Further Topics in Differential Equa,t'ion's }

Richard Taylor
April 25, 1999

1 Fourier Series

We have looked at spaces of functions which behaved like R™, but we did
not look at any analogues of the concepts of length, angle or dot product.
In this section we will discuss an example in which the analogues of these
concepts play an important role. N

Recall that if a and b are real numbers with ¢ < b, then [a, b] denotes
the interval {z € R:a < z < b}. '
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a /\ 5] R
_ interval {2, 8] (includes end points)
We will let C[~m, 7] denote the collection of all continuous functions

from the interval [~ 7] to R.
For example,
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On the other hand, the function
1 t>0
f(t) = 0 t=0
-1 t<0
does not lie in C{~=, x].
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Again C[—m, 7] is 2 linear space:

(a) If f(t) and g(t) € C[~n, 7], then F(t) + g(t) € C[—m,n]. (Recall that
the sum of continuous functions is continuous.) '
e.g. |t| +sint € C[—x,7].

(b) If f(t) € C[-m,7] and c R, then cf(t) € C[—=,x).
e.g. 2sint € C[~n,].

We will define the inner product of two functions f(z), g(t) € Cl—m, 7]
to be ,

¢@nown =1 [ st as
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You should think of it as an analdgue of the dot product of two vectors
in R™.
It shares with the dot product the following three key properties:

(1) If f(t) and g(t) € Cl—m,x], then _
- {0, 9(8) = (g(8), F(2))
(2) If f (t),g(i)é?&)?(i)ﬁ]%[a@ Z]’C:I?&é{ KC(S&:CZ]‘("';&}) iy E%;.-wiew‘r,eu+ bedHer u,mssed,)_
{cf(t) + g(t), h(t)) = e {F (), h(2)} + {(9(2), h(2))
(8) If f(t) € C[—n, 7] is non-zero (i.e., ﬁot identically zero), then
@) >0

We will let you check properties (1) and (2) for yourself. Let us explain
property (3). Firstly, '

@, 000 = [ s as

As f(t)? 2 0 for all t, we see that (£(t), f(£)} > 0. Suppose f(t) # 0, why is
(f(8), f()) # 07 Well, suppose f (to) # 0. Because f is continuous, we can
find § > 0 such that |f(£)] > 1| f(to)| for all £ € {tg — 6,29 + ]. As long as
to # &m we may also suppose ty — 8 > —7 and t5 + 8 < 7. (We leave the
cases g = &7 to you. They are only slightly different.)

Then




to+0
> [ £ (t0)2dt
to-—ﬁ 4

= '2-|f(?5o)[2

> 0
{or “norm’} "
We define the length of function f(t) € C[—=, 7] to be \/(f t), f(t)),
and we will denote it || f ||. We define the distance between two functlons
f(#),9(t) € Cl—m,x] to be || f — g ||. Roughly speaking, two functions f(t)
and g(t} are close if the area between their graphs is small.

close functions

Examples

(1) Calculate || t||.

. Lym o 1f8]" 223 2n?
(t,8) = :Ef_ﬂt--dt—w[?)]_w— ==
Ieh = /2

(2) C’alcu;‘.’ate the distance between 1 and |t].
(=1 -1 = 2 [ 04-12a
= / (t - 1)%at
= —[ (t? — 2t + 1)dt
m Jo

2 [ "
= —~{~—-—t2+t]
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(3) If n is a positive integer, find || sinnt ||.

Il

el =1

. i . 1 ¥ .
(sinnt,sinnt) = = [ (sinnt)?dt
T J—r

To evaluate this integral, recall the useful trigonometric formulae:
sin(A + B) = sinAcosB + cos Asin B

cos(A+ B) = cosAcosB —sinAsinB
1 = (cosA)?+ (sinA)?

Putting B = A in the second of these we get
cos(24) = (cos A)? — (sin A)? = 1 — 2(sin A)?

Thus

T

w 1
(sinnt, sinnt) = ~1—/ %(1 —cos2nt)dt=1-— - cos2nidt =1

T Jor Fi -

Thus || sinnt ||= 1.

