(VII) : SOLUTIONS

-y © ]
TRUE (FALSE) H 4 is an 8x5 matrix, then the beradl of A is 1 Jeast three-dimensicnal.

]
= - -8 kemE].(A) s 0
Counter example: If A §== , then

nu.sn All trajectories of the dynamical system Z(t+1) =

6as t goes to infinity.

The matrix | P 'ql Tepresents a rotation-dilation,

with dilation factor \p +q2 . In our case, the dilation
factor is less than 1 : The transformation X(t+1l) = AX(t)
Tepresents a rotation-contraction. The trajectories spiral i

TRUE Thueuﬁstma&ﬁmAhR‘“mchR‘"n:hthuABisinvmibh.

The kernel of B is non-zero, since the system ¥ = 0 has
less equations than variableyg . The kernel of AB is
non-zerc as well (pick a non-zero ¥ such that B = 0 ;.
then, AEY = 7). Therefaré, AB is non-invexrtible.

(TRUE) FALSE Comsider the vectors 31, 5,...,% in R™. Let A be 2 p X m matrix. If
the vectors ©),%,...,0, are lineady dependent, then so are the vectors

2| &) approach
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One of the ¥,'s will be a linear combination of the others,
£ 1 i = .V, + + 3 Then
:r examp :. Y clvl cla_-lvn-l . e o .
Av =~ A(clvl-!-. “+cn-1vn-_1.) = ¢ AV i ceo + ®h-14Vq.1- This
shows that the vectors Avl, cas Avn are linearly
dependent.

@ FALSE N 5 and A are orthogonal n X » matrices, then the matrix 5~1AS is orthog-

onal as well.
Products and inverses of orthogonal matrices are orthogonal.

TRUE Orthogonal matrices ave diagonalizable (over the reals).
Consider a rotation matrix as 2 counterexample.

d&*z  _dz R
. . d'z L dz - sol 7).
TRUE The difierentia) equation o5 + 7o +13= (t"h‘:;é“’u’“i m‘;%}“‘uf&]-;. In fact,
lutions form a
x(t) = 0 is & real solution tfgi;:g]s'iggal linear space)



and sketch a phase portrait for this system.,

_ = 8z — Oy
2. Tingd all solutions of the system
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t + cze-lOt ,

x(t) = che' + 3c2e'

y(t) = -eqe”
where c,,¢, are arbitrary constants
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3. Find the solution of the initial value problem @

%-5%+252=0, z(0)=0, :(%) =]

Draw a rongh sketch of your solution. -
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4. “A cartain person buys sheep, goats, and hogs, to the number of 100, for 100 Crowns; the sheep
cost hira = a crown a-piece; the goats 1~ crown: a:wltl:e?hcgs,t.l1 crowns. How many had he of

exch?” Leonbhard Euler: Elements .
e BSE:::] of Algebra, St. Petersburg, 1770. Translated by Rev.

Find all salutions to this problem.

X = SLu.P / aataowig/ ;;:_-‘#L,ar-.-
R alll Lia o [
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0 * 2=y,

The three quantities x,y,z must be non-negative integers. The formulas
x = 40 + 13t and y = 60-22c imply that © musc be divisible by 5 , so
t=0, 5, 10, 15, 20 , ... Also, ¥y must be non-negative, so0 t = 15
(note that y = 60-54 = 6 for t=15 , but y = 60-72 = -12 for t=20).

M arx

Number of theep | Number of goats | Number of hogs |
Ya 6o o
TS 2 s
7 ) 2y 10
11 L 5 ' \

1 1
5. Find a matrix A sch that kemel(4) =¢ﬂ[i , gD\
v 1] L4 -

The matrix A must have 4 columns so that the products Av and Aw
are defined. The rows of A must be of the form [a b ¢ d), with
[ahcd'l'{'r-Oand[abcd-l?v-O , i.e.,

a+b+c+d=0
a+2b + 3ctid =

& ~c=-2d=0
b +2¢ + 3d = O

« Qr

[ab cd]- [s+2t -2s-3t s t], where s,t are arbitrary
= sfr -2 1 0)+ ef2 -3 0 1]

Set _ A ™ [} ~21 0] .° There are many other solutions.

