. 0978 —0.006] [-1] _ [-099 =099[—1
36. 2. ‘0.004 0.992“ 2} ’[ 1.98] 9 o)

0.98 { ﬂ The eigenvalues are A = 0.99 and )\; = 0.98.

b.

(2]

37.

¥

o

8
®

<

]

o

N 1001 20 —;]-1»40 3 soz”(t)=20(0.99)'[—;]+40(0.98)‘[_ﬂ,hence

g(t) = —20(0.99)¢ + 120(0.98)" and A(t) = 40(0.99)" — 40(0.98)".

1':

h(t) first rises, then falls back to zero. g(t) falls a little below zero, then goes back up to zero.

We set g(t) = —20(0.99) + 120(0.98)* = 0.
Solving for ¢ we get that g(t) =0 for t = 176 minutes. (After t = 176, g(t) < 0).

06 08
A=5108 -06
values of the orthogonal matrix are +1, so that the possible eigenvalues of A are +5. In part b we
see that both are indeed eigenvalues.

Solve AT = £57 to get Ui = [ﬂ A = [_;]

is a scalar multiple of an orthogonal matrix. By Fact 7.1.2, the possible eigen-

We are given that
n(t + 1) = 2a(t)
a(t+1)=n(t) + a{t),

so that the matrix is A = [1 ﬂ

A1 (e[l 0 AL (3] =[] e

and —1 are the eigenvalues associated with 1 and [_1 respectively.

o Il _[WNes < LML L] 2 o)L e 2
‘Wearegwenxo-[ao]-[0]sozo—3[l]+3{_1],andz(t)—§2 1 +3( ) 4 {by

Fact 7.1.3), hence n(t) = %2’ + g(-—l)‘ and a(t) = %2‘ - -15(—1)‘.

39. Let ) be an eigenvalue of S~AS. Then for some nonzero vector 7, STLAST = AD. ie, AST = ST =

AST so A is an eigenvalue of A with eigenvector SU.
Conversely, if a is an eigenvalue of A with eigenvector w, then AU =il
Therefore, S~'AS(S™'&) = Sl A = §~laab = aS~', s0 §-147 is an eigenvector of §-1AS with

eigenvalue a.
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40. (A2 +2A+3L)0 = AT+ 247+ 3,0 =425+ 2 - 47 + 37 = (16 + 8 + 3)7 = 277 so 7 is an eigenvector
of A? + 24 + 31, with eigenvalue 27.

7.2

4. det(Alr — 4) = det ['1\ ___44} =AA-4)+4=(2-2)2=0s0 A =2 with algebraic multiplicity 2.

5. det(Al, — A) = det ['\ :611 /\1;’7} = A2 — 4) + 13 so det(Al; -~ A) = 0 for no real .
_ A-1 -27_,, _ _ 5+33
6.det(/\Ig—A)—det{_3 ,\_4]—/\ ~8A—-2=0s0 Ao = 5
7. A =1 with algebraic multiplicity 3, by Fact 7.2.2.
D8 fa)=Xd+3)s0 L . ‘ .
¥ “A; = 0 (Algebraic multiplicity 2) : - :
/\2'= -3.
; it e - TR S

14. fa(A) = det(Al, — B)det(Al; — D) (see Exercise 6.1.37). i} Nl Ny

The eigenvalues of A are the eigenvalues of B and D. The eigenvalues of C are irrelevant.

15. f.4(A)=,\2—2,\+(1—k)=01u1,2=HV4‘4(1_k)=1¢ﬁ

The matrix has 2 distinct real eigenvalues when k > 0, no real eigenvalues when k < 0.

16. fa(A) = X’ - (a + )A + (ac - b°)

211

28, a. w(t+ 1) = 0.8w(t) + 0.1m(t)
m(t + 1) = 0.2w(t) + 0.9m(t)
08 0.1

02 09
are positive.

s0 A= ] which is a regular transition matrix since its columns sum to 1 and its entries

b. The eigenvectors of 4 are [0'1] or [1] with A, = 1, and [_

0.2 o 1] with As = 0.7.

1

Ty = [12(;)0] = 400 [;] + 800 [_” so F(t) = 400 [;:I +300(0.7) [_” or

w(t) =400 + 800(0.7)"
m(t) = 800 — 800(0.7)".

c. As t — oc, w(t) — 400 so Wipfs won’t have to close the store.

