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Question | Score

The exam will last 90 minutes.

The exam consists of 5 questions, the first worth 12 points, the second worth 8
points and the others each worth 10 points.

No calculators are allowed.

Justify your answers carefully (except in Questions 1 and 2).

For Questions 3-5, no credit can be given for unsubstantiated answers.

Write your final answers in the spaces provided.



(1) True or False (no explanation is necessary).

T F : IfVisasubspace of R" and Z, § € R" then || projy, Z—projy 7| <
12 —4ll.

T F : All shears are orthogonal transformations.

T F : If a 2 x 2 orthogonal matrix A has exactly one eigenvalue then
A=+1,.

T F : If a matrix A has QR-factorisation QR then ker A = ker R.

T F : If all the columns of an n X n-matrix A are unit vectors then
|det A| < 1.

T F : If an n X n-matrix A has eigenvalue 2 and an n x n-matrix B has
eigenvalue 5, then AB has eigenvalue 10.
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(2) For each of the following values of d state whether or not 0 is an (asymp-
totically) stable equilibrium of the dynamical system

Et+1) = < (11 _01 ):E(t).

[Circle S for “stable” or U for “unstable”.]

S U:d=2.
S U:d=1.
S U:d=1/2.

S U:d=1/8.



[This page is blank for rough working.]



(3) Let V C R* denote the image of

1
1
1
11

(a) Find the matrix of the orthogonal projection onto V.

O = N
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(b) Find the matrix of orthogonal projection onto V1. [HINT: Consider
Projy + projy ...



(4) (a) Find the least squares solution for the equations
r + y = 4
y = 2
T = -1



].

1 1111
1 2 2 2 2
113 3 3
1 11 4 4
1 1115

|

(b) Calculate the determinant of



(c) Calculate the determinant of

].

01100
1 1001
0 0111
01101
0 01 01

|



(5) Let A be a 3 x 5 matrix and B a 5 x 3 matrix with AB = Is.

(a) Explain why A has rank 3 and why B has rank 3.

(b) Show that the non-zero vectors in ker A are eigenvectors of BA. What
are the corresponding eigenvalues?
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(c) Show that the non-zero vectors in Im B are eigenvectors of BA. What
are the corresponding eigenvalues?

(d) Find the characteristic polynomial of BA.



