1

. : @7
= arccos Ty — 8rccos o
11 a. an = AT 1| vn

1 _Ti=45°
a2=aI‘CCOS7-§'_4( 40)

1 .
= — ~0.955 (radians)
Qg = 8rccos 7
1 0w o
= arecos = = =(=60°) ] o
ay = 2 3 1 ) = a.rCCOS(O) = 5(: 90°)

. : i = arccos | lim —=
b. Since y = arccos(z) is a contINUOLS function, lim o = ar (n—'-x: n
. oInd =

16. You may be able to find the solutions by educated guessing. Here is the svstematic approach: we first
find all vectors ¥ that are orthogonal to ), ¥;, and #%;. then we identifv the unit vectors among them.
Finding the vectors ¥ with F- &, = - &, = ¥ - 13 = 0 amounts to sOlving the svstem

T+ &y +Ty+ o3 =
I +Ig—I:;-fIq =0
Ty —Fo+ar3—7,=0|

(we can omit all the coefficients %)

I t

, . - —1
The solutions are of the form I = ;2 = ;
3 -

Iy t

Since ||F] = 2|t|. we have a unit vector if t = ;

or t = =1, Thus there are two possible choices for &
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22 Let W={finR": T -0 =0foralli=1,..
in V< is in W, and vice versa.
If Fisin V-, then £-#=10 for all ¥in V; in particular, T - %;
that ¥isin W.

..m}. We are asked to show that V+ = W', that is, any £

=0 for all i (since the T, are in V). s0

Couversely, consider a vector  in W. To show that £ is in V=, we have to verify that & - ¥ = 0 for all
7 in V. Pick a particular ¥ in V. Since the #; span V, we can write T=cth + - + Cnilm, for some
scalars ¢;. Then £- F=ci (- 1) + -+ + cm(Z - Tm) = 0, as claimed.

G ’ - ), P .
24. Write T(£) = proj(Z) for simplicity.

To prove the linearity of T we will use the definition of a projection: T(z£) isin V. and & — T(Z) is in
V-.

'E’o slﬂxow ’that T(':E +§) = T(&) + T(§), note that T(Z) + T(§) is in V (since V is a subspace), and
E+y- (T(X) + () = (£ - T(&)) + (F - T(§)) is in V- (since V* is a subspace, by Fact 5.1.5).

To show that T'(k£) = kT(Z), note that kT(Z) is in V (since V is a subspace), and kE — KT(F) =
k(Z - T(Z)) is in V- (since V- is a subspace).

P

98, Ciman tha +hroe oiven vectors in the subspace are orthogonal, we have the orthonormal basis

. 111 _ 111 17~—£ -1
1—2 1 .v2—2 -1 » U3 9 -1
1 -1 1
-_.__-__d____li
Now we can use Fact 5.1.6, with £ = €] : projy-& = (@ - Y + (o - T)P2 + (T3 T3 = 1l-1

34. Let £ be a unit vector in R, that is, [|] = 1. Let 7= (all n components are 1). The Cauchy-
Schwarz inequality (Fact 5.1.10) tells us that | - 7 <

|G, or, |z1 + ... +Znl € |£lvn = v/n. By
Fact 5.1.10, the equation z; + ... + Zn = Jnholds if £

= k¢ for positive k. Thus  must be a unit vector

1

k — -

. 1 - vn

of the form £ = | ... | for some.positive k. It is required that nkl=1,o0r k= \/—H Thus £ =}|...
k » 1

1
all components are —= |.

The figure below illustrates the case n = 2.

»n
L.
7
s

Xy 4xy =V 2

39. N_?! By d.efinition <?f a projection, the vector & - proj £ is perpendicular to proj, . so that
(% — proj, &) - (proj &) = £ - proj,Z — ||proj, £||* = 0 and £ - proj Z = ||proj, }* > 0.

i




Section 5.2

1 @ = : 1| 3 5
uh =3 g and w-_7=g 01 as in Exercise 3. 8 1 . 114
. H = —1 = =
- VRN T T2
Si Ug i 1 " 0 2
Since U3 is orthogonal to ), and Wa Wy = Ty = | —1 g
)| 0] o T — (@ )iy _ 1 9
o - w2 = length 7 5
5 5 0 -4
t 3 L _
8 Q=22 0 -5|,R=1{0 35 0 - —
513 -4 0 o 0 2 4 2| g
2 5 0 7
2 —4

Now apply the Gram-Schmidt process.

