Math 21b
First Midterm
March 7, 2000

1. (9 points)
(a) (6 points) Let T : R™ — R™ be a linear transformation with n > m. Show that ker(T") # {0}.
(b) (3 points) Find an example of a linear transformation 7 : R? — R* with ker(T) = {0}.

2. (11 points) The points (2,2), (—1,1), and (=2, —6) all lie on a circle in R? with equation 22 + y? + cx +
dy+e=0.

(a) (3 points) Write the system of linear equations which will determine ¢,d, and e.
(b) (6 points) Write the augmented matriz for this system and find its reduced row echelon form.
()

3. (10 points) Let v; = (1,1) and va = (—1,1) be two vectors in R?. Let 7' : R? — R? be a linear
transformation such that T'(v1) = (1,1) and T'(v2) = (0, 2).

(2 points) Find all solutions to this system, and identify the center and radius of the circle.

(a) (5 points) Find the matrix for T.

(b) (5 points) Show that T is a shear-

4. (11 points) Let A be a 3 x 3 matrix such that A% = 0. (That is, the product of A with itself is the zero
matrix.)

(a) (4 points) Show that Im(A) is a subspace of ker(A).
(b) (4 points) Determine all possible values for rank(A), and justify your answer(s).

(c¢) (3 points) Give an example of such a matrix A for each possible rank.

5. (8 points) Show that the three vectors v; = (2, —3,4), va = (2, -5,2), and vs = (—4,5,—9) all lie in the
same plane. What does this say about their linear independence?

. 0 4
6. (11 points) Let A = [ 4 0 }
(a) (5 points) Find a matrix B such that B? = A.

(b) (4 points) Determine rank(B) with justification. (Hint: It is possible to answer part (b) without having
solved part (a).)

(c) (2 points) Determine B'7.
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1. True or false?

(a) For any matrix A, Im (A) = Im (rref (A)).
(b) For any matrix A, dim (Im (A)) = rank (A).

(c

)
)
(d) There is a 3 x 6 matrix whose kernel is two-dimensional.
(e) There is a 2 x 2 matrix A such that A% = —1I5.

If ¥1, U5, U3 are any linearly dependent vectors in R™, then ¥5 is a linear combination of #; and 5.
) » U3 ) 3

2. Each of the spaces V; below is equal to one (and only one) of the spaces W). Match the spaces.

Vi=Im
Vo =1Im
[0 1_
Vg—Ker_O 1
(1 1
V4=K€I‘-0 1
[ 1
Vs = Span 1
5 = Opa. 0 )
| O
0 1 3
3.Let A= -1 0 O
0 2 5

(a) Is A invertible? If so, find A~1.
(b) Find A2,

= Ok PR RO OO

— -0 O

e 1 )OO OO0 O FEHE =HOOH

W1 =Im
W2 =Im
W3 = Ker |:
W4 = Ker |:
Wy = Span

4. Let A be a 2 x 2 matrix (not equal to Iz) representing a shear parallel to a line L in the plane. Find

(a) Ker (A —I2)
(b) T (A - Iy)
(c) (A-I)?

5. (a) Let A be a 3 x 3 matrix for which Im (A) = Span

an example of such a matrix A.

(b) Let B be a 3 x 3 matrix for which Ker (B) = Span

an example of such a matrix B.

SN W

N O =

. What is rank (A4)? Give

. What is rank (B)? Give

(¢) Could you have chosen A and B so that rank (AB) = 2? Briefly justify your answer.
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1. True or false?
(a) If S and A are invertible n x n matrices, then
(SAS™hHt=g8"1A"15s.

(b) The vectors

1 —4 -2
-1 5 3
0 , 1 , and 1
3 0 6

are linearly independent.

(¢) If the coefficient matrix of a system of m equations in n variables has rank less than m, the system
has either no solutions or infinitely many solutions.

