Bio/statistics handout 11:  Continuous probability functions


So far, we have only considered probability functions on finite sets and on the set of non-negative integers.  The task for this handout is to introduce probability functions on the whole real line, R, or on some subinterval in R such as the interval where 0 ≤ x ≤ 1.  Let me start with an example to motivate why such a definition is needed.

a)  An example  

Suppose that we have a parameter that we can vary in an experiment, say the concentration of sugar in an airtight, enclosed Petri dish with photosynthesizing bacteria.  Varying the initial sugar concentration, we measure the amount of, say oxygen produced after one day.  Let x denote the sugar concentration and y the amount of oxygen produced.  We run some large number, N, of versions of this experiment, with sugar concentrations x1, . . . , xN and measure corresponding oxygen concentrations, y1, …, yN.  

Suppose that we expect, on theoretical grounds, a relation of the form y = ax + b to hold.  In order to determine the constants c and d, we find the least squares fit to the data {(xj, yj)}1≤j≤N. 


Now, the differences, 

1 = y1 – ax1 – b,      2 = y2 – ax2 – b,   … etc,

(11.1)

between the actual measurements and the least squares measurements should not be ignored, because they might carry information.  Of course, you might expect them to be spread ‘randomly’ on either side of 0, but then what does it mean for a suite of real numbers to be random?   More generally, how can we decide if their distribution on the real line carries information?


By the way, the numbers in (11.1) can not be completely arbitrary since their sum is zero:  1 + 2 + ··· + N = 0.  This is a consequence of the least squares definition of the constants c and d.  To see how this comes about, remember that the least squares is defined by first introducing the matrix, A, with 2 columns and N rows whose j’th row is (xj, 1).  The constants c and d are then 
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where 
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  RN is the vector whose j’th entry is yj.  Granted (11.2), the vector 
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Now, save (11.3) for the moment, and note that if 
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(11.4)

In the case that 
[image: image11.wmf]  

r 

v 

 = 
[image: image12.wmf]  

r 

D 

, the top and bottom components in (11.4) are 

1x1 + ··· + NxN     and     1 + ··· + N  .

(11.5)

Now, let us return to (11.3) to see what AT
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 turns out to be.  For this purpose, multiply both sides by AT to find

AT
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Next, use the fact that ATA (ATA)1 is the identity matrix to conclude that AT
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 = 0.  Thus, both sums in (11.5) are zero, the right hand one in particular. 
b)  Continuous probability functions

A continuous probability function is a function, x  p(x), on some given interval, [a, b] ( R where -∞ ≤ a < b ≤ ∞.  We make two requirements on the function p:

· p(x) ≥ 0 for all x  [a, b].

· 
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The first constraint here forbids negative probabilities, and the second guarantees that there is probability 1 of finding x somewhere in the given interval [a, b].   If U ( [a, b] is any given subset, then you are supposed to interpret

(xU p(x)dx
(11.8)

as the probability of finding the point x in the subset U.  A continuous probability function is often called a ‘probability distribution’ since it signifies how probabilities are distributed over the relevant portion of the real line. 


Sometimes, people talk about the ‘cumulative distribution function’.  This function is the anti-derivative of p(x).  It is often denoted as P(x) and is defined by 

P(x) = 
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Thus, P(a) is zero, P(b) is one, and P´(x) = p(x).  In this regard, P(x) is the probability that p assigns to the interval [a, x].  It is the probability of finding a point that is less than the given point x.


By the way, any given continuous probability function can have a mean and standard deviation.  The mean, , is

 = 
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This is the ‘average’ value of x in the case that p(x) determines the meaning of average.  Meanwhile, the standard deviation, , has its square given by

2 = 
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Note that in the case that |a| or b is infinite, one must worry a bit about whether the integrals actually converge.  We won’t be studying examples in this course where this is an issue.


As in the case of the probability functions studied previously, the fixation on the mean and standard deviation is justified by the following version of theorem in Handout 9:

Theorem:  Suppose that x  p(x) is a probability function on the interval [a, b] where |a| or b can be finite or infinite.  Suppose now that R ≥ 1.  Then, the probability as defined by p(x) for the points x with |x-| ≥ R is no greater than (
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Note that this theorem holds for any p(x) as long as both  and  are defined.  Thus, the two numbers  and  give you enough information to estimate probabilities without knowing anything more about p(x).
c)  Examples  

Three examples appear regularly in the scientific literature.  