Similarly, if » is a positive integer one can check that
|| cosmt ||=1
Moreover, )
| o5 i=1

We will call two fuctions f(¢),g(t) € C[—=, 7] orthogondl if
(F(2),9(8)) =0. | ] |
We will call a (finite or infinite) collection of functions fi(2),-- -, fa(t), - -
othornormal if

(a) || £5(£) ll= 1 for each j
(b) (f5(t), Fu(8)) = 0if j £k



Examples

(1) If n % m are positive integers, then sinnz and sinmz are orthogonal.
1w |
(sinnt,sinmt) = — ] sinnt sinmt dt
S

1 /™1
= = / -2-(cos(n — m}t - cos(n +m)t) di

1 [sin(n —m)t sin(n+ m)t]”’r
2n -1 n+m

= 0

-7

Again we use the formula for cos(A + B) (and for cos(A — B)).

(2) In fact the sequence of functions

1
—, 8int, cos t, sin 2¢, cos 2t, sin 3¢, cos 3¢, - - -

V2’
is orthonormal. We leave it to you to evaluate the necessary integrals.

The following facts can be proved exactly as they were for R™.

(1) If f1(t), -, fn(t) are orthonormal, then they form a basis of an n-
dimensional subspace.

The main point here is to check that fi(t),:- -, fa(t) are linearly inde-
pendent. Suppose

c1fi{t) + - +cenfu(t) =0
Taking the inner product
(Fi{therfit) + -+ +enfn(t)) =0
We see that

0= C1 (.fj(t):fl(t)) +--tcn (.fj(t)?fﬂ(t)) =¢j

for each ;.

(2) If f(t) and g(t) are orthogonal, then
I £+ g(®) IP=Il F@&) 12 + 1 9(t) II*
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(3)

(4)

Indeed

lf+gl* = (F+a.f+a

(FL Y+ {f,9)+ {9, f) + (9,9
(f, ) +{9,9) '

= NfF+Ngl?

Il

Suppose V is a subspace of C[—m,n) and that f(t) € Cl—m, x| If we
can find g(t) €V such that f(t) — g{t) is orthogonal to each element of
V, then

| F(&) — g(®) <l F() — A(2) |
for all h(t) €V, with equality if and only if g(t) = h(t).

We have
|7 —hE 12

I F@&) — g(t) +g(®) —h(D 1P
= || F&) = g(®) I + 1| g®) — h(@) I*
> | F) —9@) |
with equality if and only if || g(£) — h(t) 2= 0, ie., g(t) = h(t)
The main point is that g(t) — k(t) is in V and so orthogonal to F)—
g(t).

If f1(8), - - , fn(t) are an orthonormal basis of a subspace VC Cl—m, 7],
then

projv(f(t)) = (F(&), (@) F1(@) =+ -+ + {F(®), Ful2)) fu(2)

is in V, f(t) — projyv(f(t)) is orthogonal to every element of V, and
projv(f(t)) is closer to f(t) than any other element of V.-




It suffices to check that for each j = 1,---,n

(58, projy (F(2)) — F(8)) =0
But

(fi(®),projv (£ (1)) — F(2))
= {F(&), () (F5(2), f1(&)) + - - + (£ (&), Fn(2)) (F5(2), Fn ()} = (f3(2), F (1))
(F(8), £5) — {F5(8), F(2))
=0

We will let T}, denote the subspace of C[—m, n] with orthonormal basis
! sint coét sinnt, cosnt
\/i) ? k) ¥ 7

Then projr, ((t)) is an approximation to f(t) constructed from these trig-
nometric functions. As n increases one might expect these approximations
become better and better. In fact we have:

Fact 1.1 (1) If f € Cl—, 7, then || projz, (f()) — £(&) |— 0 as n — oo.
(2) |

2 o | '
I £®) IP= <f(t), %) + Y ((f(#),sinnt)® + (f(2), cos nt)?)
’ n=1

Although we will not prove this , let us at least explain how (2) follows
from (1). '

| progr, (F()) I

= | <f(t), %> :}5 + (f(t),sint) sint + - - - + (f(t), cos nt) cos'r;tl II?

= <f(t)= “\}72—>2 + {f(t),sint)? + - - + (F(2), cosnt)?
On the other hand,

L& = lprojr,(F@) I + || £(8) = projr, (£ (#) |

2

= (0, 75) +-+ (O, cosmt)® + || 1(0) ~ projm, (F(0) IP
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Letting n — oo gives part (2).

Although this tells us that “on average” projr, (f(t)) is close to f (t), it
does not tell us what happens for any given t € [—m,x]. However, if we
place some smoothness hypothesis on f(¢) then we can say what happens.

Fact 1.2 Suppose f(t) € C[—m, 7] is differentiable at a point x € C[—m,nl,
and if # = +n also assume that f(—m) = f(x). Then the series

<f(t), -\;-—5> % + (f(t),si.nt) sing + -+ + (f(t)',cosnt) COS NT

converges to f(x).

