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Problem 1) TF questions (20 points) No justifications needed

1) Let A and B be two n X n matrices with the same characteristic
polynomial. If A is diagonalizable, then B is diagonalizable.

11
A=1,and B = have the same characteristic polynomial
01
(1—X)?2and A =1, is diago_r_lalizable, but B is not diagonalizable, because
0 1
the kernel of B — I, = is spanned by and has only dimension 1.
00 0

If ¥ is an eigenvector for a square matrix A and if A2 — A is in-
2 [vTI|[F . . : : -
) vertible, then 7 is also an eigenvector for the matrix (A2 — A) ™.

From A# = A7 it follows that (A2 — A)7 = (A2 = \) 7 and @ =
(A2 — \) (A2 — A) " . Since 7 # 0, it follows that A2 — X cannot be 0. Thus
(A2—A) o=\ -N""7

An orthogonal matrix must be either symmetric AT = A or
3)[T][vF]
) - skew-symmetric AT = —A.

=1
\f , which represents the rotation

The orthogonal matrix
V2

of R? by 7 radians, is neither symmetric nor skew-symmetric.

S s

The eigenvalues of a matrix A do not change under Gauss-
4)

Jordan row operations.

All the eigenvalues of I, are equal to 1, but multiplication of the
first row of I, by 2 results in a matrix with one eigenvalue equal to 2 and

the other eigenvalues equal to 1.

The eigenvectors of a matrix A do not change under Gauss-
5)

Jordan row operations.



The two standard vectors €, € are eigenvectors for I, but adding

the second row of I to the first row of Iy yields the matrix which is
01

not diagonalizable.

. If A is the matrix of an orthogonal projection onto a line in R3,
then det(A — I3) = 0.

Any nonzero vector ¢ on the line is an eigenvector of A for the
eigenvalue 1. Hence v is an eigenvector of A — I3 for the eigenvalue 0. The
matrix A — I3 has a zero eigenvalue and as a consequence its determinant
det(A — I3) must be zero.

If V is a plane in R?® and A is the 3 x 3 matrix of the reflection
7 with respect to V, then det(A + I3) = 0.

Any nonzero vector ¥ orthogonal to the plane V' is an eigenvector
of A for the eigenvalue —1. Hence v is an eigenvector of A + I3 for the
eigenvalue 0. The matrix A + I3 has a zero eigenvalue and as a consequence
its determinant det(A + I3) must be zero.

The determinant of an n x n matrix A with n distinct real eigen-

8) values is always equal to the product of all the roots of its char-
acteristic equation det (A — AI) = 0.

The matrix A =|? ?| is similar to the matrix B =|* ?|.
9) e matrix [0 4} is similar to the matrix [0 ,

Both matrices have the same eigenvalues 2 and 4, which are dis-
tinct. Hence both are diagonalizable and are similar to the same diagonal
matrix. Thus they are similar.

10) If two 2 x 2 matrices A and B have the same trace and deter-

minant, then they are similar.



11
A =1 and B = have the trace and determinant, but
01

they are not similar, because A = I is diagonalizable whereas B is not.

11) For any square matrix A we have det(A%) = (det(AT))g.

Because the determinant of a matrix equals the determinant of
its transpose and the determinant of the product of two matrices equals to
the product of their determinants.

12) For any 2 x 2 matrices A and B, AB is similar to BA.

10 01 10
For A = and B = , AB = and BA =0
00

0 0 0 0

are not similar.

13) A square matrix A is invertible exactly when AT A is invertible.

If a nonzero vector Z satisfies AT AZ = 0, then
|AZ||> = (AZ)" (AZ) = ZTATAZ =0
and AZ = 0. On the other hand, AZ = 0 implies ATAZ = 0.

14) Ifac is a solution of the system Of_‘hileér equations AZ = b, then
T is a least-squares solution of Ax = b.

When AZ = b, one has Hg— AT

for all vectors v.

— 0 and HE— AfH < HE— AT

It is possible that for some invertible matrix A and some vector
v both the length of A"¢ and the length of A™"¥ grow exponen-

15) tially in the sense that there exist C' > 0 and a > 1 such that
|A™v|| > Ca™ and ||A™"0|| > Ca™ for all n.

1

2 0
This is the case when A = and U =

0 1

D=



16) Any real 2 x 2 matrix whose eigenvalues are non-real and have

modulus 1 is similar to a rotation matrix.

If an n x n matrix A is diagaonalizable and X is an eigenvalue
17) of A, then both A — A\I,, and A + \I,, are diagonalizable.

Since A is diagonalizable, there exist some invertible n X n matrix
S and some diagonal matrix D such that A = SDS™!. Then A — \I,, =
S(D—AL,)S™ and A+ X, = S(D+ AI,)S™! and both D — A\, and
D + M, are diagonalizable.

