Solution of First Midterm of Math 21b, October 24, 2007
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Problem 1) TF questions (20 points) No justifications needed

1) The plane x—y+2z = 5 is the kernel of some linear transformation

T:R3 — R3.
The plane x — y + 2z = 5 is not a linear subspace of R?, because,
il T

for |4, | and |y, | both satisfying x; — y; + z; = 5 for j = 1,2, their sum
2 29
1+ To
y1 + yo | does not satisfy (z1 4+ x2) — (y1 +y2) + (21 + 22) = 5. Thus the

21+22

plane x — y + z = 5 cannot be the kernel of some linear transformation
T:R?® — R3.

2) For a basis 7,0, in R? with o] perpendicular to @, the linear
transformation 7' : R? — R? whose matrix with respect to the

basis vy, Uy is [1 0] is the orthogonal projection onto the line
0 0
spanned by ;.
The linear transformation 7' : R? — R? whose matrix with re-

spect to the basis o7, U5 is [1 0} sends @, to ¥; and sends ¥, to 0. Thus
0

0
it represents the orthogonal projection of R? onto the line spanned by 7,
because v is perpendicular to vs.

3) A and rref(A) always have the same rank.

4) A and rref(A) always have the same image.

For example, A :[i g} and rref(A) :[(1] 3} do not have the

same image, because the image of A is spanned by the vector '| and the
1

image of rref(A) is spanned by the vector H )
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5) A and rref(A) always have the same kernel.

6) If A and B are both invertible n x n matrices, then A + B is

invertible.
. 10 -1 0 )
For example, A = and B = would give a
0 1 0 1
counter-example, because A + B = is not invertible, while both
0 1

A and B are invertible.

7) If A and B are both invertible n x n matrices, then AB is in-
vertible.

8) If A is an invertible n x n matrix and B is a p X n matrix, then
BA has the same image as B.

9) If A is an invertible n x n matrix and B is a p X n matrix, then
B A has the same kernel as B.

The kernel of BA is equal to A~'ker(B) which in general is not

1} and B = [1 0}, then the kernel
0 0

equal to ker(B). For example, if A = [(1) .

of B is spanned by the vector H and the kernel of BA = {0 1} is spanned
1 0 0

0

by the vector H :

10) If A is an invertible n x n matrix and B is a p X n matrix, then
BA has the same rank as B.

11) If A is an invertible n x n matrix and B is a p X n matrix, then
BA has the same nullity as B.

01 0 00 0
12) There is an invertible matrix S with S~ |0 o o|lS=[1 o ol.
0 0 1 01 0



0 1 0 0

00
The condition can be rewritten as {0 o o/S =S|1 o o|. Let
10

0 0 1 0
S11 S12 513 521 §22 523 S12 513 0

S =01 s92 soz|- Then [0 0 0| =|ss. s3 0|. From the bottom rows
S§31 S$32 $33 531 532 $33 $32 533 0

on both sides we conclude that s3; = s35 = s33 = 0 and S cannot be invert-
ible, because its last row is zero.

13) The nullity of a 4 x 6 matrix may be 5.

For example, the matrix can be the 4 x 6 matrix whose entries
are all zero except that the entry on the first row and the first column is 1.

14) The nullity of a 6 x 4 matrix may be 5.
The nullity cannot exceed the number of columns.

15) There exists a linear transformation 7' from R* to R? for which
ker(T) = im(T).

Solution | For example, T sends ¢1€7 + c2€5 + €363 + €4€4 t0 ¢1€3 + C2€4 SO
that both its kernel and its image have €3, €y as a basis, where €1, €3, €3, €4
are the standard vectors of R*.

16) There exists a linear transformation 7' from R’ to R® for which
ker(T') = im(T).

The sum of the nullity and the rank of a matrix must be equal
to the number of columns in it. Since the number of columns is 5 which is
odd, the dimension of ker(7") cannot be equal to the dimension of im(7").

17) If A, B are similar n x n matrices, then A* — A% + A must be
similar to B* — B? + B.

If A= SBS~! for some invertible n x n matrix S, then we have
A — A2+ A= S (B*— B%+ B) S7!, because A¥ = SB*S~! for any positive
integer k.

18) If the rows of an n X n matrix form a basis of R", then its
columns also form a basis of R".