The series

<f(t), %> % + (f (%), sinrt) sing + - -+ + {f(t), cos nt) cosnz

is called the Fourier series for f after the French mathematician Jean-
Baptiste-Joseph Fourier (1768-1830). 1.2 was known to Fourier and is often
referred to as Fourier’s theorem, althoiigh the first rigorous proof was only
found later by Dirichlet.

(We recommend that you read pages 520 through 523 of Section 9.3)

Example
Find the Fourier series for t.

R
1

¥y
(cosnt,t) = —f tcosntdt =0
T S—r
because fcosnt is an odd funciton
. 1 7 .
(sinnt,t) = — f tsinnt dt
T n

_ l[——cosnttr +_1_/’T cos nt dt
T 7 ey Tz M

_ 1 ("(‘1)”ﬂ i D (_ﬁ))

m T n
2(—1)"+!
.




Thus - (_1)n+1
sinnt

n=1
2 , ® 1
D P

n=1
w2 =01
T = Lw

n=1

1 1 1 1 1
= l4+-d=—-F—=4+—=+ ==+

4 9 16 25 36

an amazing expression for 7 as an infinite sum.
On the other hand, by 1.2, if we put ¢t = 5, we get

- 1)

% (_1)(n+)
™7

b
®
™

ooh_ Ll ol 1 1 1
“{\ 3'5 7 9 1

-another amazing expression for 7 as an infinite sum.

Mt it

Exercises

(1) Find the length of 1 + sint 4+ 3 cos 5¢ + 2 sin 104.

(2) Show that —\}-5 and ¥ are orthonormal. The second fomebion should be J—%-_

Let V be the subspace of C[—w, ] consisting of functions of the form
at + b. Find projy (¢?). ‘

(3) Find the Fourier series for |¢|.

(4) Calculate
Fiy
/ e® cos nt dt

-
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HINT: Integrate by parts twice to get an expression

s T 2 T '
acosnt a
/ e cosntdt = [ 5 e“t] -— / e™ cos nt di
n —x N Jog

bt (¥

and then solve for . .
f e cosntdt

-

(5) If a is a real constant, find the Fourier series for
1 at —at
coshat = §(e +e~%)
HINT: cosh(—at) = cosh(at).

(6) Find a closed formula for

o= 1

)y w3

n=1

as a function of a.

HINT: Use (5) and 1.2.

2 Partial Differential EquationsI:
The Heat Equation

Consider a uniform metal bar stretching from z = 0 to z = 7. Suppose
that the ends of the bar are held at a constant temprature of 0. (e.g. are
immersed in a mixture of water and ice), but that otherwise the bar is.
thermally insulated from its surroundings, except that at time ¢ = 0, the
bar is quickly heated so that it has temperature distribution

T ifz <
T(m,O):{ n—z ifz>

[SIETSE

Describe the temperature of the bar at all -subsequent times.

11
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The temperature T(z, t) obeys the equation:

or _ &°T

ot~ Foa2
for some positive constant u depending on the structure of the bar. (This
sort of equation is called a partial differential equation or PDE).
Where does this particular equation come from?

rate of heat flow post z is ——ng—g, & =thermal conductivity

{heat flows from hot to cool at a rate proportional to the temperature gra-
dient}

rate of temperature increasexlength= c-rate of arrival of heat

We examine what happens to a small length of bar from z to z + éz in
the small time from ¢ to ¢ + 6t

x - /:r:+6:c

heat in in time &t heat in in time &t
ar aT
—x = t)dt
Ko (x,t)dt L (z + dz,1)

total heat in in time 6t

or ar
p (E}EE(“_’ + 63,1) —E—E(m,t)) 5t
rise in temperature iﬁ time 6t ' |

T{x,t+6t) —T{z,t) = én (%%(a: + dx,t) — %—T;(a:,i)) ot

12



% (T(z,t+6t) — T(2,1)) ~ chi (?3(3: +63,8) — %(a:,t))

dz \ 8z
or 0T
R
The equation
ar 8°T
Bt~ M2

is called the heat or diffusion equation. It arises in many physical situa-
tions where some diffusion process occurs, e.g., diffusion of pollutants in an
aquifer, or of ions through a cell wall.
Here we are asked to find a solution to this equation subject to the
restrictions that
T(0,t) = T{m,t) =0

(the ends of the bar stay at temperature 0)

z ifx<
_T(a:,O)«—.{ r—z ifz>

(SRS

Such restrictions are called initial conditions or boundary conditions. Many

different initial conditions are possible, they will depend on the problem one

is trying to solve. (Another possibility would be that the bar was initially at

temperature 0, that the left hand end is always kept at temperature 0, but

that the right hand end is made to take on a specified temperature T(m,t).)
We are only looking for T in the region

0<z<m (length of bar)
£ t>0  (positive time)
. B .

