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How Fair Is Monopoly?

veryone has played Monopoly.
But few, I'd imagine, have ever
thought about the math in-
volved. In fact, the probability of win-
ning at Monopoly can be described by
interesting constructions known as
Markov chains. In the early 1900s the
Russian mathematician Andrey Andrey-
evich Markov invented a general theory
of probability. I will ignore much of his
work. And I won’t review all of Mono-
poly’s rules, but I will convince you that
the game is fair. First, we must recall how
to play it. Players take turns throwing
a pair of dice. The number of dots on
the dice determines how many squares
around the board a player may move. A
player who throws a double—say, two
1’s (snake eyes)—throws again. All play-
ers start from the square labeled Go.
Some rolls, such as 7, naturally hap-
pen more often than others. There are
sixwaystorolla7 (1+6,2+5,3 +4,
4+3,5+2,6+1) from 36 possible
sums of dots on the dice. So the proba-
bility of a 7 is 6/36, or 1/6. Then come
6 and 8, each having a probability of
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5/36; then 5 and 9, having a probability
of 1/9. Next, 4 and 10 have a probabil-
ity of 1/12; 3 and 11 have a probability
of 1/18; and finally 2 and 12 have a
probability of 1/36. From these values
we know that, over the course of many
games, the first player is most likely to
land on the seventh square, a CHANCE
square. If he does not roll a 7, he will
probably land on Oriental Avenue or
Vermont Avenue, to either side of
CHANCE. Thus, the first player has an
excellent chance of securing one of these
properties. If he does buy one, it lessens
the opportunity for the other players to
make a purchase on their first throw.
This fact is no doubt one reason why
the game’s designers put cheap proper-
ties near the start. The expensive but lu-
crative Park Place and Boardwalk are
several turns around the board, by which
time, presumably, the probabilities have
evened out. But have they? To tackle
that question, I shall introduce another
simplification. Instead of considering a
throw of both dice, let’s imagine that
they are thrown one at a time. Each
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MATHEMATICIANS VIEW A MONOPOLY BOARD
as a circle on which each property connects to the next six.

104  ScientiFic AMERICAN April 1996

Copyright 1996 Scientific American, Inc.

player is allowed to make two moves: a
“ghost” move, in which he ignores
where he lands, and a real move. Simi-
larly, we will adopt a mathematician’s
view of the game board.

For convenience, number the squares
from zero to 39. Square 40 “wraps
around” to square zero, GO, and we can
think of the numbers as being counted
modulo 40—meaning that anything
larger than 39 can be replaced by what
remains when it is divided by 40. Now
imagine a single player making repeated
throws of a single die, moving accord-
ingly. What is the probability of landing
on a given square after a given number
of throws? We would hope that when
the number of throws becomes large,
this probability nears 1/40, for any of
the 40 squares. In other words, they
should all become equally likely.

The way to find these probabilities is
to see how their distribution “flows”
over time. Each distribution can be rep-
resented by a sequence of 40 numbers,
giving the probability of landing on
each square individually. At the start of
the game, the player is on square zero
(Go), having a probability 1 (or al-
ways). So the probability distribution is
1 followed by 39 zeros. After a single
ghost toss, the distribution becomes 0,
1/6, 1/6, 1/6, 1/6, 1/6, 1/6, 0,..., 0—
that is, the probability of landing on the
first six squares is 1/6, and the player
cannot reach any others.

Notice that the total probability of
1—originally concentrated on square
zero—has been split into six equal parts
and distributed to the squares that are
one to six units farther along. This pro-
cedure is general. After each toss of the
die, the probability on a square is divid-
ed by six. These six equal parts flow
clockwise on to each of the next six
squares. So on the next throw, the 1/6
on square one is redistributed as fol-
lows: 0, 0, 1/36, 1/36, 1/36, 1/36, 1/36,
1/36, 0,..., 0. The 1/6’s on squares two
through six are similarly redistributed
but shifted along one step each time.

Finally, we add up the probabilities
that have landed on each particular
square. For example, square six acquires
1/36 from each of the first five sequenc-
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Markov’s Matrix Magic

Ijt M be the transition matrix. First, calculate a set of 40
numbers, called the eigenvalues of M. A number m is an
eigenvalue of M if you can write 40 numbers on the 40 ver-
tices of the network so that when you split each into six and
let it flow along the six clockwise lines emanating from that
vertex, the resulting numbers are exactly m times the size of
the numbers with which you started. (Phew! It’s more easily
expressed in symbols: Mv = mv for some v.) But there’s a
twist: the eigenvalues need not be real numbers between O and
1. They can be complex numbers, expressible using the num-
ber i =+/-1.

