The Gram-Schmidt Process
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Let M = 1 -1 1 and V = im M. Then, the vectors
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form a basis of V' (do you see why7).

1. Find an orthonormeal busis of V.

Solution. We start by letting #; = "%"171. Since # - 4 = 4, ||91]| = 2. So,
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Since #; - T2 = 2,
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Now, ||T5[| = 4, so we take
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Finally, ’D'é‘ = g — (4 - T3); — (i - #i3)p. Since @) - U3 =2 and @y - U3 = -2,
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Now, |l75 |l = 2, so
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Thus, an orthonormal basis of V' is
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Of course, it is eagy to checls that these vectors really are orthonormal.



2. Find the QR-factorization of M.

Solution. The matrix ¢ simply consists of the new orthonormal basis vectors; that is, @ = [4) U, T3]

So,
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Let A = (i, iy, @a). Then, the matrix R has columns [¥}]n, [f2]x, and [73)y.

Since % is an orthonormal basis of V, recall that any £ € V can be written as ¥ = (@ - &)y + (T2 -
f)‘ﬁz + (1-!:3 ' f)ﬁ_’; That iS,
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In particular,
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Therefore,
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We can easily check that this is correct: the columns of @ are orthonormal, R is upper triangular
with positive entries on the diagonal, and M = QR, which means that we really do have the correct

@ R-factorization.
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3. Find the QR-factorizatton of M= | 0 -2 3
0 0 -1

Solution. Rather than performing the Gram-Schmidt process on the columns of M, we can simply

observe that
1 0 0 1 4 7

M=]0 -1 0 0 2 -3
0 0 -1 a0 1

The first matrix has orthogonal columns while the second one is upper triangular with positive entries,
so this must be the @ R-factorization of M (because the @ R-factorization is unique).