(d) A linear transformation from R° to R? has a kernel of dimension at least 2.
(e) If A is an n x n matrix such that A2 +2A4 — I, = 0, then A is invertible.

2. Find a basis of the kernel of A and a basis of the image of A, where
2 -2 0 4 -4

-1 1 0 -2 3
4= 0 o 1 1 -3
0 o 2 2 1
3. For which choices of the constant k is the matrix
K2 k1
1 -1 1
1 1 1

invertible?

4. Find three 2 x 2 matrices A, B, and C, each representing a shear parallel to either the z-axis or the
y-axis, such that ABC represents a counterclockwise rotation through 90°. Draw the images of the
unit square (with corners at (0,0); (1,0); (1,1); and (0,1)) under the transformations C, BC, and ABC.

.LetA:[g _\/g]

(a) The linear transformation T'(Z) = AZ is a (check one and fill in the blanks):

(@31

__rotation through an angle of _

__ rotation-dilation with rotation angle _ and dilation factor
_ reflection through the line

__orthogonal projection onto the line

__ shear parallel to the line

(b) What is A=1?

(c) What is A'°? You may write your answer in any form that does not involve powers or products
of matrices.

(d) What is A¥, where k is a positive integer? You may write your answer in any form that does not
involve powers or products of matrices.
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(e) What is the smallest positive integer k such that A* = { } for some numbers ¢; and ca.

(a) False:
(SAS™H)~t = (S’_l)f1 ATISTt=8A"1g" £ g7 A tg
in general.
(b) False: The third vector is twice the first plus the second.
(c¢) False: The system lx; = 7,2x1 = 14 is a counterexample.
(d) True: dim (Im) < 3 and dim (Ker) = 5 — dim (Im ).
(e) True: The equation says A(A+2)=1,s0 A1 = A+ 2.

. Reduce to rref and solve for Ker and identify pivot columns to get a basis for Im:

! —2 2 0 —4
1 0 -1 0 3
Basis of Ker (A) = 01, -1 . Basis of Im (A) = o 1111 _3

0 1 0 2 1

0 0
1 0 1

. Doing Gauss-Jordan reduces A to | 0 1 0 . So A is invertible if and only if 1 — k% # 0,

0 0 (1—k?)

which is equivalent to k # +1.

. The matrix of a shear parallel to the z-axis is of the form [ (1) ]f } , and a shear parallel to the y-axis
. 1 0
is of the form [ o1
We will try to write

N BT R AR A PR

(It’s not wise to use two shears of the same type consecutively, which would result in another shear
of the same type.) Multiplying out and solving (*) gives b = 1 and a = ¢ = —1. Multiplying out and
solving (**) gives b = —1 and a = ¢ = 1. Either solution is fine; we choose the first, which may be

written
1 -1 1 0 1 -1
R e PR A A

Graphically, C' maps the original unit square to a parallelogram with vertices (0,0); (1,0); (0,1); and
(-1,1). Then B maps this parallelogram to a parallelogram with vertices (0,0); (1,1); (0,1); and (-1,0).
That parallelogram is mapped by A to the square with vertices (0,0); (0,1); (-1,1); and (-1,0).

} . (Think about the transformations of €; and € to determine these matrices.)

5. (a) Notice A is in the form [ Z _ab } . This is a rotation/dilation by counterclockwise angle tan=!(b/a) =

/6 and factor va? + b2 = V8.

b) A~! is a rotation/dilation by a clockwise angle 7 /6 and factor 1/+/8.

(b)
(c) A is a rotation/dilation by a counterclockwise angle 107 /6 and factor V8 = 8.
(d) A1 is a rotation/dilation by a counterclockwise angle k7 /6 and factor \/gk.

)

Q3
e) k = 6 gives rotation by 7 and dilation by \/§3. The matrix for this is 8 0 .
( 0 _83
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1. (a) False: A= [ (1) 8 } is a counterexample.
(b) True: Im A is spanned by columns of A corresponding to columns of rref A with leading ones.
(¢) False: v = €1, Uy = 2€1, U3 = €5 is a counterexample

(d) False: At least 3 columns without leading ones in rref A, so AZ = 0 has solutions with at least 3
free variables.

