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Orthogonal matrices CO ﬂte ﬂt :

Projection

Least square solutions, Data fitting

Determinants

—igenvalues and Eigenvectors

Similarity and Diagonalization

Complex Numbers




orthogonal matrix

A= /2

Column Vectors form T
Orthonormal basis AA =|




1. Orthogonal
Vliatrices




Compare

Column Vectors are
orthonormal basis of image

not
orthogonal
basis.

/2 A AT

projection

TA —
AA =1,



Orthogonal Transformation
x—AKX)  AA=I

Preserves length and angles

Determinant Is 1 or -1

Combination of reflections and rotations




Rotations




- d = -
Re-ﬂ eCt I O n S et(Q) if reflected at odd

dimensional space

det(Q)= +I

if reflected at even
dimensional space




1. Projections




Orthogonal det(A)= 0

except for

Projections identity

If orthonormal basis inV is known:

A=QQ
p) T T
A=QQQQ=A




| east Square Solutions

AX=Db

x = (AA)A b




Projection

Py =AAA)A'y

simplifies to

Py=A ATy

if columns of A are orthonormal.




Prob\em Find the projection on the

space with basis:

' |
‘ |




write down equations

Data I:ltt”qg as if all points are

\'\
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FProblem;:

Find the plane z=ax+by D) g
~ which best |
fits the data |

CNONO N




Solution: T

N OO | N




The Projection

P= A (AA)A

AT A invertible

— A AT if A has orthonormal

columns




3. Gram-Schmidt




Straighten out
and Scale
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AV




W,=V, - (\é'ul)ul u-w, ‘W‘
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W,= ¥, - (g'ul)ul ] (\§‘L'2)u2

U3=W3 ‘
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QR-decomposition

A =Q R

r.ii=|wi ‘ r.ij=(\Ni ; vj)

n | h;
vl = u3 .63
O |




PrOb‘em perform Gram-Schmidt

’ |
{\E}
‘ |




FPropblem;:

AEdE)  Find the QR
AN 064 |Ization
) MGIEl  factoriz

0/0]=2
D): PG
2|00




One and two dimensions

det([)] )=a

det( E)=ad-bc




alb|c
det()=
glhli

"B - B

aeitbic+cdh - bdi-ceg-




Anagram Memo

el’s
det( [CI[TIT] )=
m

t

mia + deu + sot

-tua - dis -emo




mia + deu + sot
-tua - dis -emo i
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| aplace expansion

iii e !!!

CER e




Partitioned Matrices

det(
0B
det( . ) det( .)




Similarly




Triangular




5

reguction




Problem: find
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DVD Problem:

OANO O OOOOO
NN MO OO LN LN LN
olojojelolololq |
oo oo T o
OO OO0 OO AMANO
OMNnNocoflmmalO
OINO —aANMMMANO
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O. Elgenvalues




Av=AV

f(A) = det(A-A)

v € ker(A-A)
eigenspace




EXamples:
Orthogonal: 1,-1, or complex

Projections: 1,0
Reflections: 1,-1

Shear: 1

Regular Transition matrix: T




X2 Matrices

A= H

}\T tr(A) +\/ tr(A%- 4det(A)
2

TINE
A- tr(A)A + det(A)

}\; tr(A) - \/ tr(A%- 4det(A)

2




Algebraic-Geometric
multiplices

algebraic number of simultaneous
roots of A.
geometric dimension of ker(A-Al)

f(M=(\-2) (\-2)

algebraic multiplicity: 2
geometric multiplity: |




Formulas
det(A)= AN A, -~ A\

tr(A) = A + A+ - 4 A

det(A) = }\'I‘ }\kz —

tr(Ak) = }\kl + }\IZ( + ..+ }\k




FProplem:

Find the tr(A) for a

noninvertible 2x2 matrix for
which

det(A+5 1) =10




See the determinant?

] Y \V/ W
L] 3 . 5 V '\‘-, __-‘ \b'\‘
v N N -. . o
P i I
) _— N\ 4k |
- »




An other determinant







-INd eigenvectors:

W)

OO WM
OON

N U1 OO
U1 © O O




0. Discrete Dynamical
SYySTEMS




x(t+1) = A x(t)
X(0)=cv+..tcv

AV =Ny,

x(t)=c,}f|vI ... +C NV

n N N




,1,2,3,5,8,13,21,...
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x(n+1)=x(n) + x(n-1) 1,1,2,3,5,8,13,21,...

x(n)+x(n-1)

x(n)

characteristic polynomial: }\2- A - fA(>\)

<) =@ - (o) /5.

eigenvalues=q, | -@ eigenvectors=

|
| ||
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Olivers sun flower, 2005

s
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new branches
old branches
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/) Similarity and
Diagonalization




Necessary for Similarity:

| Trace the same

Same determinant

Same eigenvalues

Powers are similar

Same rank and nullety
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} Both have simple eigenvalues and the spectrum is
the same
2) Algebraic and geometrlc multiplicities are the same
forA B" foralln
3) Both are diagonalizable and have same eigenvalues.

A
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Similar?




Similar?

S0 =S
Sl ==
Sl =g =l

Qoo =S
Sl ==
Sl =g ==

il
0
0

.\

@@@_@m




8. Complex Numbers
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Complex Numbers

Gauss in 1825 : “The true
metaphysics of the square root of -1
IS elusive”.




Euler Formula

cos(f) + isin(f) = e*

Is the gateway to most secrets in complex numbers.




A Polar representation

Gauss Plane




Example: (3+i) + (5-2i)




Z W
W=U+IV

8 Z=X+ly

‘ . Example: (3+i) *(5-2i)

A







“The most remarkable
formula In math”
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Complex Conjugate
A and Modulus

. ——
9 Z=X+ly |zl=z7Z

<« -

® Z=X-iy
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Fundamental theorem of

algebra
_ 2 n
p(x) = ag + a12/4+ asx® + ... + ap®
A polynomial of degree n
has
/\ exactly n roots p(x)=0
'_
’ '\‘\/
/ especially the characteristic polynomial.




The square root

HELCEVE(E
\ root
? of modulus
o clgle
\ , divide angle
- by 2”.

very complex number different from
0 has exactly 2 square roots.




Higher roots

10




- -
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