Tiet)=0 Temt)=o
/

7 A

'\\T("S) Speci fied T

There are several methods available to tackle this sort of problem. We
will present one based on Fourier series.

13



We first look for some simple solutions to the equation:

8T ¥ T

o Har

In fact let us look for a solution:

T(0,t) = T(x,t) = 0 (%)

T(z,t} = u(z)v(t)
Then we require:

V(8 u'(z)
o~ Fule)

2(0) = u(r) = 0 and

We see that the quantity
o'(t) _ u'(x)
v(t) # u(z)

is independent of both position z and time ¢ so that it must be a constant.

We are led to try to solve the equations

o'z} = aul(z)

U'(t) = auv(t)
u(0)=u(r) = 0

But we know how to solve these equations.
(a) If a > 0, say a = A?, then
u(z) = Ae*® + Be™*

The equations u(0) = u{x) = 0 imply that A = B =0, i.e., u(z) = 0.
This is not much help.

(b) If a =0, then
u(z}) = Az + B

Again the equations u(0) = u(w) = 0 imply that A = B = 0, ie,
u(z) = 0. Again not much help.

(¢) Now suppose a < 0, say a = —AZ. Then
u(z) = Asin Az + Bcesdz

The equation u(0) = 0 implies B = 0.
The equation u(r) = 0 implies A = 0 or A is a whole number n. In
this case v/(t) = —nZpu(t) so that v(t) = Ce ¥,

14



Thus we have found a series of solutions to (). Namely for each positive
integer n we have a solution
2 .
cne M tsinng

for some constant ;.

If we put t = 0 we get C, sinnz so none of these solutions is the one we
are looking for.

However, note that both the equation
or _ 8T
ot =~ Hor?
and the boundary conditions
T(0,t) = T'(m,t)
are linear: l.e., if T} and 75 are two solutions so is ¢TIy + T2. Thus we get a
lot more solutions of these two equations: namely any finite sum

N 2
Z epe P tsinnz

n=1
At ¢t = 0 this becomes N
Z Cn SINTLE
n=1

In fact, more is true. If the constants ¢, become smaller sufficiently
rapidly as n — oo then the sum

o 2
Z cne P tsinng
n=1
will converge and give a solution to (*) which specializes at £ = 0 to
oc
Z Cp Sinnx
n=1
If we can find ¢, such that

o0
chsinn¢= z T5
: T—T T2

n=1

[RELNEY
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then we would have found a solution to our original problem. But this is
the sort of problem we studied in the last section.

To put it more precisely in the form we considered in the last section,
congider '

T— r>3
B(x) = T -5<z<§
—z - z<—-5%
Note that we extended # to [—m, 7] by arranging that 6(—z) = —6(z).
. ¥
:L.sﬂ '
1
0.5
N -2 -1 1 2 3 X
4.5} -
N y=0Ww
*1.5

We now compute the Fourier series of ¢
1 77 1

- O(x)——
w3 (z) 7

T
-:F / f(z)}cosnzdx =0 for the same reason.
— ,

dzr=0 asf(z)= —9(—@)

1 /= ] 2 7 ;
—f B(z)sinnzde = —f 0(x)sinnzdx -
T 7 Jo :

—T
—_ [
T 0

2 3 2 [0 |
= u/: rsinnrdr — —f ysinn(r — y) dy
7w Jo TJz

[ME]

2 ki
zsinnzdz + ;/; (m — z)sinnzdz
z

= -2—f3 T sinnr dr ~ ?'-/2 ysin(ny — nw) dy
wJo T J0 )
2. 7

= —(1-— (—1)“)/ zsinnx dx
'rr 0

16




0 n even
| &7 zsinnzdz nodd
4

™

[ COSNT ]% 4 1% cosnzx
_ |l + —f dzx
0

[SIE]

4 .
— rsinnz dz
™ Jo

n 0o 7 i
_ 4 3
= ;r—?;—z—[smnmlo
4 n—1
= 'n'—nz(_l) Z n odd
X, 41
Oz) = > —F——sin(2m+ 1)z
= w(2m + 1)?

