FOURIER SERIES Math 21b

Smooth functions f(z) on [—7, | form a linear space X. There is an inner product in X defined by

(f.g) =217 flx)g(x) dz

It allows to define angles, length, projections ete in the space X as we did in finite dimensions.

THE FOURIER BASIS.
THEOREM. The functions {cos(nz),sin(nz),1/+/2 } form an orthonormal basis in X.

Proof. To check linear independence a few integrals need to be computed. For all n,m > 1, with n # m you
have to show:

(35,3 =

{cos(nz), cos(nx)) = 1, (cos(nx), cos(mx)) = 0
(sin(nx), sin(nz)) = 1, (sin(nz), sin(mz)) =0
(sin(nx), cos(mz)) =

(sin(nx),1/v2) =0

{cos(nzx),1/v/2) =0

To verify the above integrals in the homework, the following trigonometric identities are useful:

2cos(nx)cos(my) = cos(nx —my) + cos(nxr + my)
2sin(nz) sin(my) = cos(ne —my) — cos(nx + my)

2 sin(nx) cos(my) sin{na 4+ my) + sin(nx — my)

FOURIER COEFFICIENTS. The Fourier coefficients of [ are defined as

a0 = (£.1/V2) = 1 [T, f(@)/V2 do
an = (focos(nt)) = £ [T f(x) cos(na) da
by = (f,sin(nt)) = 1 [7 f(a)sin(na) da

FOURIER SERIES. The Fourier representation of a smooth function f is the identity
flx) = 2% + 3702, axcos(kz) + 3057, by sin(kz)

We take it for granted that the series converges and that the identity holds for all z.

ODD AND EVEN FUNCTIONS. Here is some advise which can save time when computing Fourier series:

If fis odd: f(x) = —f(—=), then f has a sin series.

If fis even: f(z) = f(—=x), then f has a cos series.

If you integrate an odd function over [—m, 7] you get 0.

The product of two odd functions is even, the product between an even and an odd function is odd.

EXAMPLE 1. Let f(z) = x on [, 7]. This is an odd function (f(—z)+ f(x) = 0) so that it has a sin series: with
by =1 [T zsin(nz) dz = =L (z cos(nz)/n +sin(nz)/n?|* ) = 2(-1)"/n, we get z = 3 o, 2-'% sin(na).
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is a formula of Leibnitz.




EXAMPLE 2. Let f(x) = cos(x)+ 1/7 cos(bx). This trigonometric polynomial is already the Fourier series.
The nonzero coefficients are a; = 1,a5 = 1/7.

= 0 else. This is an even function f(—z)— f(x) = 0 so

EXAMPLE 3. Let f(z) = 1 on [—-7/2,7/2] and f(x)
that it has a cos series: with ap = 1/( «.,/_ 2): Q= é f , Leos(nr) dr = M[‘fﬂ ﬂ;:—jm ifn=2m+1is

T
odd and 0 else. So. the series is

1 2 cos(x) cos(3x) cos(bx)
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Remark. The function in Example 3 is not smooth but Fourier theory still works. What happened at the
discontinuity point /27 The Fourier series gives (0. Diplomatically, it has chosen the point in the middle of the
limits from the right and the limit from the left.

FOURIER APPROXIMATION. For a smooth function f, the
Fourier series of f converges to f. The Fourier coefficients are
the coordinates of f in the Fourier basis.

The function f,(x) = > ,_, arsin(kz) is called a Fourier ap-
proximation of f. TllE' picture to the right shows an approxima-
tion of a pilecewise continuous even function in example 3).

THE PARSEVAL EQUALITY. When evaluating the square of the length of f with the square of the length of
the series, we get

I£1I* = af + "=y ai + b% -

EXAMPLE. We have seen in example 1 that f(z) = x = 2(sin(x) — sin(2z)/2 + sin(3x)/3 — sin(4x)/4 +
Because the Fourier coefficients are by, = 2(—1)**1/k, we have 4(1+1/4+1/9+..)= = ["_a? dz = 27*/3 a,nd
S0

z

1 1 1 1 1 =
ititgtwtst-=%

Isn’t it fantastic that we can sum up the reciprocal squares? This formula has been obtained already by Leonard
Euler, who celebrated his 300°th birthday two weeks ago, on April 15.

HOMEWORK

1. Verify that the functions cos(nz),sin(nz),1/v/2 form an orthonormal family.
2. Find the Fourier series of the function f(x) = |x|.

3. Find the Fourier series of the function cos®(z) + 5sin(x) + 5. You may find the double angle formula

cos?(x) = “=EEHL ygeful.

4. Find the Fourier series of the function f(x) = |sin(x)].

In the previous problem 4) you should have gotten a series

i |

f(z) =

2 4 (cos(2z) " cos(4da) " cos(6x) "
¥ 22 —1 42 — 1 62—1 "

Use Parseval’s identity to find the value of
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