1 -1
1 . 1
0= =N = /5
A 21l 0
R U
length “Vel o

Your solution may be different if you start with a different basis @, to of the plane.

oLl , [-5°
Ay s .;3 =10 X Wy = — 4
'3 8 1, TV |
Section 5.3 "* 6. Yes' By Facts 5.3.9b and 53.7, (A7) =AY = (ATY".

The equation (A7) = (AT shows that AT is orthogonal, again by Fact 5.3.7.

Yes! If A is orthogonal, then 8o is A7, by Exercise 6. Since the colunns of A are orthonormal, so are
the rows of AT

8. a. No! As a counterexample, consider A = (see Exercise 4).

oo
O = O

b. Yes! More generally, if A and B are n x n matrices such that BA = I,,, then AB

= I,. by Fact 2.4.9c.

PTIRT

i4. By Fact S.é.{)a, (ATAY = AlAny = ATA.I . -
The matrix AAT is symmetric as well: (A4T)T =(4%)

TAT = AAT.

o 0 a b
18. a. The general form of a skew-symmetric 3 x 3 matrix is A = [—a -0 ¢
=b —c 0
—a* - b ~be ac ‘
A% = —be —at - —ab a symmetric matrix.
ac —ab P -c

b. By Fact 5.3.9.a, (AT = (A7) = (-4)?2 = A% s0 that A? is symmetric.

34. To write the general form of a skew-symmetric n x n matrix A, we can place arbitrary constants above
the diagonal, the opposite entries below the diagonal (a;; = —a;:), and zeros on the diagonal (since
ai = —a;;). See Exercise 33 for the case n = 3. Thus the dimension of the space equals the number
of entries above the diagonal of an n x n matrix. In Exercise 35 we will see that there are (n? —n)/2
such entries. Thus dim(V) = (n? — n)/2.

39. The kernel consists of all matrixes A such that L(A) = A — AT = 0, that is, AT = A; those are the
symmetric matrices. ‘ '

The value L(A) = A - AT is always skew-symmetric, since (4 — AT)T = A7 — (AT)T = —(4 - 47),

and every skew-symmetric matrix B can be written as B = L(%B)‘ Thus the im

: : age consists of all
skew-symmetric matrices. .




Section 5.4

T —————t—

17.

18.

19.

20.

21.

22.

23.

24.

and dim(ker(AT)) =m — rank(AT)

16. If 4 is an m x n matrix. then
dim(imA)= =m - dim(imA) = m — rank(A)
T 1
Fact 5.4.2a Fact 3.3.8

'
Fact 3.3.5

It follows that rank(A) = rank(AT), as claimed.

Yes! By Fact 5.4.3, ker(4) = ker(4T A). Taking dimensions of both sides and using Fact 3.3.5. we find
that 1 — rank(A) = n — rank(AT A); the claim follows.

Yes! By Exercise 17, rank(A) = rank(AT A). Substituting AT for A in Exercise 17 and using Fact 5.3.9c.
we find that rank(A) = rank(AT) = rank(AAT). The claim follows.

£ = (ATA)1ATh = [}] by Fact 5.4.7.

1
Note that b — AZ* is perpendicular to the two colummns of A.

-1
Using Fact 5.4.7, we find & = B] and b — A" = [ : 1]

-1

Using Fact 3.4.7, we find £ = [ 9

-12
} and b— AZ* = [ 36] o that [|b — AZ*|| = 42.
~18

Using Fact 5.4.7. we find = [_g] afdd b — A&" = 0. This system is in fact consistent and- F™is the
exact solution; the error |6 — AZ] is 0.
Using Fact 5.4.7, we find £~ = 0: here b is perpendicular to im(4).

Using Fact 5.4.7, we find £ = [2].

15 48 15

. In this case. the normal equation ATAZ = ATh is [ o lu] [Il] = [ 5 ] which simpilifies to z, +

2
. . . . — 1-3t . .
3z = 1, or r; = 1 — 3z,. The solutions are of the form &~ = ¢ . where ¢ is an arbitrary constant.




