1-]x, 2<x<2.

(a) What is the period of this function?

(b)  Find a series that uses sine and cosine functions to build a formula for
the periodic function. If you are able to use geometrical insights to simplify
some of your calculations, briefly describe the insight that helps you.

(c) Sketch a graph showing the periodic function and the fourth partial sum

of your series from part (b). Where is the approximation the worst?
(Remember that the formulgx) = 1 - [x| is only valid for-2 < x< 2.)

A second order, homogeneous, linear differential equation with constant
coefficients is a differential equation of the form:

2
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dt dt

whereu = u(t), anda, b andc are all constants.

(a)  Show thau(t) = Ke" is a solution of this differential equation if and
only if A is a root of the characteristic equation.

(b)  Suppose that the characteristic equation has two, purely imaginary

roots xiw. Explain why both sirft) and cosqt) are solutions of
the differential equation.

In this problem the matriA will always refer to the matrix:

1 20

A 7

(a) Calculate the eigenvalues/Af

(b)  For each distinct eigenvalue Affind a basis for the corresponding
eigenspace.

(c)  Suppose that a vector satisfies the equatio’Ax = 7Ck. Calculate:
A7 X.
(Note: If it make this any easier, express your answer in terms of

(d)  Suppose tha is an invertiblen by n matrix and tha# = 7 is an
eigenvalue oB. Suppose thak is ann dimensional vector that
satisfies the equatiorBx = 70x. CalculateB™ .
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12.

13.

In this problem, you will use the technique of “Least Squares” to fit various kinds
of curves to a given set of data points. For all of the curves that you will attempt,
the data points will be:
(-1,0), (0, 1), (1, 3), (2, 5).
(a) The first kind of curve that you will fit to this data is a horizontal line of the
form:
y=b

whereb is a constant. Set up a system of equations and indicate why this
system must be inconsistent.

(b)  Set up theormal equatiorcorresponding to the inconsistent system that
you obtained in Part (a).

(c)  Solve the normal equation from Part (b) and interpret your result as the
equation for a horizontal line.

(d)  Find the equation for the least squares best fit of a quadratic function:
y=axX+bx+c
to the data points given.

Calculate the determinant of each of the following matrices:

1 -1 0 1f
0

(@) A=%)2115.
2 -2 2 30

H o 6 24

b B=U |
() o -1 2 -10
U 0

(c) Cisab by5 matrix that follows exactly the same pattei as

For each of the following statements, decide whether the statement is true or false.

(a) If Ais annbyn matrix withn distinct (real) eigenvalues, théris
diagonalizable.

(b) If Ais diagonalizable andiB = BA, thenB is diagonalizable.

(c) If there is an invertible matriR so thatA = P"'BP, thenA andB have the
same eigenvalues.
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17.

(d) If AandB have the same eigenvalues then there is an invertible fatrix
so thatA = P'AP.

(e) Thereis no real 2 by 2 matrix satisfyiAg=—1..

(f) If AandB are diagonalizable and have the same eigenvalues (with the same
algebraic multiplicities), then there is an invertible m&#&so that:

A=PAP.
Decide whether each of the following statements is always true. If the statement is
not always true, mark it false.
(a) A diagonizable matrix is invertible.
(b)  Distinct eigenvectors of a real symmetric matrix are orthogonal.

(c)  Suppose that a set of vectors is linearly independent. Then the set of vectors
is also orthogonal.

(d) If the Gram-Schmidt process is used on a set of linearly independent
vectors, then the process will never yield the zero vector.

(e) LetAbe areal matrix, anklbe a complex eigenvalue &f Then all
eigenvectors of belonging toA will be complex.

Let A be am by n diagonizable matrix and suppose tAaAP = D whereD is also

a diagonalizable matrix. In such a case we could say that the two mAtsicdD

aresimilar.

(a)  Show thatA" andD are similar.

(b)  Show that there is an invertible mat@with the property that:
AT=Q'AQ.

(c)  Explain whyA" andA are similar.

Let A be a real, symmetric, non-zero matrix. Show #hednnot be nilpotent.
(A matrix M is called nilpotent if there is some postive numbfar whichM" is
the zero matrix.)

In this problem, you may assume the areas bounded by the ellipse:

2 2
X
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(a) If A, andA, are positive real numbers, show that the curve:
AX+AY =1
is an ellipse bounding the areg#y/(A,A,).
(b) If Sisa 2 by 2 positive definite symmetric matrix, show that the equation:

X'X=1
is an ellipse, and that this curve bounds an areas eqa(det(S)).

(c) Find the area of the region bounded by the ellipse:
5x% + 4xy +y* = 1.
Suppose that the 4 by 5 mathixs the coefficient matrix of a homogeneous (i.e.

equal to the zero vector) system of linear equations. The reduced row echelon form
of Alis given below.

1 -3 0 -5 2(
%)017—1%
M 0 0 0 O0f
W o o o of

(a) Find the solutions to the homogeneous system of equations. What is
the dimension of the subspaceR5fthat consists of all solutions to this
system of equations ?