The uniform probabilities:  The simplest of the three is the uniform probability function on some finite interval.  Thus, a and b must be finite.  In this case, 

p(x) = 
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This probability function asserts that the probability of finding x in an interval of length L < b-a inside the interval [a, b] is equal to 
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Here is an example where this case can arise:  Suppose we postulate that bacteria in a petri dish can not sense the direction of the source of a particular substance.  We might then imagine that the orientation of the axis of the bacteria with respect to the x-y coordinate system in the plane of the petri dish should be ‘random’.  This is to say that the head end of a bacteria is pointed at some angle,   [0, 2π], and we expect that the particular angle for any given bacteria is ‘random’.  Should we have a lot of bacteria in our dish, this hypothesis implies that we must find that the percent of them with head pointed between angles 0 ≤  <  ≤ 2π is be equal to 
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The mean and standard deviation for the uniform probability function are

 = 
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In this regard, note that the mean is the midpoint of the interval [a, b] (are you surprised?).  

The Gaussian probabilities:  These are probability functions on the whole of R.  Any particular version is determined with the specification of two parameters,  and .  Here,  can be any real number, but  must be a positive real number.  The (, ) version the Gaussian probability function is

p(x) = 
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If you have a graphing calculator and graph this one for some numerical choices of  and , you will see that the graph is the famous ‘bell shaped’ curve, but centered at the point  and with the width of the bell given by . Infact,  is the mean of p and  is its standard deviation.  Thus, small  signifies that most of the probability is concentrated at points very close to .  Large  signifies that the probability is spread out. 


There is a theorem called the ‘Central Limit Theorem’ that explains why the Gaussian probability function appears as often as it does.  This is a fantastically important theorem that is discussed momentarily.  


The exponential probabilities:  These are defined on the half line [0, ∞).  There are various versions and the specification of any one version is determined by the choice of a positive real number, .  With  chosen,

p(x) = 
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This one arises in the following context:  Suppose that you are waiting for some particular ‘thing’ to happen and you know the following:

· On average, you will have to wait for  minutes.  
· The conditional probability that the thing occurred is at time t given that it has not happened at some previous t´ < t depends only on the elapsed time, t-t´.  
(11.16)

If 0 ≤ a < b ≤ ∞, you can ask for the probability that the thing occurs when a ≤ t < b.  This probability is given by integrating p(x) in (11.15) over the interval where a ≤ x < b.  Thus, it is e-z/ - eb/.  


The mean of the exponential is  and the standard deviation is also equal to .  

d)  The Central Limit Theorem:  Version 1
The Central Limit Theorem explains why the ‘bell shaped’ curve arises in so many different contexts.  Here is a typical situation:  You do the same experiment some large number of times, each time measuring some given quantity.  The result is a suite of N numbers, (x1, …, xN).  Suppose now that we look at the average of the N measurements,
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Even if the xk’s have only a finite set of possible values, the possible values of 
[image: image34.wmf]x 

 become ever larger as N  ∞.  The question one might ask is what is the probability of 
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 having any given value?  More to the point, what is the probability function for the possible values of 
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?  

To answer this question, the Central Limit Theorem supposes that there is some probability function, p, on the set of possible values for any given xk, and that it is the same for each k.  It is also assumed that the value measured in the k’th experiment is unaffected by the values that are measured for the other experiments.  The point of the central limit theorem is that the probability function for the possible values of 
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 depends only on the mean and standard deviation of that probability function p.  The detailed ups and downs of p are of no consequence, only its mean, , and standard deviation, .  Here is the theorem:

Central Limit Theorem:  Under the assumptions just stated, the probability that the value of 
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 is in some given interval [a, b] is well approximated by 
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where N = 
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.  This is to say that for very large N the probability function for the possible values of 
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 is very close to the Gaussian probability function with mean  and with standard deviation 
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Here is an examples:  Suppose a coin is flipped some N times.  For any given k  {1, 2, …, N}, let xk = 1 if the k’th flip is heads, and let xk = 0 if it is tails.  Let 
[image: image46.wmf]x 

 denote the average of these values, this as defined via (11.17).   Thus, 
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 can take any value in the set {0, 
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 are, for very large N, essentially determined by the Gaussian probability function.
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Here is a second example:  Suppose that N numbers are randomly chosen between 0 and 100 with uniform probability in each case.  This is to say that the probability function is that given in (11.130 using b = 100 and a = 0.  Let 
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 denote the average.  Then for very large N, the probabilities for the values of 
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 are essentially determined by the Gaussian probability function
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By the way, here is something to keep in mind about the Central Limit Theorem:  As N gets larger, the mean for the Guassian in (11.18) is unchanged, it is the same as that for the original probability function p that gives the probabilities for the possible values of any given measurement.  However, the standard deviation shrinks to zero in the limit that N  ∞ since it is obtained from the standard deviation, , of p as 
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 .  Thus, the odds of finding the average, 
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, some fixed distance from the mean  decreases to zero in the limit that N  ∞.  This can be phrased using the Chebychev inequality form Handout 9 as follows: 

Fix a real number, r, and let  N(r) denote the probability that the average, 
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However, for large N, the use of the explicit form of (11.18), one finds that the probability N(r) is much smaller than indicated in (11.21); for one can estimate the integral in the case a = +r, b = ∞ and in the caes a = -∞ and b = -r to be no greater than


[image: image66.wmf]2

p

 √N 
[image: image67.wmf]r

s

 
[image: image68.wmf]e

-

N

r

2

/

2

s

2

 .