-301
1-210
&“_2-301

34



é. Amuketmuchmganizaﬂmi:mdyingahrgempofaoﬁaelovmwhobuynbagdmﬂ‘ae
each week. The choices are Anabiax, Brazibar, and Colombian beans. Let a(t), &2}, and 1)
be the fractions of the people in the sample who prefer the Arabian, the Brazilian, and the
Colombiubem,twuha.ﬁuthebeg'nningdthemdy. From one week 1o the next, people
change their choice as indicated in the diagram below,

v COLOMBIAY
Fer example, 10% of the people who bought the Arabian beans a week ago will buy the Brasilian
beans today, and 80% will switch to the Colombian beans, while the remaining 40% will again
buy the Arabian beans.

a(t)
(a) We introduce the state vector (1) = [b(t)] - Find the matrix A such that £t + 1) =

AZ(1}. Time ¢ is measured jn weeks. )
a(t+l) = %ka(t) -+ O.ZTb(t) + 0.2e()

only 407 of the people who 20% of the people who
bought Arsbian coffee will bought Brazilian or Celumbian
again make the same choice, coffee a week ago swith to

since 107 switch to Brazilian Arahian
and 50% to Columbian

Likewise: b(t+l) = 0.la(t) + 0.7b(t) + 0.2¢c(t)
c(z+l) = 0.5a(t) + 0.1b(t) + 0.6c(t)

s 4 2 L2
A= /_--I -_’ Y
-5 .t .6 ]
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3 0 5
{b) We are told that [ 1],[ 1],[7] is an eigenbasis for A. In the long run, which
- =1 B
fraction of the Peopie in the sample will buy each of the types of beans?
To find the eigenvalues, compute AV for the three eigenvectors above.

A3Y . (04 0.20.2)3 0.6 3
0.1 0.7 0.211=]0.2\=¢0.2\71 1. The eigenvalue is 0.2
0.5 0.1 0.64-4 -0.8 -4

In the same way, find the eigenvalues for the two other eigenvectors.

3 0 5
[-i XE"'I 0.2 | Eﬂer 0.5 [g} — 1
3 0
If "X(0) = c1Lﬂ+ cy [1] ey
0
x(t) = ¢,0.2 [ J+ c, 0.5 [%} ]

5
The first two summands appraach &s t goes to infmzty , BO x(t)-.-c [g

5
7 + then
B

The beans will be bought in the pProportion 5 : 7 : 8 |, or
1 25% : 35% : 407 .

(c) Suppose that at the beginning of the study (at ¢t = 0) everybody chooses the Arabian
beans, “'hchﬁuuonofthgpeopleinthemdywmchmﬂummhm after 2 weeks?

1 0 5
~ TWe are told that [D} = 0.25 } -06 [ IJ + 0.05 [T]
0 -1 g8

- t 3‘ 'l-[? 1Y
xl-&) = 0.1§.0.2 [_*):- 0.6.0% _') ~ 6.0§ [.‘}.]

«lt) ¥ bl ?{csk Chruu-/t-:
aldl= 00X 02t « 0.25
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7. Find a 2x2 matrix A with all of the followirg properties: @
(a) det(A) =2
(b) trace(4) = 3
(¢} The vectors [:] and [;] are eigenvectors of A.