18) Every upper triangular matrix can be diagonalized.

11
The upper triangular matrix is not diagonalizable.
01

For any matrix A the orthogonal complement of the image of A
19) is equal to the kernel of A.

01
Both the image and the kernel of the matrix are spanned
00

1
by and are not orthogonal to each other.

0

20) If an orthogonal matrix () is symmetric, then @) is diagonal.

0 1
The matrix is orthogonal and symmetric but not diago-
10

nal.



Problem 2) (10 points)

Write down the QR decomposition of the matrix

(so that A = QR, where @ is a matrix whose column vectors are orthonormal
and R is an upper triangular matrix with positive diagonal entries).

Denote the two column vectors by ¢} and 5. Then

TP =42+ 22+ 52+ 22 =16+ 4+ 25+ 4 = 49

and ||7|| = 7. Let @; be the unit vector parallel to U; given by
- o
4 7
L1 12| |3
'u,l = - 'Ul = — =
lanll ™ 7 |5 5
7
2
2] L

Let V; be the subspace in R* spanned by #; and let @, = 17! + T3 be the
|

decomposition of 7, into the component @, in V; and the component o in
the orthogonal complement Vit of V;. Then

—

1_)3_ = 172 — (ﬁl ’(72) U1l

6 :

7 4 2 5 2 2
= —(Z.6+Z.74+2.342.(=2

3 <7 T Ty 3t 0 :

-2,




4
6 7
T AX64+2xT+5x3+2x(-2) |3
B a 7 5
3 7
2
| 2] 7]
6 4 6 4 2
7| 49 |2 7 2 5
— -= _ N Bl
3 3 3 5 —2
2
-2 2 2] 2] 4

Since ||y || = 22 + 5% + (—2)2 + 4% = 4 + 25 + 4 + 16 = 49, it follows that
|5+]| = 7 and

SR
2 7
. 1, 1|5 2
u2 —_— . /UQ == — =
% 7| | |
4
R B
is the unit vector in the direction of #y. Thus
S
707
2 5
T
Q=[u )= 5
T 7
2 -4
and
ia @ew| 77
0 |#7]] 0 7

in the QR-decomposition A = QR of the given matrix A.



Problem 3) (10 points)

Find the matrix of the orthogonal projection onto the subspace of R* spanned

by the two vectors

and

=R NN W

S W =N

Recall that, for a given n x m matrix A with linearly independent column
vectors, the matrix of the orthogonal projection onto the subspace spanned
by the column vectors of A is equal to A (ATA)f1 AT Now

3 2
2 1
A= and AT =
4 3
1 0
and 3 )
3 2
3 2 41 2 1
ATA =
21 30 4 3
1 0
and
_ 1
(ATA) " =
14 x 30 — 20 x 20
1 14 —-20 1
20|99 30| 10

—10

3 2 41
2130

30 20
20 14

14 =20

—20 30
7 —10
15




Thus the matrix of the orthogonal projection onto the subspace of R* spanned
by the two vectors

3 2
2 1
and
4 3
1 0
is equal to
3 2
_ 2 1| 1|7 -10|[3 2 41
A(ATA) AT = —
4310110 1512130
10
1 0

7 —10
32 4 1
23 1 4
10014 1 7 =2
14 -2 7
_3121_
0 5 5 10
T 3 1 2
|5 W b 3
2 1 7 -1
5 10 10 5
T 2 -1 7
6 5 B 10




Problem 4) (10 points)

0 0 3
Let A= |0 2 0.

300
(a) Find the eigenvalues and the corresponding eigenvectors of A.
(b) Verify that there is an eigenbasis for A consisting of orthonormal vectors.

(c) For any positive integer t find the solution #(t) of the discrete linear
dynamical system Z(t + 1) = AZ(t) with the initial value

(a) The characteristic equation of A is given by

—A 0 3
O=det| 0 2—X 0
3 0 -

which when expanded down the second column becomes

0=(2—\)det i =2-X((=2)"=-9)=2-AN(A=3)(A+3)
3 —

and we conclude that the eigenvalues of A are 2,3, —3. The eigenvector for
the eigenvalue A\; = 2 is obtained from the kernel of

-2 0 3
A-2L=10 0 0
3 0 =2

10



which is spanned by the column vector

whose length is 1. The eigenvector for the eigenvalue Ay = 3 is obtained from
the kernel of

-3 0 3
A-3L=]10 -1 0
3 0 -3

which is spanned by the column vector

1

e

and the unit vector in the same direction is

1
V2
U= |0
1
V2
The eigenvector for the eigenvalue A3 = —3 is obtained from the kernel of
30 3
A+3L=10 5 0
30 3

which is spanned by the column vector

11



and the unit vector in the same direction is

1
V2
3= |0
-1
V2
(b) Since the dot products
U1 - U = 0 X ! +1x0+0x ! 0
1° U2 5 5
1 —1
U - U3=0Xx —=+1x04+0x —==0
1 3 \/§ \/5
1 1 1 —1
172'173:—X——|—0><0+—X—:0

V2 V2 V2 V2

are all zero, the eigenvectors o}, U5, U3 are orthonormal. Thus we have an
eigenbasis ¥, Uy, U3 consisting of orthonormal vectors.