If the rows of an n x n matrix A form a basis of R", then the
reduced row-echelon form rref(A) of A must be the n x n identity matrix I,,,
because the three kinds of row operations used to reduce A to rref(A) do not
change the linear independence property of the n row vectors and thus we
cannot have any zero row in rref(A). It follows from rref(A) = I, that the
kernel of A consists only of the zero vector and the n column vectors of A
must be linearly independent.

19) There is a 9 x 9 invertible matrix whose inverse has nullity 3.

The nullity of an invertible matrix must be zero.

20) If A, B are n x n matrices and B is invertible, then there exists
a unique matrix X such that A+ BX = 0.

X = —B7'A uniquely.



Problem 2) (10 points)

Find a basis for the kernel and a basis for the image of the linear transfor-
mation from R* to R? given by the matrix

00 1 1
A=112 1 2
2 4 -1 1
Swap the first and second row to get
12 1 2
00 1 1
2 4 -1 1

Subtract 2 times the first row from the third row to get

12 1 2
00 1 1
00 -3 -3

Subtract the second row from the first row and add 3 times the second row
to the third row to get

1 201
rref(A) =10 0 1 1
0000
Since the leading 1’s sit on the first and the third columns of rref(A), we can

choose the first and second column vectors of A to form a basis of the image
of A. Thus a basis of im(A) consists of the two column vectors

0 1
1], 1
2 -1



To solve the equation AZ = 0, since the leading 1’s sit on the first and the
third columns of rref(A), we can choose the two components x5 and x4 cor-
responding to the columns of rref(A) without leading 1’s as the free variables
and set 3 = s and x4 = t. The two equations from rref(A) corresponding to
the two rows with leading 1’s are

1'1+2l'2+33'4:0

$3+.T4:0.

Thus
Ty = —2Ty — Ty = —28 — t
T3 = —Ty4 = —t
and L _ _ L L
Ty —2s—1t —2 -1
To s 1 0
xI3 —t 0 —1
Ty t 0 1

A basis of ker(A) consists of the two column vectors

-
1 0
0] |-1
0 1



Problem 3) (10 points)

1 1
Let A be the matrix . Write down the matrix A” by first describing

-1 1
the linear transformation of the plane given by A in terms of rotation and
dilation.

Let T be the linear transformation 7" defined by A. Since 7" sends
the first standard vector €] to the first column of A which is
1 1
=2 | V2
-1 —1
V2
and since T sends the second standard vector €, to the second column of A
which is

1
=2
1

S-S

it follows 7' is a rotation by —7 coupled with a stretching by the factor V2.
We can also rewrite A as

1
NCRRE

L
V2

S-S

in order to have unit column vectors.

When T is composed with itself to give a composition of 7 copies of T,

the rotation in the transformation with matrix A7 is by an angle equal to 7

times —7 or —%r, which is the same as 7 when one adds 27 to the angle. For

a rotation by an angle 7, the vector €1 and € go respectively to the column
vectors

1 1
V2 /2
|’ 1
) V2

The stretching in the linear transformation with matrix A7 is by a factor of

(\/5)7 Thus

1 1
1 1 8 8
V22



Problem 4) (10 points)

Let
_1 2 _2
3 3 3
Ui = 2 o = | 1 Ua = | 2
1 3 ) V2 3| U3 3
_2 _2 _1
3 3 3

Verify that these three vectors of R? are of unit length and mutually orthogo-
nal. Let T : R® — RR3 be the rotation of R? by 90° whose axis is ¥/3 and which
is in the counter-clockwise direction when one looks at the (¢, U5)-plane from
the tip of ¥3. Find the matrix B which represents T' with respect to the basis
U1, Ua, U3 of R®. Write down the matrix A which represents 7" with respect to
the standard basis of R? as a product of matrices and inverses of matrices.

