Bio/statistics handout 12:  Determinants


This handout is meant to provide some cultural background to the story told in the text book about determinants.  As the text explained, the determinant of a square matrix is non-zero if and only if the matrix is invertible.  The fact that the determinant signals invertibility is one of its prime uses.  The other is the geometric fact observed by the text that the absolute value of the determinant of the matrix is the factor by which the linear transformation expands or contracts n-dimensional volumes.  This handout considers an invertibility question of a biological sort, an application to a protein folding problem.

Recall that a protein molecule is a long chain of smaller molecules that are tied end to end.  Each of these smaller molecules can be any one of twenty so called amino acids.  This long chain appears in a cell folded up on itself in a complicated fashion.  In particular, its interactions with the other molecules in the cell are determined very much by the particular pattern of folding because any given fold will hide some amino acids on its inside while exhibiting others on the outside.  This said, one would like to be able to predict the fold pattern from knowledge of the amino acid that occupies each site along the chain.  

In all of this, keep in mind that the protein is constructed in the cell by a component known as a ‘ribosome’, and this construction puts the chain together starting from one end by sequentially adding amino acids.  As the chain is constructed, most of the growing chain sticks out of the ribosome.  If not stabilized by interactions with surrounding molecules in the cell, a given link in the chain will bend this way or that as soon as it exits the ribosome, and so the protein is curling and folding even as it is constructed.

To get some feeling for what is involved in predicting the behavior here, make the grossly simplifying assumption that each of the amino acids in a protein molecule of length N can bend in one of 2 ways, but that the probability of bending, say in the + direction for the n’th amino acid is influenced by the direction of bend of its nearest neighbors, the amino acids in sites n – 1 and n + 1.  One might expect something like this in as much as the amino acids have electrical charges on them and so feel an electric force from their neighbors.  As this force is grows weaker with distance, their nearest neighbors will affect them the most.  Of course, once the chain folds back on itself, a given amino acid might find itself very close to another that is actually some distance away as measured by walking along the chain.  

In any event, let us keep things very simple and suppose that the probability, pn(t), at time t of the n’th amino acid being in the + fold position evolves as 

pn(t+1) = a​n + An,n pn(t) + An,n-1 pn-1(t) + An,n+1 pn+1(t).

 (12.1)
Here, an is some fixed number between 0 and 1, and the numbers {an, An,n, An,n±1} are constrained so that

0 ≤ an + An,n x + An,n-1 y + An,n+1 z ≤ 1

(12.2)

for any choice between 0 and 1 for x, y and z with x+y+z ≤ 1.  This constraint is necessary to guarantee that pn(t+1) is between 0 and 1 if each of pn(t), pn+1(t) and pn-1(t) is between 0 and 1.  In this regard, let me remind you that pn(t+1) must be between 0 and 1 if it is the probability of something.  My convention here takes both A1,0 and AN,N+1 to be zero.  

As for the values of the other coefficients, I will suppose that knowledge of the amino acid type that occupies site n is enough to determine an and Ann, and that knowledge of the respective types that occupy sites n-1 and n+1 is enough to determine An,n-1 and An,n+1.  In this regard, I assume access to a talented biochemist. 

Granted these formulae, the N-component vector 
[image: image1.wmf](t) whose n’th component is pn(t) evolves according to the rule:  


[image: image2.wmf](t+1) = 
[image: image3.wmf] + A·
[image: image4.wmf](t)

(12.3)

where 
[image: image5.wmf] is that N-component vector whose n’th entry is an, and where A is that N  N matrix whose only non-zero entries are {An,n, An,n±1}1≤n≤N.  

We might now ask if there exists an equilibrium probability distribution, an N-component vector, 
[image: image6.wmf], with non-negative entries that obeys


[image: image7.wmf] = 
[image: image8.wmf] + A·
[image: image9.wmf]
(12.4)

If there is such a vector, then we might expect its entries to give us the probabilities for the bending directions of the various links in the chain for the protein.  From this, one might hope to compute the most likely fold pattern for the protein.


To analyze (12.4), let us rewrite it as the equation

(I – A)
[image: image10.wmf] = 
[image: image11.wmf] 

(12.5)

Where I here denotes the identity matrix; this the matrix with its only entries on the diagonal and with all of the latter equal to 1.  We know now that there is some solution, 

 EMBED Equation.DSMT36  


, when det(I – A) ≠ 0.  It is also unique in this case.  Indeed, were there two solutions, 

 EMBED Equation.DSMT36  


 and 

 EMBED Equation.DSMT36  


´, then 

(I – A)·(

 EMBED Equation.DSMT36  


 – 

 EMBED Equation.DSMT36  


´) = 0.  

(12.6)

This implies (I – A) has a kernel, which is forbidden when I – A is invertible.  Thus, to understand this version of the protein folding problem, we need to consider whether the matrix I – A is invertible.  As remarked at the outset, this is the case if and only if it has non-zero determinant.  


By the way, we must also confirm that the solution, 

 EMBED Equation.DSMT36  


, to (12.5) has its entries between 0 and 1 so as to use the entries as probabilities. 


In any event, to give an explicit example, consider the 3  3 case.  In this case, the matrix I – A is


[image: image12.wmf] .

(12.7)

Using the formulae from Chapter 6 of the text book, its determinant is found to be

(1-A11)(1-A22)(1-A33) – (1-A11)A23A32 – (1-A33)A12A21 .

(12.8)
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