3. This subset V is a subspace of Pp:
| e The neutral element f (t) =0 (for all t) is in V since f'(1) = f(2) =

e If fandgareinV (so that f/(1) = f(2) and ¢'(1) = g(2)), then -
(f+9r) =+ 9)(1) = F1) +g(1) = £(2) +9(2) = (f +9)(2), so that f +gisin V.

o If fisin V (so that f/(1) = £(2)) and k is any constant, then (kf)'(1) = (kf')(1) = kf'(1) = kf(2) =
(kf)(2), so that kf isin V.

If f(t) = a + bt + ct® then f'(t) = b+ 2ct, and fisin V if
/() =b+2c=a+2b+4c= f(2), or a+b+2c=0. The general element of V' is of tlxe form
f(t) = (=b—2¢) + bt + ct? = b(t — 1) + ¢(£? — 2), so that t — 1,t* — 2 is a basis of V.
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. Thisis a subspace; the justification is analogous to Exercise 7.

1
). Let ¥ = [2] . Let V be the set of all 3 x 3 matrices A such that A7 = §. Then V is a subspace of R3*%;
3

a. The zero matrix 0 is in V, since 07 = 0.

b. If A and B are in V, then so is 4 + B, since (4 + B} = A¢ + B? = 0+0=0.

o

c. If Aisin V, then so is kA for all scalars k, since (kA)¥7 = k(A%) = k0 =

vY | <




20. Use the strategy outlined on Page 155. We have a = —d, so that the general element of the subspace
T A 01 00 -1 0
i [ ;i d] =b[0 0] +c[l o] +4[ 75 1].

Thus [0 1] , [0 BJ , [_1 0] is a basis of the subspace; the dimensions Ts 3.

—
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29. We are looking for the matrices [z Z] such that

a b 1 a+b a+bd 0 0 . .
[c d] [1 1}=[0+d c+d]=[0 O‘JJ“Sl'eqluredthata.—.—bimdc:-—d.Thusthegenera]

. 1=b b -1 1 0 0 -1
element is [—d d] =b [ 0 0] +d [ 1 ] Thus [ 0 é] , -(l) ?} is a basis, and the dimen-
sion is 2. .

31. We are looking for the matrices [Z ::’ such that

1 e [ R Y

Thus ¢ . |e —-d .|/t 0
us the general element is [c d] c[ 1 ol

[a :3} It is required that @ = c and b = —d.
d

c
0 -1
[0 1J.Thus

10 -1} . .
[ 1 O] , [ g i ] is a basis, and the dimension is 2.

1. Fails to be linear, since T(A + B) = A + B + I, doesn’t equal
T(A)+T(B)=A+L+B+I,=A+ B +2I,

2. Linear, since T(A + B) = 7(A+ B) = TA + 7B equals T(A4) + T(B)=TA+ 7B
and T(kA) = TkA equals kT(A) = k(7A) = 7ch
Yes, T is an isomorphism, with T-1(4) =

. . a b P 9|\ _,fa+tp b+gq] _
3. Lmear,smoeT([c d]+[r 8])_T[c+r d4sg|=0tpPtd+s

ey

“ab“"pq__ . a b|\ _.[ka kb] _
equalsT[c d]+T[r s]—a+d+p+s,a.ndT(k[c d])_T[kc kd = ka + kd

equals kT [“ Z} = k(a +d) = ka + kd.

No, T fails to be an isomorphism, since 4 = dim(R?*2) ;é dim(R) = 1; see Fact 4.2.3d.

4. Fails to be linear, since T(2,) = det(2];) = 4 does not equal
2T (Iy) = 2det(Ls) = 2.

- 5. Fails to be linear, since T(2];) = 41, does not equal 2T (L) = 2I,. ‘

22. Linear, since T(f(t) + g(t)) = [f{l(.g :Zgi)] equals T(f(t)) + T(g(t)) =

Bk )= % 90| ma ks = |70 ] cauats
e -1 - 40

Not an isomorphism, since domain and codomain have different dimensions.




26. We need to find the matrices A = f !t/ such that

12xy__:z:+2zy+2t_00 . . .
[3 6] [z t}_[&r-{-ﬁz 3y+6t]-[0 OJ.Itlsrequu‘edthatz=~22and

y = —2t, so that the kernel of T consists of all matrices of the form —2z —?t
z

The nullity (i.e., the dimension of the kernel of T) is 2.

a+7b+49c \ . s

@+ 11b+ 12 ch' To find the kernel, solve the linear
a+7+49c | _ [0

a+11b+121c| ™ [0

kernel consists of all polynomials of the form .
f()=c(77.— 18t + #?) g ¢(t - 11)(t - 7). You can also see directly that the .

" quadratic polynomials f(¢) with f(7) = f(11) = 0 are of this form. The nullity is 1.
The image consists of all of R?, so that the rank is 2.

34. Note that T(a + bt +‘(k3’t2) = [

system [ J The solution is a = 77¢, b = —18¢, so that the