Each of v, v, U3 is of unit length, because
LI () e (e2) i at
3 3 3/ 9 9 9
The three vectors v7, U, U5 are mutually perpendicular, because
o (O (2) (2 (L)L (2) (2 22
YA 3 3 3 3)- " 9 7
e (O (L) (2) (L) L (L) ()22
vl =Ty 3 3 3 3 3)" 9 7
o (N (2) (D) (L) L (L2 (L) A2
2= g 3 3 3 3 3)° 9 7

In R? the counter-clockwise rotation by 90° in the (€}, €)-plane sends €; to
€5 and sends € to —é7 and is therefore represented by the 2 x 2 matrix

0 -1
1 0

with respect to the basis (€7, ). In R? the 90° rotation with @ as axis which
is counter-clockwise when one looks down from the tip of €3 is given by the



matrix

0 -1 0
1 0 0
0 0 1

with respect to the basis (€}, €, €3). Thus the matrix B which represents T’
with respect to the basis Uy, Ui, T3 of R? is equal to

0 -1 0
1 0 0
0 0 1
Let
12 2
3 3 3
S=[Hoa=|2 —1 2
2 _2 _1
3 3 3
Then A = SBS~!. Thus
1 2 2 1 2 )]
-3 3 —3[|0 -1 0 |-3 5§ -3
— 2 1 2 2 1 2
A=13 =3 =3/ |1 0 0/ |3 -3 —3
2 2 1 2 2 1
-3 —3 —3] |0 0 1] [-5§ -5 —3

10



Problem 5) (10 points)

1 11 1 00 1 01
A=11 00|, B=]100, C=1]111
1 11 1 11 1 01

For each of the three matrices find scalars ¢y, ¢o, c3 such that its image pre-
cisely consists of all column vectors

J=|y| €R®

satisfying c1y; + coyo + c3ys = 0. Which one of the three matrices has an
image different from those of the other two?

For A, subtract the first row from the second and the third rows

in the following matrix

1 11 :
1 0 0 : Y2
11 1: Y3
to get
1 1 1 :
0 -1 =1 ¢ —y1 +p2
0 0 0 : —u +Ys

At this point we can already conclude that the system of linear equations

Ty U1
A To| = (Y2
xs Y3

11



is solvable for the unknowns x1, x5, 3 if and only if —y; + y3 = 0. We can,
of course, continue with our unnecessary complete reduction to the reduced
row-echelon form by multiplying the second row by —1 to get

1 11

n
011 Y1~y
0 0O —1 +v3

and then subtracting the second row from the first row to get

0 00 —1 +ys
from which we get the solutions 7 = ys and 9 = —s+1y; —ys and x3 = s for

any real value s provided that —y; +vy3 = 0, but there is no need to know the
solutions x1, x9, 3 as long as we know the necessary and sufficient condition
—1y1 + y3 = 0 for the existence of the solutions 1, xs, x3. For A the scalars
1, C9, c3 are respectively —1,0, 1.

For B, subtract the first row from the second and the third rows in the
following matrix

1 00 : 1
1 0 0 : Y2
111 °: s
to get
111 U1
000 —y1 T2
0 11 —U +Ys3

At this point we can already conclude that the system of linear equations

€ Y1
Toa| = Y2
€3 Ys

12



is solvable for the unknowns 1, z9, x3 if and only if —y; + yo = 0. Thus for
B the scalars ¢y, 9, c3 are respectively —1, 1, 0.

For C, subtract the first row from the second and the third rows in the
following matrix

1 01 Y1
1 11 Yo
1 01 Y3
to get
1 01 U1
010 —Y1 Y2
000 : —u +Ys3

At this point we can already conclude that the system of linear equations

T Y1
¢ To| — (Y2
xs3 Y3

is solvable for the unknowns x, x9, z3 if and only if —y; + y3 = 0. Thus for
C the scalars ¢, co, c3 are respectively —1,0, 1.

The matrix B has an image different from those of A and C.

13



Problem 6) (10 points)

A matrix A is of the form

where the asterisks (x) represent unknown and possibly different real num-
bers. Assume that A is in reduced row-echelon form. Find all possible such
matrices A and explain why there are no other possibilities. (You may leave
asterisks in your answers if each asterisk is allowed to assume any real value.)
For each of the possibilities, determine its rank, its nullity, and its image.

Let

a11 Q12 Q13 Q4 0 « —1 =%

g1 Q922 23 A24 * ok * *

Since ay; = 0, we must have as; = 0, otherwise as; would be a leading 1
and the row above it would have to contain an entry 1 to the left, which is
not the case.

Since the first row is not identically zero, its first nonzero coefficient must
be 1 and therefore a;; must be a leading 1 and have value 1.