(b)  Determine whether or ngt= (3, 2, 6, -1, -1) is a solution of the
homogeneous system.

(c) A non-homeogeneous system that has the same coefficient Aaas<the
homogeneous system has the solutipn (4, -1, 14, 6, -5). Is the vector:

p=(-3,3, 15, -2, 1)

also a solution of the system?

Let A be a 4 by 4 matrix with the following properties:
(I) Two of the eigenvalues éfare: 3 and 2.

(I1) 3is an eigenvalue of the matex+ 2,.

(1) det(A) =12.

(a) What are the other two eigenvaluepc?
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23.

(b)  What is the characteristic polynomial/Af?
(c)  What is the characteristic polynomial &t ?
The matrices given below represent the reduced row ecelon forms of the

augmented matrices obtained from linear systems of equaond). In each
case, solve the system of linear equations.

@M 0 0 -3 @1 -3 0 0O
@) © 10 0 (b) © 0 1 07
mO0O0 78 m 0 0 1F

Solve each of the following systems of linear equations.

(a)  5x -2, + 6% = (b) X -2+x-4x,=1
“2X, X, + Ky = X+ 3+ X+ 2X,=2
X - 12, - 11X, - 1&x, = 5
(c) w+2Xx-y=4
X-y=3
W+ X-2y=7

Find the inverse of each of the following 4 by 4 matrices, wkekg, k;, k, andk
are all non-zero numbers.

k 0 0 0( M 0 0 k0
0 0
(a)Ebk?OOD (b)EbOKZOD
M 0 k 00 M k 0 00
D 0 0 ki & 0 0 of

k 0 0 0O

%kOOD

0

© 31k oo

B o 1 Kk

Find diagonal matrices that satisfy the following two matrix equations. (Note:
you don't have to come up with the same equation in both (a) and (b).)

1 0 0 ® 0 0O
(@) A= -1 0 (b) A?=10 4 07

M 0 -1 M 0 1
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Solve each of the following matrix equations to fid

&1015 12 o
0

a x110

(@) DH—BlSB
531

-1 20 @5 -1 0O

(b) @ o 1H Bs -3 7H

B 1 1 40_12 -20

© 1 BB o B 40

Use Cramer’s Rule to solve for andy’ in terms ofx andy.

x = X' [¢og(0) - y' [&in(6)

y = X' [&8in(6) +y' [toy0)

Recall thaP, is the vector space of polynomial functions that have degree at most
two. Determine whether each of the following sets of vectors Ramlinearly

independent or not.

(a) {2-x+433+6K+ 242+ 10 - 4

(b) {3+x+x2-x+5¢ 4-3}

(c) {6-X,1+x+4

(d) {1+3x+3Ex+435+6K+3, 7+ X-x}

For which real values of do the following vectors form a linearly independent set

inR3?
»in 30
o,0 r_oo oo
o % g V%
BEH BEH

I
"D
moOod

Recall that the set of all 2 by 2 matrices can be thought of as a vector space. Find
the coordinates of the matxwith respect to the basig\f A,, A,, A}

2 0 F1 10 A 1g

ATH1 A TH BT ofT

0

H H“ @1@
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Each part of this problem describes a subspaBg.oln each case, find a basis

for that subspace.

(a) Theplane 8-2y+5=0.
(b)  The planex-y=0.

(c) Thelinex=2,y=+4,z=4.

(d)  All vectors of the form4, b, c) whereb=a+c.

In each part, find a basis for the subspade, dfiat is spanned by the given set of

vectors.

(a) {-1+x-2&43+X+6¢ 9}

(b) {1+xx,-2+24 -3

() {1+x-3¢2+X%-6& 3+X-93

Find the rank and the dimension of the the kernel for each of the matrices given

below.
1 -1 30 2 0 -10
_ 0 _ 0
(@) A= -4 -4- (b) A=@ 0 -25
7 -6 20 m 0 0F
ol 4 5 20
_0 0
() A= 1 3 0f
F1 3 2 28

Determine the rank of each of the matrices given below.

A 1 to ot 3 -10
(@ A=d t 17 (b) A=3 6 -2

A 1 19 1 -3 tQ



Brief Answers

1.(a) O.
1.(b) m54.
1.(c) O.
1.(d) O.

2. u(x, t) = (1/3)*sin(3q)*sin(6*t).

-9n? (12)2t

3. u(x,t)=e =  [&in(3rx)

4.(a) One of the many solutions is:  u(x,t) = e™'? @in(x) &™>'*.
4.(b) The limit ast — o is zero for every value of

5.(a) u(x,y) = ke

5.(b) u(xy) = kye™
5.(c) u(x, y) = ke>*r,

B

6. U(X,t) — ﬂ;[e—0.0ﬂSant E‘sin(% X) _ %e—o.01752(3n)21 @n(% X) + ]

7.(a) % +2[cos(x) - 4cos(3x) +£cos(5x) - .|
7.(b) Substitutex = 0 into the series from part (a), and if(t).

