Math 21b Fall 2001

Practice Problems: Final Exam

Please note: | have chosen these problems because | think that they are representative of
many ofthe mathematical concepts that we hatalied. There is no guarantdet the
problems that appear on any test will resemble these problems in any way whatsoever.

Remember:On exams, you have to supply evidence for your conclusions, and explain why
your answers are appropriate.

1. Calculate the Fourier series expansions for each of the following functions.
E}x ,—~TIT<x<0
(@ f(x)=0
Eb 0<sx<rr
X+ L ,—L=<x<0
(b) f(x)= % wherelL is a positive real number.
HL 0<x<L
51-1 ,—2<Xx<0
() f(x)=0
H1 ,0< X< 2
2. The diagranshownbelow depicts a cub&hosesidesline up with thecoordinate

axes in three dimensional space. Each side of thislabealength of 1. Each of

the diagrams given below that was obtained from this prototypical cube by means of
a transformatio:R® - R® In each case decide whether or thet transformation

was a linear transformation. If you believe that the transformatioriveas, find a

matrix to represent the transformation.
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Recall that thesymbol P, representshe vector spaceonsisting ofall polynomials
with degree of less than or equal to 2.

(a)  Show that the three of polynomials:

p,(X) = 1 +X
p(x) =1 +x°
Py(X) =X +X°

form a basis foP,.
(b)  Express the polynomial functiom(x) = 2—-x+ x* as a linear combination
of p,(X), p,(x) andps(x).

Recall that thesymbol P, representshe vector space of polynomiainctionswith
degree of less than or equal to 2. The collection of functions:

f,()=1
F,(0 =x



fy(x) =x°

forms a basis oP, called the*Standard Basis.” It is possible tefine an inner
product orP, that behaves in much the same way as the “dot” produRt.ofT his
inner product is defined by the equation:

b9+ o= [ A4 3 ox

Apply the Gram-Schmidprocess tahe standard basis tobtain an orthonormal
basis forP,.

In this problemA will always refer to the three by three matrix defined below.

(a)
(b)
(c)

(d)
(e)

()

M1 -2 80

_Oh O
A—g) 1 0g
M 0 -1

Calculate the characteristic polynomialfof
Find the eigenvalues éfand their algebraic multiplicities.

For each (distincteigenvalue thayou found on Par{b), calculate @asis
for the eigenspace.

Determine the geometric multiplicity of each eigenvalue found in Part (b).

Is A a diagonalizable matrix? If so, find an invertible three by three nfatrix
such thaP™AP is a diagonal matrix.

CalculateA®*

The point of this problem is to find a non-trivial functiofx, t) -- that is, aunction
that isnot simply equal to zerall of the time -- thasatisfiesall of the conditions
given below.

2
. al::@ when 0 x< 40 andt> 0.
oX ot
* u(0,t) =u(40,t)=0 whernt > 0.

0o ,0sx<10
. u(x,O):ElbO ,10< x< 30 when 0< x< 40
Ho  ,30<x<40



In each of the following cases, find the solution of dnéinary differential equation
that satisfies the given conditions.

(@) 2y"+y-4y=0 y(0)=0 y'(0)
(b) y' +8y-9y=0 y(1)=1 y'(d)=0

(c) 4y'-y=0 y-2=1 y(-2)=-1

1

In this problemA will always refer to the two by two matrix given below.

a1 -15]

"B 7B

(a) Find the characteristic polynomial Af

(b) Calculate the eigenvalues & and find bases fothe corresponding
eigenspaces.

(c)  Consider the discrete dynamical system:

x(t+21)0_ o .. .. x(0)o_ dp
E/(Hl)H_ A@(t)gwnh initial condition: E/(O)%_ %JE

Find explicit, easy-to-evaluate formulas for the functixftisandy(t).



Brief Answers

m & [2tog(2n-1)x 1) Bin(nx) O
1.(6.) f(x)—__+z|:i %( 2]) ]+( ) ( )
4 &0 n(2n-1 n C
3L & [@Ltog(2n- Yrx / -1)™* L Bin(nmx / L) O
1) f()=""+Y G §( ])2 4, (-1 ( )
4 450 anQZn—l) nit
> sin(2n - /
1.(c) f(x):ﬂ sirf(2n - 9rx /3
mT45 2n-1
0 1 0J
2.(a) Linear. Matrix representation: B—l 0 O%
£ 0 1f
@d 0 0O
2.(b) Linear. Matrix representation: %) 2 OEI
B 0 1f
M -1 0O
2.(c) Linear. Matrix representation: % 0 O%
B 0 1f
0 0 27
2.(d) Linear. Matrix representation: BO 2 O%
2 0 O

3.(a) The vector spack, is three dimensional, so it is sufficient to show that the sétreé vectors is
linearly independent, that is, to show that the linear equation:

C1[Py(X) + C[PA(X) + c5P5(x) = 0

has only the trivial solutiort, =c, = ¢, = 0. The above lineaquation is equivalent tthe system of
linear equations:

a 1 0Ogd OO

0 igee=

0 1 1G¢H O

Since the determinant of the coefficient matrix is non-zero, this system has only the trivial splutiop
=c;=0.

3.(b)  p(x) = 2P,(x) = ps(X).



4, The three members of the orthonormal basis are:

3 _ 3 _ 3/5 _i
w() = W)= ox  w(d —33_1&%@% 0

5.(a) The characteristic polynomial @fis: fo(x) = (x - 1)(x + 1%
5.(b) The eigenvalues @& are: 1 (algebraic multiplicity = 1) and. (algebraic multiplicity = 2).

(0G40

(A
5.(c) Basis for eigenspace af=1: %% Basis for eigenspace #f=-1: %% BO
BAE1

5.(d) The geometric multiplicity oA = 1 is equal to 1. The geometric multiplicity ©F -1 is equal to
2.

5.(e) YesA is diagonalizable, athe geometrionultiplicities add up to 3. Amatrix thatdoes the
required job is given by:

a1 1 -40

_ 0
P—%) 1 0p
M 0 1

5.(f) ARz

6. U(X, t) = 1002 Cos(nn) cog’s” ) @ "t/ 1600 E‘SmD’mXD

m n=1 D40 .
2 (a+vzra 2 =33t/ 4
7(a) y=—24d J
(@) y= /33 /33
7(b) y — 110 e—9(t 1) + é_
7 éHz t+2)/ 2
(0) +oe

8.(a) The characteristic polynomial @éfis: f\(X) = (x— 11)k + 7).

1.5+ 0.5
8.(b) Eigenvalue: 2 +I3 Basis of eigenspaceE 1 B

1.5- 05
Eigenvalue: 2- 3. Basis of eigenspaceE 1 B

8.(c) Let¢ =tan*(1.5)=0.9828. Then:X(t) = COE(¢t) +3 [Eil(qﬁt) and y(t) = Sin(¢t).