(c) Let

o g

-1

V2

Then S is orthogonal and its inverse is equal to its transpose. Thus

S S

2.0 0 2 0 0
A=S103 0[S '=S]o3 o]|sS"
00 -3 00 -3
0%\% 2 0 0 0 1 0
=1 0 0[]03 0|5 0 5
0 %5 |00 =35 0 %

12



and for any positive integer ¢

1

o S8

— o O

o —S S

e — |

I |

o O

(=3)*

and

© ™
o

o
e}

1

S e TS
S e -S

o —H O

> =33

i RTINS
S e -8

o = O
e —

13



Problem 5) (10 points)

Find the quadratic function f(z) = a + bz 4 cz? that best fits the points
(—1,-2),(—1,-1),(0,0),(1,—1), (1, —2) in the sense of least squares.

We attempt to solve the (inconsistent) system of equations

(
a—b+c=-2

a—b+c=-1
a=0
a+b+c=-1

(a+btc=-2

When we put it in the form AT = l;, we have

1 -1 1 )
1 -1 1 a 1
A=1{1 o of, #=|b|, b=1]0
111 ¢ 1
111 )

The least-squares solution

a
= |b*
&

is given by N (ATA>_1 7

14



We calculate AT A and get

1 -1 1
1 1 11 1]|1 -1 1 50 4
ATA=|-1 -1 01 1||1 0 o|=1040
1 1 01 1|1 1 1 40 4

1 1 1

To find the inverse of AT A we reduce the left half of the following matrix to
reduced row-echelon form

504100
[ATAzlg]—o4oso1o
40 4001

Dividing the first row by 5, we get

4
10¢: 100
040:010
4041001

Subtracting 4 times the first row from the third row, we get

4 1
L0 % = 00
040 0 10
4 —4
00 ¢ = 01
Dividing the second row by 4, we get
4 1
L0 % = 00
010 : 0 i 0
4 1 —4
00z : % 01

15



Multiplying the third row by %, we get

4 1
10 3 00
010 0 1 0
001:-1023

Subtracting % times the third row from the first row, we get

100: 1 0 -1
010: 0 3 0
001:-10 2

We can now use the right-half of the above matrix as the inverse of A7 A and
get

1 0 —1
(ATA) =0 L 0
-1 0 2
We compute ATh and get
__2_

—_
—_
—_
—_
—_
|
—_
|
D

—
—_
e}
—_
—_
|
—_
|
(=)

1 0 —1{|-6 0
T=(ATA) AT =0 1 of|o]|=1]0
-1 0 2| |-6 =3

2
The quadratic function that best fits the points (—1,—2), (=1, —1), (0,0),

(1,—1), (1,—2) in the sense of least squares is =2

2

16



Problem 6) (10 points)

Calculate the determinant of the matrix

2 0 1 0 3

1 2 1 0 0

A=1-40 2 -1 0

3 0 -3 0 0

-3 0 1 0 0

Expanding down the second column, we get
2 1 0 3
-4 2 -1 0
det A = 2 det

3 =3 0 0
-3 1 0 0

Expanding down the third column, we get

2 1 3
detA=2det | 3 —-3 0

-3 1 0

Expanding again down the third column, we get

3 -3
det A =2 x 3 det
1
) = —36.

-3
=2x33x1—(=3)x(-3)

17



Problem 7) (10 points)

Find the determinant of the 8 x 8 matrix

s
s
S
S
S S S S
(= f=p) f=p) S (=)
(=) (= (=) j=p) (= (=
j=p) (=) (= j=p) (=) (=) =)

a a a a a a a

a a a a a a a a

[Hint: apply appropriate row operations and consider the effect of such row
operations on the determinant.|

We subtract the first row from each of the rows below it and get

a b b b
a—b 0 0
a—b a—-0 0
a—b a—0 a—-0»
a—b a—b a—0 a—0»
a—b a—b a—b a—b a—"»
a—b a—=b a—-b a—b a—-b a—>
a—b a—=b a—-b a—b a—-b a—> a—b_

o o o <o

det A = det

o o o o o
o O O o o o

b
0
0
0
0
0
0

o o o o o o o

because such row operations do not change the value of the determinant.
Expanding down the first column and using the fact that the determinant

18



of a lower triangular matrix is equal to the product of the entries on the
diagonal, we get

det A = a(a —b)".