Since all other elements in the same column of a leading 1 must be zero,
we conclude that asy = 0.

The element as3 must be 0, otherwise it would be a leading 1 for the
second row and the element a;3 above it would have to be 0, which is not
the case.

For as4 there are two choices, either zero or nonzero. If as4 is nonzero, it
must be a leading 1 and the element a4 above it must be 0. If ayy is zero,
then ay4 can be any real value and we leave an asterisk in its position. So
there are only the following two cases for the matrix A = rref(A).

01 -1 0 01 —1 =«

00 0 1 00 0 O

14



For the first case

01 -1 0
A= ,
00 0 1

the rank of A is 2, the nullity of A is 2 and the image of A is spanned by the
two column vectors

1 0

0|’ 1
For the second case

01 —1 =«

00 0 of

the rank of A is 1, the nullity of A is 3 and the image of A is spanned by the
single column vector

15



Problem 7) (10 points)

Consider the system of linear equations
35[}3 — 2.1'2 = —3,
T3 + 2.7,‘4 + 2.731 = 1,
Ty + Xy — T3+ T4 = 2.
(a) Write down the coefficient matrix and augmented matrix for this system.
The coefficient matrix is
0 -2 3
2 1

=

and the augmented matrix is
2 0 1 2 : 1
1

(b) Transform the augmented matrix by row operations so that the coefficient
matrix is in reduced row-echelon form.

Swap the first and the third row in the augmented matrix to get

1 -1 1 : 2
0

1 1
-2 3

S N =

2
0 -3

Subtract 2 times the first row from the second row in the augmented matrix
to get



Multiply the second row by —% to get

Subtract the second row from the first row and add 2 times the second row
to the third row to get

1o L 114
01 -3 0 23,
00 0 0:0

where the coefficient matrix is in reduced row-echelon form.

(c) Find the general solution of the linear system.

In the above reduced row-echelon form of the coefficient matrix
the two leading 1’s are in the first and second columns. The variables x3 and
x4 in the other columns are free variables and we set x5 = s and x4 = ¢t. We
read off from the reduced row-echelon form of the coefficient matrix

1 1
x1+§x3+x4:§

3 _ 3
Ig—il’g—i.

Thus the general solution is given by

T —3s—t+3 —3 -1 3
3., 3 3 3

v 8543 3 0 3
N T2 =6 % 4+t + |2
T3 s 1 0 0
Ty t 0 1 0

for any real numbers s and ¢.

17



Problem 8) (10 points)

Let
4 3 77
A= and AB =
3 2 9 10
Find the matrix B.
We use the formula
-1
a b 1 d b
c d ~ ad—be c a
to get
. L 2 -3 _ -2 3
—11-3 4 3 -4
We get B from
. -2 3 7T T
B=A""(AB) =
3 —4] 19 10
—14+4+27 —14+ 30 13 16
21 —-36 21 —40 —-15 —19

18



Problem 9) (10 points)

Let T : R* — R? be the orthogonal projection onto the subspace of R?
2

spanned by |—11.
2
(a) Calculate T'ey, T'éy, Tés.

2 2
The unit vector @ in the direction of | —1| isgivenby @ =1 | —1]|.

2 2
The orthogonal projection T'Z of & onto the span of « is given by

2
N 5 5 2!131 i) 21’3 1
TZ = (Z- === =) =
= (7 u)u (3 3+ 3)3 1
2

) 4
9
21
Te, == Z | = = | _2
€1 33 1 9:|7
4
2 9
9 =2
9
11
T_’:——— — = 1
2= 733 ! 7|
2
2 ~%
) 4
9
21
Ter=— - |_ = | _2
3 33 1 9:|7
4
2 5

(b) Find the matrix for 7.

19



4 _2 4
9 9 9
T=[I¢ Té, Té)= -2 1 -2

4 _2 4
9 9 9

(c) What are the dimensions of ker(7) and im(7")? Find bases for these two
subspaces.

The dimension of ker(7) is 2 and the dimension of im(7") is 1. A

basis of the kernel consists of the two column vectors
er —Te, €éz—Tes

which are

oI ot
Ol

olot Ol

|
O

A basis of im(T") consists of the single column vector | —1|.
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