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You have two hours to take this midterm. Pace yourself by keeping track of how many problems you
have left to go and how much time remains. You don't have to answer the problems in any particular
order. So move on to another problem if you find you're stuck and that you are spending too much
time on one problem.

To receive full credit on a problem, you will need to justify your answers carefully - unsubstantiated
answers, even if correct, will receive little or no credit (except if the directions for that question
specifically say no justification is necessary, such as the True/False).

Please be sure to write neatly - illegible answers will also receive little or no credit.

If more space is needed, use the back of the previous page to continue your work. Be sure to make a
note of that so that the grader knows where to find your answers.

You are allowed one 3 by 5 inch file card with formulas on it during the test, but you are not allowed
to use any other notes, or calculators during this test.

Good luck! Focus and do well!



Question 1. (18 points total)

True or False (3 points each) No justification is necessary, simply circle T or F for each statement.

T F (a) If 4 is invertible then the number of rows of 4 must equal the rank of A.

T F (b) If 4 has a nonzero kernel, then A4 is not invertible.
. . ) . : : . [1 0
T F (c) Theonly 2 x 2 matrix 4 with 4° =1, is the identity matrix 0 1l

T F (d) LetA and B be two n x n matrices such that ker(B) C ker(4) . Then the matrix AB is not
invertible.

T F (e) If4is a5 x4 matrix of rank 4 then the kernel of 4 must be nonzero.

T F (f) Let 4 and B be two matrices such that the product AB is defined. If B has a column of
zeros, then 4B must also have a column of zeros.



Question 2 (15 points total)

0
Suppose that 4 = [

0 i ) .
and B = [O 1] are matrices for two linear transformations.

(a) (4 points) Briefly describe the two transformations given by 4 and B geometrically.

(b) (4 points) What are the ranks of 4 and B? Is either 4 or B invertible? If not, justify your answer, if
so then find its inverse.

(c) (4 points) Do A4 and B commute? Justify your answer by describing the transformations AB and
BA geometrically.

(d) (3 points) What is 4°*?



Question 3. (18 points total)

(a) (10 points) Find all solutions to the following homogeneous linear system (if there is more than
one solution, express the solutions in vector form, i.e. as a linear combination of column vectors).

2x, = x, +3x; +3x, =0
- 2x, +x;+4x, =0

10x, —=3x, +7x; +x, =0

(b) (3 points) Is it possible to give a nontrivial solution to the linear system in part (a) with
x; =x, =07? If so, write down one such solution, if not justify your answer



Question 3 continued

(c) (5 points) Find all values for a for which the following homogeneous linear system has nontrivial
solutions.

2x, +x;,=0
—ox, +x;, =0

(1-a’)x; =0



Question 4. (12 points total)

Suppose you know that the inverses of two 3 x 3 matrices, 4 and B, are given as follows:

I 0 2 1 2 3

A" =0 -3 1| and B =|0 4 0

2 -2 0 0 0 6
0
(a) (4 points) Find all solutions to Bx = -2
0

(b) (4 points) Find all solutions to A¥ = 0

(c) (4 points) Consider the transformation 7'(x) = (BA)x , where A4 and B are the same two matrices as

in parts (a) and (b). Find the matrix for the inverse transformation, 7' (¥)



Question 5. (15 points total)

Find examples of linear transformations that have the following features (i.e. write down a possible
matrix for each of the transformations):

(a) (3 points) Find an example of a transformation 7: * — * that has a nonzero kernel.
(b) (3 points) Find an example of a transformation 7: * — * that has image equal to the line
1
spanned by v = 3
4
(c) (3 points) Find an example of a transformation 7: *> — * that has a kernel equal to its domain.
(d) (3 points) Is it possible to find an example of a transformation 7: ° — * that has an image

equal to its codomain? If so, give an example, if not, explain why not.

(e) (3 points) Is it possible to find an example of a transformation 7: * — * sothat T° =1,. If so,
give an example, if not, explain why not.



Question 6. (12 points total)

1 1 0
(a) (8 points) Find all values of o for which the inverse of the matrix 4=|1 0 0| exists and write
1 2

(04

down the matrix for 47",

(b) (4 points) Suppose a is chosen to be equal to 1 (so that the matrix 4™ does in fact exist) then
2 00

calculate the matrix product | 4|0 2 04
0 0 2



Question 7. (10 points total)

Let 4 be an n x n invertible matrix and let B be an n x r matrix. Show that ker(A4B) = ker(B)
Hint: First show thatker(B) C ker(AB) by taking a vector in ker(B) and show that this vector must
also be in ker(AB). Then show that ker(AB) C ker(B)