8.(a) Period =4.
= a(1-(-1)"
8.(b) Z%cos(%x).
n=1
8.(c) Wheneverxis an integer multiple of 2 the Fourier approximation is not so hot. This is because
the graph ofy =f(x) is not differentiable whenevearis an integer multiple of 2.

9.(a) Substituteu(t) into the differential equation and simplify as much as you can. You will be left

with the condition that the characteristic equation wiubstituted into it must be zero in order for the
differential equation to be satisfied.

9.(b) From (a) the solutions argt) = Ae*. Use Euler's formula to express it and cosgt) in

terms ofe", The final step is to equate real and imaginary parts, and to conclude that the real part and the
imaginary parts must be independent solutions of the differential equation.

10.(a) The eigenvalues gk are 1 and 7.

10.(b) A basis for the eigenspace dE 1 is given by: %%

A basis for the eigenspace Aof 7 is given by: %%

10.(c) A'x = (L/7)*.
10.(d) Bx = (1/7)*.

11.(c) y=9/4.
11.(d) y= (1/4)* + (29/20x + (23/20).



12.(a) det@) =-4.
12.(b) detB) =5.
12.(c) det(C) =6.

13.(a) True.
13.(b) False. For example, could ha&e= n by n zero matrix and8 = any othen by n matrix.
13.(c) True.

13.(d) False. For example, |6 = g 1Eand B= % 2%

13 Fal o -1 -0 ol 0o
(e) alse. H_ 0 0 H_ EO —1%
13.(f) True. HaveA = R'DR andB = Q'DQ. TakeP =R'Q.

14.(a) False.
14.(b) False.
14.(c) False.
14.(d) True.
14.(e) False.

15.(a) A =PDP' SinceD is diagonizable, there is an invertible maBiand a diagonal matrig so
that: D =BCB*. Then: A" = ((PB)")'C(PB)" = R'DR, whereR = B(PB)".

15.(b) SinceA is diagonizable, there is an invertible matvlxand a diagonal matri¥/ so thatA =
MWM?. Then A" = (MT)*WM' = MT)*MMWMMMT. SetQ =MMT. Then: AT = Q*WQ.
15.(c) This is implied by the result of (b).

16. If Ais real and symmtric, then it can be diagonalized withPDP*. If A is non-zero, then not

all entries of the diagonal matri®, are zero. Recall that to raise a diagonal matrix to a power, you raise
the diagonal entries to the power. Hence, no powErisfthe zero matrix. Sinc&?=PD"P*, A" cannot

be zero either.

17.(c) Area=rm

18.(a) The subspace is the span of the three vectors: (3,1, 0, 0, 0), (5,0, -7, 1, 0), (-2, 0, 1, 0, 1).
18.(b) Yes.
18.(c) No.

19.(a) The other two eigenvalues are 1 and 2.

19.(b) Characteristic polynomial ¢ 1)(x - 2}(x - 3).

19.(c) The eigenvalues dk'are 1, 1/2, 1/2 and 1/3. The characteristic polynomiat'af:
(X - 1) - 1/2¥(x - 1/3).

20.(a) x, =-3,%=0andx; = 7.
20.(b) This system is inconsistent and has no solutions.

21.(a) X, =2- 1%, %, =5 - 2, andX; = X,.
21.(b) This system is inconsistent.
21.(c)u=-2-3y-6,v=v,W=y-2,Xx=y+3,y=y.



Gﬂ: 0O 0 0O M 0 O %D
D L o0 of D o & of
22.(a) o 22.(b) 1
o &+ oO © L o o0
%) 0O O %5 % 0O O 05
D% 0O O 0O
211 0 o
22.c) & ¢ O
El? - ® OD
dl ki =1 lD
4 K3 K2 kg
M 0 0Q @l 0 00O
— _ [ _u 1 0
23.(a) A= 0 -1 0F 23.(b) A= 0 i 0g
M 0 -1 HO 0 =1H
1 3 -1 -2
24.(a) X = = - 24.(b) X = d A
Hs o 1H 3 1H
[Fi8 160
24.(c) X=05 eO
37 37
25. X' =x[toyB)+yl&in(6)
y' = -x[8in(6) + y [tog(6)
26.(a) Not linearly independent.
26.(b) Not linearly independent.
26.(c) Not linearly independent.
26.(d) Linearly independent.
27. A=-1/2,A=1.
28. Keeping the order that the “basis matrices” were presented in the question in mind, the coordinates
are: -1,1,-1, 3.
EFOEM 100
29.(a) %%%ﬁ)% 29.(b) %%%
HEL sz

(00

nn
29.(c) 1 29.(d) %%{
4 s[s}

30.(a) {-1 + x-2& 3 + X + 6¢, 9}
30.(b) {1 +x, %3 -2+ 2%
30.(c) {1 +x-3x%



31.(a) dim(ker@)) = 1, rankf) = 2.
31.(b) dim(ker(d)) = 2, rankA) = 1.
31.(c) dim(ker(A)) = 2, rankf) = 2.

L =1
32.(a) rank(A) = EZ t=-2
B tz1-2
=13
32(b) rank(A) = éi : ¢ ]]:;
] 2