Thus we see that

oo _1ym V
T(a )= 3 —2CNT_ ems 1 ginom + 1)0

= w(2m + 1)2
satisfies
or _ _ ot
o Mz
T(0,t) = T(mt)=0
T(z,0) = 6(z)
as desired.

Note that as ¢ — oo,e 2™+’ _, 0. Thus as t — oo, T(z,1) —
0. As one might have expected the bar cools towards having a uniform
temperature of 0. The same method (develped by Fourier at the start of
century 19) allows one in theory to so solve the heat equation with any
boundary conditions of this form. In fact we have:

Fact 2.1 Let 8(z) be any (reasonable) function on [0, 7] which vanishes at
both end points. Then there is a unique function T'(z.t) for 0 < z £ m,
t > 0 such that satisfies

er _ _ &T

a . THae2
T(0,t) = T('n',t)_ =0
T(:E,O) = 9(-'5)

17




Exercises
{1) Solve the equation

aTr 8T _
ot~ Mog?

in0 <z < 7t 2> 0, subject to T(0,t) = T(m,t) = 0 and T'(z,0) =

4sinz.

(2) Solve the equation .
or _ 8T
Bt Hon2
in0<z <t >0, subject to T(0,¢) = T(x,t) =0 and

T(z,0) =

[l e
8 oy B
IV A TA
.zaig"’l-?-hlﬂ

Bl
<7

(You may assume that T'(z,0) has a Fourier sine series, which can be
computed in the same way as when 7T is continuous.)
(3) Show that '

100
T(x,t) = — T
is a solution to

or 8T

5t~ Moz
subject to T'(0,t) = 0,T(w,t) = 100.

{4) Solve the equation
or _ o
ot~ Mgz

im0 <z <mt >0, subject to T(0,t) = 0,T(n,t) = 100,and T(z,0) =
0 for 0 < z < 7. Describe T'(x,t) for very large t.
HINT: Loock for a solution

Tz, t) = ng + s(z, )

18



(5} Show that if n=10,1,2,3, - then
T(z,t) = e~ 1 cos g

is a solution of

or _ o1
at = Por?
such that T or
E(O,t) = -é-;(ﬂ',t) = 0

(These boundary condition correspond to a bar which is completely
thermally insulated, even at its ends.)

(6) Solve the equation :
orT 0T

ot o2
in0 <z <mt >0, subject to B =T ——#, and T'(z,0) = .

Describe T'(z,t) for very large t. 1

This bounafnr\[ condition shouvld read :
o = 27 =0 t>0.
Tx (0,%! 5y (m,t} Lor

3 Partial Differential Equation II

We will discuss two other very standard examples of PDE’s.

3.1 Laplace’s Eqﬁation

Consider a square copper plate: 0 <z < 7,0 <y < w. Thesidesy =0,y =
7 and £ = 0 are maintained at a constant temperature of 0. The point (, y)
is maintained at a temperature '

T—y if E<y<nw

If the plate is in equilibrium, find the temperature distribution on the plate.
The temperature T'(z,y,t) satisfies

o (#T &1
at = F\oaz T G2

If the temperature is constant, then we must have

8T  o*r
oz = Oy?

19




This is called Laplace’s equation. _
We must solve Laplace’s equation in 0 < 2z < 7,0 < y < m, subject to
T(z,0) =T{(z,7) = 0,T(0,y) = 0,

<
T ={¥_, V3

(SRS

Again we look for simple solutions to Laplace’s equation of the form

T(z,y) = u()o(y)
We must then solve
W(z) = au(z)  u(0) =0
v (y) = —aw{yh v(0) =v(x) =0

As for the heat equation, the only non-trivial solutions are for a -=-n?
n=1,2,3,---. Then

H

v(iy) = Asinny '
w(z) = B(e" —e ™) =2Bsinhnz

Thus we get the solutions
¢n - sinhnzsinny
By linearity

o0
Y epsinhnzsinny
n=1
will also be a solution if ¢, tend to zero sufficiently fast.
We would like to choose ¢, such that

- Y y <
¢p sinhnw sinny = =
Z =11, 15

[CIETC

As in the last section we see that

b { 0 n even
¢psinhnw = s B .
_(_11'1’)17_ n odd
Thus . )
A(—-1)™  sinh(2m + 1)z
T(z,y)= > 1) (

in(2m + 1
7@m + 12 sinb(Zm + D)r oM+ Dy

m=0

20




Fact 3.1 If C is any smooth simple closed curve in the plane and f is a

stnooth funciton on C then we can find a function T' on the interior of C
such that

o*T 4 T 0
or? = Oy?

and T'(z,y) = f(=z,y) for (z,y) € C.