~-e 4



1
0}, no eigenbasis
ol _
=10 a b 0 a0 R
20. For Ay =1.E;=ker |0 0 c¢]=ker|0 0 1| soifa=0 then E; is 2-dimensional, otherwise it
. 00 IJ 0 00
is 1-dimensional.
(1 —a -b
ForAo=2 E;=ker |0 1 -c| so E; is 1-dimensional.
|60 0 0 :
Hence. there is an eigenbasis if a = 0. o / / v' / / / /
NN
219
22. We want A such that A€, = 7¢; and A€y = 7€, hence 4 = l‘ ure
0 7 j N

A —-1 0
25. If A is an eigenvalue of 4, then E\ = ker(AL; — A) = ker [ 0 A =1 ] .
-a —-b A-c

The row-reduced echelon form of the above matrix will contain two leading 1's hence E, is always

i-dimensional, i.e. the geometric multiplicity of A is 1.

- 1-*-» S LR :

2 1 0
16. Diagonalizable. The eigenvalues are 3.2,1, with associated eigenvectors [ ] , [0} . [1] If we let
1

210 3 00
S=10 0 1|.then S'4AS=D=1[0 2 0{.
1 10 0 0 1

i i
35. Matrix [:; g has the eigenvalues 3 and 2. If ¥ and & are associated eigenvectors, and if we let
S =[], then §! [:; g] S= [g g] so that matrix [:; g] is indeed similar to [g 0].

36. Yes. The matrices [:; g} and [_} i] both have the eigenvalues 3 and 2, so that each of them is
2

similar to the diagonal matrix [g g] by Algorithm 7.4.4. Thus {:; 2] is similar to [_i 4]. by
parts b and ¢ of Fact 3.4.6.

37. Yes. Matrices A and B have the same characteristic polynomial, A2 — 7A + 7, so that they have the
* 2\/2_1. Thus both A and B are similar to the diagonal

same two distinct real eigenvalues A2 =

A O

0 ’\2], by Algorithin 7.4.4. Therefore A is similar to B, by parts b and ¢ of Fact 3.4.6.

matrix [



0 1 B s
55. Let 4 = : =|10 1
et A [0 OJ and B = [O 0], for example.

i i

1
15. A2 = —
3. A1z 1:!:10\/";

1
Ifk>0then \; =1+ E\/E > 1. If k <0 then |\ ] = |X} > 1. Thus, the zero state isn’t a stable
equilibrium for any real k.

G e i’}

rap—

30. Consider dynarmcal systems J:(t +1) = A’z(t) and §(t + 1) = Ag(t) with equal initial values, :(0)
#7(0). Then &(t) = #(2t) for all positive integers t. We know that hm g(t) = 0; thus hm E(t) = 0, proving

that the zero state is a stable equilibrium of the system Z(¢ + 1) = A%Z(t).

(PRI

i S e s e P BN . ~s. *
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B -CT

c BT where B and C are rotation-dilation matrices.
Also note that BC = CB, BTB = (p* + ¢*)I, and CTC = (r* + s} L.

T T -C
5 Y8 G wererenn

1
pP+g+ri+s?

40. Note that 4 can be partitioned as A =

a. ATA= [

b. By part a, A" = AT if A#0.

c. (det A)? = (p*+ ¢* + 72+ s?)*, by part a, so that det A = +P+ ¢+ +32)’
The diagona! pattern makes the contribution +p?, so that det A = (P+F+r2+5 ).

d. Consider det(Al; — A). Note that the matrix Aly — A has the same “format” as A, with p replaced by
A—-pandgq,r,sby —g, —r, s, respectively. By part c. det(Al; - A =((A-pP+g+r7+5%) =
0 when
A-pP=-¢-ri-5
A—p=ziyg@+ri+s
M2 =ptiVgr+r2+ s
Each of these eigenvalues has algebraic multiplicity 2 (f g=r=s=0then A=p has algebraic
multiplicity 4).

- i

e. By part a we can write A = /p* +¢% + r? + §? A |, where S is orthogonal.
AV P+ q2 +r2+ s T

P TRadS Y

Therefore, [ A7) = |V + @ + 12 +sX(ST)| = VP +¢' + T2 + 8%}

3 -3 -4 -5 1 -39
13 3 5 -4 - 121, o 13

f Let A= 4 -5 3 3 and T = 4 : then AT = 181
5 4 -3 3 ' 4 13

By part e, AZ|? = (3° + 3 + £ + 52)|| &%, or
302 4 132 + 187 + 132 = (3% + 32 + 42 4 57)(1% + 2% + 4% + 47), as desired.
g Any positive integer m can be written as m = p\p2 - - - Pu- Using part f repeatedly we see that the

numbers p, piP2, PLP2P3, - - - s P1P2P3 ** - Pn-1, and ﬁnally m = p; - - Ps can be expressed as the sums
of four squares.