(11.22)

To derive (11.22), I am using the following fact: 
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  when   > 0 and  r > √2 .
(11.23)

e)  The Central Limit Theorem:  Version 2

There is another, even more useful version of the Central Limit Theorem that has the version just given as a special case.  This more general version asserts that when a measurement is affected by lots of small, random perturbations, the probabilities for the values of the measurement are well approximated by those that are determined via a Gaussian probability function.  For example, consider measuring a certain quantity some large number of times, thus generating a sequence of numbers, {x1, . . ., xN}, where xk is the result of the k’th measurement. Consider the function 

fN(x) = fraction of measurements j with xj < x.
(11.24)

The possible values of fN(x) are {0, 
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,. . . , 1}.  We are interested in the large N version of this function.  What almost always happens is that as N gets large, the graph of fN(x) gets closer and closer to the graph of the cumulative distribution function for a Gaussian probability.  To be explicit, the following phenomena is usually observed:

As N  ∞, the graph of x  fN(x) approaches that of the function

x  
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(11.25)

Note that the  is the N  ∞ limit of the average, 
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There is a more general version of the Central Limit Theorem provides a mathematical explanation as to why this phenomena arises.   As the assumptions of this theorem are rather technical and the proof is not something we will cover, I just give you the following somewhat vague statement: 

Central Limit Theorem II:  Suppose that the variations of some measurement are due to a very large number of small perturbations.  If the probability of the value of any given perturbation is a function with mean zero, and if the collection of these probability functions are not unreasonable, then the probability for any given measurement is well approximated by a Gaussian probability function.

Note that this version does not assume that the probability function for any given sourse of perturbation is the same as that of any of the others.  The term ‘not unreasonable’ means that the sum of the squares of the standard deviations for the probability functions of the perturbations is finite, as is the sum of the average values of x4 for these probability functions.

f)  The two most important things to remember

The three most important things to remember here are the following:

· A Gaussian probability function offers a good approximation to reality when a measurement is affected by a very large number of small perturbations.

· The probabilities for the values of the average of some N measurements are determined to a very good approximation when N is very large by a Gaussian probability function 
of the form 
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 where  and  are independent of N.
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  when   > 0 and  r > √2 .

(11.26)

Indeed, the top two points tell you that Gaussian probability functions arise in most contexts, and the bottom point tells you how to estimate probabilities with a Gaussian probability function.

Exercises:

1. a)  Sketch a graph of the Gaussian probability function for the values  = 0 and  = 1, 

      2, 4, and 8.  

b)  Prove the inequality in (11.23) by the following sequence of arguments:

         i)  
Change variables of integration using the substitution y = x-.


   ii) 
Multiply the integrand by 1 = y2/y2 so as to write the integral as
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iii)
Note that the function s  s es has its maximum at s = 1.  Use this observation in the case that s = y2/22 to conclude that when y ≥ r ≥ √2 , then 
y2
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iv)
Use the preceding observation to conclude that the integral in ii) is smaller than
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     v)
Complete the job by evaluating the integral in iv).

2.  This exercise works with the exponential probability function in (11.15).  

      a)  Verify that the mean and standard deviations for p(x) in (11.15) are both equal to .

      b)  Use (11.15) to compute the probability that the desired event does not occur prior to 

time t´ > 0.

c)
Suppose t´, a and b are given with 0 < t´ < a < b.  Prove that the conditional probability that the time of the desired event is in the interval [a, b] given that the event time is not before t´ is given by 
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 (e(a-t´/ - e(b-t´)/ ).
3.  Consider the uniform probability function on the interval [0, π].  Compute the mean and 

standard deviation for the random variable x  sin(x).  In this regard, remember that when x  f(x) is a random variable, then its mean is f  ( f(x) p(x) dx, and the square of its standard deviation is ((f(x)-f)2 p(x) dx.  

4.  This problem concerns the example in Part a) above where we run N versions of an 

experiment with sugar concentration xk in the k’th experiment and measure the corresponding oxygen concentration yk.  We then do a least squares fit of the data to a line of the form y = ax + b.  Thus, a and b are the components of the vector that appears in (11.2).  Then j = yj – axj - b tells us how far yj is from the value predicted by the equation y = ax + b.  We saw that the average of these j’s is zero.  That is, the sum ∑j j = 0.  Suppose that we assume that the probability for any given j landing in any given interval U ( (-∞, ∞) is determined by a Gaussian probability function, thus equal to
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      Find formulae for  and  in terms of the quantities {j}1≤j≤N.
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