Coordinates

1. Let #) = [ é ] and ¥ = [ _g ] Then, B = (fi1, 7) is a2 basis of R%. Let L be the line y = 2z.

(a)

(b)

{c)

(d)

Find [&]m.

Solution. We want to write &) as ¢17) + cp¥s. That is, we want to solve the system

[: 2][a]-]3]

for ¢1,ce. Using Gauss-Jordan elimination, we have

1 6i1 L[t 6: 1
2 -3:0 ] —-2() | 0 =151 -2 | +(-15)
[1 6: 1
o 152/15] 64D
L, [ 100 1/5
| 0 1:2/15

o ., o _. 1/5
Thus, ¢; = § and ¢ = £, 60 & = 341 + &%, and (&) = { 2/{5 ]

Find a matriz S such that T = S[#]s for all ¥ € R
Solution. Observe that

5.1:[;],[171]93:[3],"2:[_g]:[ﬁ'z]m=[(1)].

Therefore, if we let S be the matrix
1 6
5=z 2],

then # = S[#]p and 72 = S[¥]m. Since 91 and 7 form a basis of R2, it follows that ¥ = S[Z)m
for any ¥ € R2.

Find the B-matrix of proj;,.

Solution. Since ¥ lies on the line L, proj, (71) = ¥) = 1-71 + 0 - #. Since #; is perpendicular
to L, projy(#a) =0=0:7; + 0 ¥2. In B-coordinates, we write

(rofa(@la = | o | and froi (@l =  |.

<[4 8]

Use the B-matrix of proj, to find the standard matrix 4 of proj,.

Therefore, the B-matrix of proj;, is

Solution. To write the standard matrix A of proj,, we want to find proj,(&;) and proj, (&).
We can organize information into a commutative diagram:

— A T
€1 ————— projg (61)

o i

e — [projz (&1)]=



(Here, B is the matrix we found in part (b).) The meaning of the vertical arrows is this: we
showed in part (b) that Z = S[Z|m for any £ € R%. In particular, & = S[&]x and proj, (&) =
S[projz,(€1)m. The top horizontal arrow indicates that proj,(€1) = A& (since A is the standard
matrix of proj;). The bottom horizontal arrow means that [proj; (€1}]m = B[&1])m; this is true
since B is the B-matrix of proj;.

By part (a), we know that

o 1/5

Ble = | 915 |-
In other words, & = $%; + 2. Using our diagram, we see that

sy per 10 1/5) _[1/5
roiz(illm = Blale = [ o o | [ o/t | =[ V5 |
That is, projy,(€1) = %1}'1. Finally, we want to write proj; (&) in standard coordinates. We have
- e .o 1 6 1/5 1/5
proia(@) = Strosz(@dal = [ 5 5 [ V5] =] 308 |-
Thus, we have found the first column of the standard matrix of proj,,.
Usi - ; 2/5 . 2/5
sing the exact same argument for &, we find that [&h]s = ~1/15 | [proj . (é:)]s = ol

and proj;(€2) = [ zg } Therefore, the standard matrix of proj;, is

X!

2. Let ¥y = [? and th, = [1) . Then, B = (#,,%) is a basis of R®. Let A = [?
T(Z) = AZ. Find the matriz of T with respect to the basis B.

} and

Solution. There are different ways we could approach this.

¢ Method I: Construct the B-matriz column by column.

Remember that the columus of the B-matrix of T are [T'(#])]p and [T'(72)]s. We have

rer=sa=[1 $][1]-[3]

T(ﬁz)zA@:[f 3”?]=

We can see by inspection that T(# ) = 501 — 302 and T(%)} = 26, — 28, So,
- 5 -
[T(#1)]m = [ _3 J and [T(72)]s = [

Therefore, the B-matrix of T is

5 2]



o Method 2: Use the formula B = S~1AS.

We defined a matrix § whose columns were the vectors in %B. In this case,
20
o [1¢]

Then, we showed that the B-matrix of T(F) = AT is just S~*AS. In this case (after some
computation), we find that

a_[ 12 0

o "[—1/2 1]’
50 5

e 2

5 AS—[_3 _2].

3. Let P be the plane z; + 2z9 — 3z3 = 0. Any vector # € R® can be written uniquely as a sum
P + #L where #F is a vector in the plane P and 7L is a vector perpendicular to P. We define a
lmea.r transformation projp from R? to R? by proj P(m) = #F. (This is very much like the projection
transformations we talked about before, except that we are now projecting onto a plane rather than a

line.)

a) Find a convenient basis B of R? and write the B-matriz of projp.
P

Solution. If 7 lies in the plane P, then proj jp(¥) is simply ¥. On the other hand, if ¥ is
perpendicular to the plane P, then projp(7) = 0. Thus, we would like to find a basis B =
(D1, T, T3) of R? consisting of vectors which either lie in P or are perpendicular to P.

We start by trying to find vectors lying in P. Notice that the equation z; + 2m3 —3x3 = 0 can be

written in matrix form as
I

[1 2 =3]| 2 =0 *)
3
In other words, the plane P is exactly the kernel of the matrix [ 1 2 -3 ] To find the kernel

of this matrix, we write the augmented matrix [ 1 2 -3:0 ] This is already in reduced
row-echelon form, so we can just read the solutions off. The free variables are za and x3, so the

solutions look like

Y —2s+ 3t -2 3
zy | = 8 =3 I [ 42| 0
T3 i 1] 1
Thus, a basis of P is )
-2 3
% 1 |,#2=1]0
0 | 1
On the other hand, by (*), the vector
[ 1
Uy = 2
-3

is perpendicular to P. Thus, B = (7}, %, U3) is a basis of R3. Moreover, since 7, and %, lie in P,
projp(#h) = # and projp(@z). Since ¥ is perpendicular to P, projp(#:) = 0. So, the B-matrix
of projp is

1 00
B=(0120
000

(-]



(b) Use your answer from part (a) to find the standard matriz of projp.

-2 3 1
8= 0o 2],
1 -3

the standard matrix of projp is §BS~!. Since

[—1/7 5/7 3/7}
St = ,

Solution. If

SO =

3/14 3/7  5/14
1/14 17 -3/14

we have
13/14 -1/7 3/14]

SBS™'=| —1/7 5/7 3/7
3/14  3/7 5/14