Wt cen Fimd tle  eigtavalueg -? A :
At= 3\ »1 =-_@—l)(l-'\.\-.o A= \, P
(Rgu.l\ ﬂi:‘-»-.-k tla chevaclos e
K‘-G‘v&) 1+ odetdA ")

O‘w-l. rti‘;‘:’.:\:la s lr tch:{rht.'l: A $v th-/L [}3 3
= “3‘-—*‘“’{'“ . ﬁav.-vl—e—\.l '} . [é} waAy ua..vve-u. 2.
SAL= Df o A= SDL fw;.hu_\ S:[};.';)’ D= [le:j

A= v A = (TR

-% L T -
A-a. [‘-lﬁ ;X A*-\ALIJ (mc«/f L (V- [IS -

rr{auu.;.;( 1

8. Consider a skydiver falling vertically from a high altitude. Two forces are acting on her body:
¢ The force of gravity, mg, where m is her mass,

® The force of air resistance, which i asstmed to hpmpmﬁomltothesquueofhuspeed
t, and also 1o the density of the air, which decreases expanentially with altitnde,

N

x T air resistance
F = g-y2.e" X
altitude
above ground I
l gravitational pull
F = mg

S ST 77777777 7 7777 eround

Note that the coordinates are chosen in such a way that the resistance force is positive, and the
gravitational force is negative,
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{(a) Set up a second order differential equation describing the motion of the sky diver. (Your
formula will contain the constiants & E,m, and ¢.)

4L ~ -
Ferumae 2= _ cv'e

d.’\

Wow LI
_.-—..x tc_(‘i‘\ c.k —u—a
rﬂrsqhqu.. w.lda\v‘l

d1, *=
(b) Conver: your solution, in (a), into a system of two first order differential equations.

_.!_‘:. = &(‘ﬁ\'l.t.ux _a

[
. . . (_.@tfuM“-/( {:"“'4‘\"'>
(d) Comsider a trajectory starting at a point with v = (. RMate the features of this trajectory
to the fall of the skydiver.

Initially, the sky diver picks up speed quickly. As the speed
increases and the body falle into denser layers of the atmosphere,
the magnitude of the resistance increases, and the force of the
Tesistance may eventually become stronger than the force of
gravity (the weight), in which case the sky diver will slow down.
This happens only &f the sky diver is dropped from a large

height (trajectory II in ¢), but not trajectory I ).

®
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, where k is a constant.

() For which choice(s) of the constant k is the last column of 4 a linear combination of the

first four colamns?
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{b) For which choice(s} of the constant k is the matrix A invertible?

Ei’kL-lf (hrh.LL s ﬁh’-'&ﬂm"hg“/i, (‘:!: o k.s{kl'*))

(-4 ot wil F.Jb Lq.) fd' 'Fi-i"\_
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(¢) Consider the matrix M = - Find as maxy linearly independent eigen-
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10. The interaction of two species of animals is modelied by the differential equations
’ 1ds
;-a—=1—z+h—l
ldy__
y_a—-l-y-l-bz—il
where b is & constant, different from 1 and ~1. -
(a) What does the sign of the constant b tell you about the way the two species interact?

Symbiosis for positive b , and competition for negative b .

(d) The system above bas exactly ane equilibrium point in the first ; .
and y > 0. Find this equilibrinm point. quadrant, i.e., with z > 0

x=bu ={-b Xebu =i-b S
(¢) Linearize the system at the equilibrium point you found in b)

- (1-2xtby-b bx
I(x.3) [ by l—2y+bx-b]

=X % b2y
\---} T ) Sy T

san = | 73 _E]

(d) Determine the nature of the equilibrium point (saddle, nede, ._.), and its stability. Your
answer will depend on the canstant b.
The matrix J(1,1) is symmetric and invertible, so the equilibrium
point will be a node or a saddle. It's a saddle if det] = 1 - b < (
i.e, if |b]l>1l . Otherwise, it's a stable node (the trace is negative
2 2

Alternatively, find the eigenvalues: 1°4+2x41-b° = 0
+
. =2 =\64-4+4b - + .
11’2 2 "'1 - b 4

Two negative eigenvalues if [bj4<1 : gtable node
A positive and a negative eigeﬁvalae if {bl>1 : saddle

)



