Diagonalization
Let I be the line y = 2z in IR2, Let ref; be reflection over L, and let A be the standard matrix of refy,.

1. Find an eigenbasis B for A.

Solution. Let % = | » | and % = | - |- Then, i lies on the line L, so A% = refy(6) = 4.
On the other hand, ¥; is perpendicular to L, so Afi = ref (%3) = —¥2. Thus, ¥ and 7 are both
eigenvectors of A. Since (#,72) is clearly a basis of R?, B = (4, 72) is an eigenbasis for A.

2. Find the B-matrir of refy,.
Solution. If D is the B-matrix of refz, the columns of D are [refr.(¥1)]s and [refr(%2)]s. Since

refr(91) = 1 = 1- 41 + 0- i, [refr(Th)]s = [ (1) ] Since refy(2) = —th = 0% + (—1) - o,
[ref . (T2))m = [ _(1) ] So, the B-matrix of refy, is [ (1) _(1) }

3. Find A (the stondard maotriz of refy ).
Solution. If § = [§) 7], then A= SDS~1. In this case, this says that
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True / False

1. If A is diagonalizable, then A? is diagonalizoble.

Solution. True. Since A is diagonalizable, there is an invertible matrix S such that 571AS is a
diagonal matrix. Then, $~1A42%25 = (§71AS)(S~LAS) is the product of two diagonal matrices, which
is a diagonal matrix. Therefore, A2 is diagonalizable.

2. If A and B are n x n diagonalizable matrices, then A+ B is diagonalizable.

Solution. False. For example, 4 = [ (1] g ] and B = [ g i ] are both diagonalizable, but
1 1],
A+B_[O 1]151101:.

3. If A and B are n x n diagonalizoble matrices with the same eigenvectors, then AB is diagonalizable.

Solution. True. Since A is diagonalizable, there is an eigenbasis for A, say (¢1,...,%,). Since B has
the same eigenvectors as A, (#1,...,%,) is also an eigenbasis for B. Therefore, if § = [61 ...,T],
§-1AS and S~!'BS are both diagonal matrices. If we multiply two diagonal matrices, we get another
diagonal matrix. Thus, (S™1AS)(S™1BS) = §71ABS is a diagonal matrix, so AB is diagonalizable.

4. If A is diagonalizable, then AT is diagonalizable.

Solution., True. Since A is diagonalizable, there is an invertible matrix & such that S7'AS is a
diagonal matrix D. Then, (S~1AS)T is equal to DT, which is the same as D. On the other hand,
(S~1AS)T is just STAT(S—1)T = STAT(ST)~L. Thus, if R = (ST)~1, then R"'ATR =D, s0 AT is
diagonalizable.



5. If A is an n x n. matriz with n distinet eigenvalues, then A is diagonalizable.

Solution. True. The geometric multiplicity of any eigenvalue is at least 1, so, if A has n distinct
eigenvalues, then the sum of the geometric multiplicities of the eigenvalues is n, Therefore, A has a
basis of eigenvectors, so A is diagonalizable.

6. If A is a diagonalizable motriz and A is an eigenvalue of A, then the algebroic multiplicity of X is equal
to the geometric multiplicity of M.

Solution. True. Let’s say A is an n X n matrix, and let A be an eigenvalue. Then, we know:

+ The algebraic multiplicity of A is greater than or equal to the geometric multiplicity of A.

¢ The sum of the algebraic multiplicities of all eigenvalues is at most n (the degree of the charac-
teristic polynomial of A).

s Since A is diagonalizable, the geometric multiplicities of the eigenvalues of A must add up to n.

Thus, the algebraic multiplicity of A must be the same as the geometric multiplicity of A (otherwise
the sum of the algebraic multiplicities would be greater than n).

7. If A end B are both diagonalizable and if A and B have the same eigenvalues with the same geometric
rultiplicities, then A is similer to B.

Solution. True. Since A is diagonalizable, the geometric multiplicities of its eigenvalues add up to n.
That is, A has 1 eigenvalues A, ..., A, {if we count the eigenvalues with their geometric multiplicities).
Then, A is similar to the diagonal matrix

M - 0
D=|:
0 - A,

Since B has the sane eigenvalues with the same geometric multiplicities and B is diagonalizable, B is
also similar to D. Thus, A and B are both similar to D, so they must be similar to each other.