19



Problem 8) (10 points)

Consider a discrete linear dynamical system Z(t + 1) = AZ(t), where A is a
3 x 3 matrix. Suppose that Z(0), Z(1), Z(2) are linearly independent. Further
assume that 7(3) = aZ(0) + bZ(1). Let T" be the linear transformation from
R3 to R? which is represented by the matrix A with respect to the standard

basis of R3.

(a) Find the matrix B which represents the linear transformation 7" with
respect to the basis B = {#(0), #(1),#(2)}, i.e., find B = [T]y in terms of a
and b.

(b) If we are further given that

0 3 0 9
3 0 0 1

Determine a and b.

(c) Find a matrix S such that A = SBS™L.

(a) From Z(t + 1) = AZ(t) we conclude from ¢t = 0, 1,2 that



Thus the matrix B which represents the linear transformation 7' : R? — R3
with respect to the basis B = {#(0), Z(1), Z(2)} is given by

0 0 a
B=110 b
010

(b) To determine a and b from 7(3) = aZ(0) + bZ(1), we use

9 0 3
0|l =a |0] +0b |0],
1 L 0

from whose first and third components we conclude that 9 = 3b and 1 = %a.
Hence a = 2 and b = 3 and

00 2
B=11 0 3
010
(c) Let
0 3 O
S=17(0) Z(1) ZF2)|=10 0 =5
Lo o

Then A = SBS~ 1.

21



Problem 9) (10 points)

(a) Verify that any real 2 x 2 matrix A is the sum of a symmetric 2 x 2 matrix
and a skew-symmetric 2 X 2 matrix. [Hint: it may be helpful to consider the
sum of A and its transpose and consider the difference of A and its transpose. |

(b) Let V' be the linear space of all real 2 x 2 matrices. Let L be the linear
transformation from V to V which sends a 2 x 2 matrix A to A+ 2AT, where
AT is the transpose of A. Show that any symmetric matrix A4 is an eigenvector
of L and determine its eigenvalue. Show that any skew-symmetric matrix A
is an eigenvector of L and determine its eigenvalue.

(c) Use (a) and (b) to show that there is a basis of V' which is an eigenbasis for
L (i.e., L is diagonalizable) and write down the eigenvectors in the eigenbasis
and their corresponding eigenvalues.

(d) Write down the 4 x 4 matrix M which represents L with respect to the

10 01 0 0 0 0

ool oo 10 0 1

of V. Use (c) to obtain an invertible 4 x 4 matrix S such that S~'MS is a
diagonal 4 x 4 matrix D and write down the diagonal entries of D.

(a) Any real 2 x 2 matrix A can be written as

1 1
A= (A+AT) + - (A-AT).
LA+ ATy + (A aT)
The matrix 3 (A + AT) is symmetric and the matrix 1 (4 — A7) is skew-
symmetric. Thus any real 2 x 2 matrix A is the sum of a symmetric 2 x 2
matrix and a skew-symmetric 2 X 2 matrix.

(b) For any symmetric real 2 x 2 matrix A, we have
L(A) = A+2AT = A+ 24 = 3A.

Thus any nonzero symmetric real 2 x 2 matrix A is an eigenvector for L
whose eigenvalue is 3.

22



For any skew-symmetric real 2 x 2 matrix A, we have
L(A)=A+24T = A-24=—A.

Thus any nonzero skew-symmetric real 2 x 2 matrix A is an eigenvector for
L whose eigenvalue is —1.

(c) Since any real 2 x 2 matrix A is the sum of a symmetric 2 x 2 matrix and
a skew-symmetric 2 x 2 matrix, it follows that there is a basis of V' which is
an eigenbasis for L. Explicitly, we can choose

10 01 0 0 0 1

? ) Y

00 10 01 -1 0

as the eigenbasis whose corresponding eigenvalues are 3,3, 3, —1.

(d) Since

it follows that

S = N O
w o o O

S N = O

23



We now express the eigenbasis

10 0 1

0ol |10

in terms of -~ _
10 01

00l |00

and get - -
_1 0_

0 0

0 0
01

0 1

-1 0
Thus we can set _
1

S =
to get

STIMS =

—_

o O w O




The diagonal entries of the diagonal 4 x 4 matrix D = S~'MS are 3,3,3, —1
from the upper left-hand corner to the lower right-hand corner.

25