Fixs v

C

3.2 The Wave Equation

Suppose a violin string of length = is fixed between the points z = 0 and
z = 7 and suppose the string is plucked with the end points fixed. Describe
the movement of the string.

ut)
'/—ﬁ T,
o X - \/‘/ i

Let u(z,t) denote the displacement of the string from the z-axis at time
t and at distance z along the z-agxis. Then u satisfies the wave equation:

8u . u
8tz a2

{as long as time is measured in suitable units).
We are looking for solutions satisfying the boundary conditions u(0,t) =
u(m,t) = 0 We look again for simple solutions

u(z, ) = v(z)w(t)
and obtain the equations

v(z) = av(z)  v(z) =v(n) =0
w"(t) = av(t)

As in the previoius section, we see we only obtain a non-trivial solution if
a = —n? for n an integer. Then we obtain solutions

an sinntsinng and b, cos ntsinnz:

21



Again linearity gives solutions

o0

Z {(an sinnt + by, cos nt) sinnz

n=0
where we may in fact allow the sums to become infinite if a,, and b, tend to
zero sufficiently fast as n — oo.

To get a specific solution we must specify what happens at ¢t = 0. Sup-
pose that at ¢ = 0 the string is stationary with

=
I
I
H.
Vi
[SETEE

Then we require that

(18
§F
m
=}
=
8
I
——
=
ER
]
88
IV IA
[ ETEE

What about the a,?7 They seem to be arbitrary. The point is the motion
of the string depends not only on its initial position, but also on its initial
velocity. Using the fact that the string is stationary at ¢ = 0 we see that

=}

Z (nan cos nt — nb, sinnt) sinnz|i=p =0
n=1

Thus

00
E na, sinng = 0
n=1

 and so a, = 0 for all n. Thus

g~ (D" in(2m + 1
u(z,t) = mzzzo o om T cos(2m + 1)t sin(2m + 1)z
Notice the diﬁerénce: The equation

or  o*T

bt da?

22



has a unique solution in 0 < z < #,¢ > 0 if we specify T(0,1) = T(x,t}) =0
and we specifty T'(z,0). On the other hand, the equation

u  u

o2~ Ba?
has infinitely many solutions in 0 < z < 7,¢ > 0 if we specify u(0,t) =
u(m,t) = 0 and we specify u(z,0). In this case we may also specify %(:c, 0).
In general it is a subtle question what boundary conditions we can impose
for a PDE and still expect a solution or a unique solution.

‘Exercises

(1) Suppose that the boundary of a uniform copper disc is maintained at
a temperature T'(z,y) = zy. Find the temperature at the center of
the disc when the temperature over the disc is constant in time.

(2) A uniform metal square 0 < z < 7,0 < y < 7 has a temperature
distribution which is constant in time. If

<
T(0,y) =0 T(vr,y)={ r—y >

SEICERREELE S

' x T <
T(z,0) =0 T(:c_,vr):{ ez >

Find T'(x,y) over the whole square.

(3) A violin string fixed at z = 0 and £ =  is initially undisturbed. At
time ¢ = 0 it is then given a velocity

Ju T Tz <
55(13’0)_{ T~z T>

NEEIS

Describe the displacement u{z, t) of the string as a function of position
and time.

(4) Show that if f(y) and g(y) are any twice differentiable functions then
u(z,t) = flz+1t) + gz — 1)
satisfies
Pu _ o

8z T o2

23



If u(0,t) = u(nw,t) = 0, show that we must have

fly) = —gl-y)
fly + 2m) )
u(e,t) = flz+t)—f(t-a)

If further

du

show that f(y)+ f(—y) is constant and hence that f(y) = —f(-y). If

u(m0)={$. z s

T—T T2

[CIE T E

find f and hence find u{z, t).

(5) Solve the equation
o*T  8*T
— 4 —. =10
Oz? = Oy?
in0 <z <0< y<n, subject to

aT oT . .
'a—m(O,y) =0 E(W,y) = sin 2y

or oT
a—y(a:,l)) =0 —a—y(m,fr) =0

(6). Solve the equation
' 2T 8T

o+ 25 =0

dz2  oy?

in0 <z <m0 <y< 7, subject to

aT or .
5‘;(0,9) =0 '5;("7,3}) =siny

oT or, .
Eyn(:r,O)_ =0 %(m,ﬂ) =0

HINT: Apply Green’s theorem to (%, %%).
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