(e) True: a 90° rotation works.

2. Vi =Wy, Vo =W;, V5 =W, Vy =Wy, Vs = Ws.
To see this, find bases of the various kernels by getting the rref’s of the matrices:

01 0 O
(a)Vg—Ker[O 0 1 0]—W1.
1 -1 0 O
(b) W3—Ker[0 01 _1}_1/5.
1 0 0 -1
(c) W4_Ker[0 1 ~1 o }—Vl.

0 -1 0 -1 6 15
3. Aisinvertible; A"l =| -5 0 3 . The matrix 4% = 0o -1 -3
2 0 -11 -2 10 25

4. (a) Ker(A—1I,) = L since AZ = & for any # in L (by the definition of a shear), and so (4 — I;)Z = 0.
(b) Im (A — I) = L since the definition of a shear says that AZ — Z is in L for any vector Z. (Also
since A # I, Im (A — I5) is actually all of L.)
(c) (A—1I3)? =0, since for any vector Z, (A — I5)¥ is in L by part (b), and so (A — I1) ((A — I5)T) is
0 by part (a).

3 -1 0
5. (a) rank (A) = 2 since rank equals the dimension of the image. For example, A=| 2 0 0
0 2 0
(b) rank (B) = 1 since rank equals the dimension of the domain minus the dimension of the kernel,
2 -1 -1
or 3 —2 =1 here. For example, B=| 2 -1 -1
2 -1 -1

(¢) No, rank (AB) < 1 since Ker (AB) contains Ker (B), because AB kills whatever B kills. So the
dimension of Ker (AB) is at least dim (Ker B) = 2, implying rank (AB) = 3—dim (Ker (AB)) < 1.
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. True or False (no explanation is necessary).

F  The columns of an orthogonal matrix are always orthogonal.

If A and B are symmetric nzn matrices, then AB is symmetric.

The matrix of an orthogonal projection is an orthogonal matrix.

If Ais a 227 matrix and B is a 622 matrix, then the rnak of BA is at least 5.
If Ais a 5x5 matrix with A7 = 1, then A is invertible.

If A is the matrix of a reflection in a plane in R3, then A% = 1.

H RAAAA S
Moo

If B is the matrix of a rotation in R? such that B2 = 1 and B # 1, then B must be

0 -1

. a) Let M be the matrix

QU = W DN =
O© U = W N
= = O 00
N O Ok W
QU W DN =

Is M invertible? Justify your answer briefly. (No calculation is necessary).

3 4 9 10 .
b)IfA—(2 3>andAB—<7 7 ),ﬁndthematrle.

. Let A be the matrix

1 4 7
2 5 8
3 6 9

a) Find the rank of A.

b) Find the basis for ker(A).

¢) Find a basis for im(A).

d) Use Gram-Schmidt to convert the basis you found in part c¢) into an orthonormal basis.

. Consider the linear system
r+2y+2=3
r+y—z=2
r+2y+kPz=k+4

a) For which value(s) of k does this system have a unique solution?
b) For which value(s) of k does this system have infinitely many solutions? For any such k, find all
solutions. ¢) For which value(s) of k is this system inconsistent.

. a) Suppose A is the matrix of a rotation about a line L in R3. If v is a vector in the direction of L,
show that ker(A — 13) is spanned by v. You may assume that the angle of rotation is non-zero.

b) Let B be the matrix for rotation rhrough 90° clockwise about the z-axis (clockwise as seen when
facing the origin from the positive z-axis). Find B and C.

¢) Find BC.

d) It is a fact that the composition of two rotations in R? is an other rotation. Find a vector v which
spans the axis of the rotation corresponding to BC. (Hint: Use part a).