The sequence formed by these 40 numbers is called an ei-
genvector. Now all you have to do is find the biggest eigenval-
ue among the 40 you've calculated. Then the probability distri-
bution will be approximated as closely as you wish by the cor-
responding eigenvector, once “normalized” so that its entries

add to 1, as genuine probabilities should. (This step just
means that you divide every entry by the total.)

Because of the rotational symmetry, it is actually not hard
to find the eigenvalues and eigenvectors. One eigenvector
shows all 40 entries equal to 1/40. What is its eigenvalue?
Well, suppose you start from this distribution, split each 1/40
into six equal pieces of size 1/240 and shove them along their
six clockwise lines. Each vertex receives exactly six contribu-
tions: one from each of the six preceding vertices. So it ends
up as 6 X 1/240, or 1/40. This is what an eigenvector should
do, and in this case the eigenvalue is 1. | won’t tell you the oth-
er 39 eigenvalues, whose expressions are beautiful (perhaps
only to mathematicians). In fact, the next largest one has an
absolute value of 0.964. So 1 is the largest eigenvalue, and its
eigenvector does indeed represent the long-term state of the
probability distribution.

es, but 0 from the last one, so the total is
5/36. The final result is 0, 0, 1/36, 2/36,
3/36, 4136, 5/36, 6136, 5/36, 4136, 3/36,
2/36,1/36, 0,..., 0. Notice that this dis-
tribution matches our earlier expecta-
tions for tossing two dice. But now we
can continue. On the third (ghost) throw,
we multiply every term in the new se-
quence by 1/6, then shift it up one, two,
three, four, five and six terms. Next, we
add the numbers on each square.

It’s easy to write a computer program
to calculate these probability distribu-
tions one by one. The results are repre-
sented in the illustration at the right,
starting with the “triangular” distribu-
tion obtained on the second throw. On
each subsequent throw, the probability
graph moves one step forward in the
figure. You can see that the probability
peak moves several squares to the right
at each step. (In fact, on average, it
moves 3.5 squares, the mean value of
the numbers 1,2, 3,4, 5, 6.) If you con-
tinue the computer simulation, you find
that the triangular shape eventually flat-

tens out, and all the values
are pretty much the same.
But why does the simulation
follow this pattern?

For an explanation, we
need Markov’s theory, which
provides a systematic method
to track the probability flow.
It begins by writing down
the so-called transition ma-
trix for the first figure. The
matrix, call it M, is a square
table having 40 rows and 40
columns, each numbered
zero through 39. The entry
in row 7 and column ¢ of the
table is the probability of
moving, in one step, from
square 7 to square c. The value is 1/6 if
c=r+1,r+2,..., 7+ 6 (modulo 40),
and 0 otherwise. Next comes a techni-
cal calculation, carried out using M
[see box above]. The result shows that
after many throws, the probability does
indeed approach 1/40 for any given
square. So, with a little help from Mar-
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DISTRIBUTION OF PROBABILITIES
over the 40 squares is shown above, as well as how
it changes at each throw of a die. The height of each
bar gives the probability of landing on the corre-
sponding square. The graphs for throws 2 through
13 are stacked from back to front.

kov, we can prove that a game as com-
plicated as Monopoly is fair, in the sense
that—in the long run—no particular
square is more or less likely to be landed
on. Of course, the first player still has a
small advantage, but this bonus is miti-
gated by the finiteness of his or her
bank balance. 5]

FEEDBACK

S everal readers asked for a full reference to the work of
Colin C. Adams on knotted tiles [ November 1995]. It is
“Tilings of Space by Knotted Tiles” in the Mathematical In-
telligencer, Vol. 17, No. 2, pages 41-51; Spring 1995. |
also strongly recommend Adams’s The Knot Book (W. H.
Freeman, 1994), although | should point out that it doesn’t
mention tilings.

Michael Harman, a chartered patent agent living in Cam-
berley, England, sent me a long letter about several novel
approaches to finding knotted tiles. An especially interest-

ing idea is to start with a torus knot, formed by winding a
length of string around a solid torus (as on page 348 of
Mathematical Snapshots, by Hugo Steinhaus, Oxford Univer-
sity Press, 1960). Several congruent copies of such a string
can tile the surface of the torus, and this tiling can be ex-
tended to fill the interior, with the tiles remaining congruent.

It is well known that a cube can be dissected into two
congruent toruses. Harman further observes that each
cube can then be broken into two congruent knots. “It is
also worth noting,” he adds, “that the dissections of the
two toruses can be either directly matching or mirror im-
ages of each other.” —I.S.
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