Bio/statistics handout 16: Markov matrices and complex eigenvalues

Handout 14 analyzed Markov matrices in some detail, but left open the question as to whether such a matrix can have complex eigenvalues.  My purpose here is to explain that such can be the case, but even so, one can still say quite a lot.

a)  Complex eigenvalues

As it turns out, there are no 22 Markov matrices with complex eigenvalues.  You can argue using the following points:

· A matrix with real entries has an even number of distinct, complex eigenvalues since any given complex eigenvalue must be accompanied by its complex conjugate.
· There are at most 2 eigenvalues for a 22 matrix:  Either it has two real eigenvalues or one real eigenvalue with algebraic multiplicity 2, or two complex eigenvalues, one the complex conjugate of the other.

· The number 1 is always an eigenvalue of a Markov matrix.
On the otherhand, here is a 33 Markov matrix with complex eigenvalues:
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[image: image1.wmf]1

2

0

1

2

1

2

1

2

0

0

1

2

1

2

æ 

è 

ç 

ç 

ö 

ø 

÷ 

÷ 

  .

(15.1)
If you compute the characteristic polynomial, () = det(A-I), you will find that it is equal to

() = -(3 - 
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Ordinarily, I would be at a loss to factor a generic cubic polynomial, but in this case, I know that 1 is a root, so I know that 
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 divides () to give a quadratic polynomial.  In fact, I can do this division and I find that

() = - (-1)(2 - 
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The roots of the quadratic polynomial   2 - 
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 are roots of .  The roots of the quadratic polynomial can be found (using the usual formula) to be
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Now, you might complain that the matrix A here has some entries equal zero, and it would be more impressive to see an example where all entries of A are positive.  You can then consider the Markov matrix

A = 
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whose characteristic polynomial is –(3 - 
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).  The roots of the latter are 1 and 
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b)  The size of the complex eigenvalues

I demonstrated in Handout 14 that a Markov matrix with no zero entries has a single real eigenvalue equal to 1 and that all of its remaining real eigenvalues have absolute value less than 1.  An argument very much along the same lines will demonstrate that the absolute value of any complex eigenvalue of such a matrix is less than 1 also.  For example, the absolute value of the complex eigenvalues for the matrix in (15.5) is 
[image: image21.wmf]31

64

.

To see how this works in the general case, let’s again use A to denote our Markov matrix with all Ajk > 0.  If  is a complex eigenvalue for A, then it must be a complex eigenvalue for AT.  Let 
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 denote a corresponding complex eigenvector; thus AT
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.  In terms of components, this says that

A1kv1 + A2kv2 + ··· + Ankvn =  vk
(15.6)

for any k  {1, 2, …, n}. Taking absolute values of both sides in (15.6) finds the inequality

A1k|v1| + A2k|v2| + ··· + Ank|vn| ≥ || |vk|
(15.7)

Here, I have used two facts about absolute values:  First, the absolute value of  vk is the product of || and |vk|.  Indeed, if a and b are any two complex numbers, then |ab| = |a| |b| which you can see by writing both a and b in polar form.  Thus, write a = r ei  and b = s er with s and r non-negative.  Then ab = rs ei(+) and so the absolute value of ab is rs which is also |a| |b|.  Meanwhile, I used the fact that |a+b| ≤ |a| + |b| in an interated fashion to obtain

 |A1kv1 + A2kv2 + ··· + Ankvn|  ≤  Aik |v1| + |A2kv2 + ··· + Ankvn|  ≤

Aik |v1| + A2k|v2| + |A3kv3 +·· + Ankvn|  ≤ ··· ≤  A1k|v1| + A2k|v2| + ··· + Ank|vn| 

(15.8)

to deduce that the expression on the left side of (15.7) is no less than that on the right side.  By the way, the fact that |a+b| ≤ |a|+|b| holds for complex numbers is another way to say that the sum of the lengths of any two sides to a triangle is no less than the length of the third side.


Consider the inequality depicted in (15.7) in the case that k is chosen so that 

|vk| ≥ |vj|  for all j  {1, …, n}.

(15.9)

Thus, vk has the largest absolute value of any entry of 
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.  In this case, each |vj| that appears on the left side of (15.7) is no larger than |vk|, so the left hand side is even larger if each |vj| is replaced by |vk|.  This done, then (15.7) finds that

(A1k + A2k + ··· + Ank) |vk| ≥ || |vk| ,

(15.10)

Since A1k+A2k+···+Ank = 1, this last expression finds that |vk| ≥ |||vk| and so 1 ≥ ||.


Now, to see that || is actually less than 1, let us see what is required if every on of the inequlaities that were used to go from (15.6) to (15.7) and from (15.7) to (15.10) are equalities.  Indeed, if any one them is a strict inequality, then 1 > || is the result.  Lets work this task backwards:  To go from (15.7) to (15.10) with equality requires that each vj have the same norm as vk.  To go from (15.6) to (15.7), we used the ‘triangle inequality’ roughly n times, this the assertion that |a+b| ≤ |a| + |b| for any two complex numbers a and b.  Now this is an equality if and only if a = r b with r > 0; thus if and only if the triangle is degenerated to one where the a+b edge contains both the a and b edges as segments.  

In the cases at hand, this means that Ajkvj = r Akkvk for each j.  Thus, not only does each vj have the same norm as vk, each is a multiple of vk with that multiple being a positive real number.  This means that the multiple is 1.  Thus, the vector  
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 is a multiple of the vector whose entries are all equal to 1.  As we saw in Handout 14, this last vector is an eigenvector of A with eigenvalue 1 so if || = 1, then  = 1 and so isn’t complex.   
c)  Another Markov chain example

You may recall from a previous handout that the term ‘Markov chain’ refers to an unending sequence, {
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(2), … } of vectors that are obtained from 
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(0) by successive applications of a Markov matrix A.  Thus, 


[image: image31.wmf]  

r 

p 

(t) = A
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I gave an example from genetics of such a Markov chain in Handout 13.  What follows is a hypothetical example from biochemistry.


There is a molecule that is much like DNA that plays a fundamental role in cell biology, this denoted by RNA.  Where as DNA is composed of two strands intertwined as a double helix, a typical RNA molecule has just one long strand, usually folded in a complicated fashion, that is composed of standard segments linked end to end.  As with DNA, each segment can be one of four kinds, the ones that occur in RNA are denoted as A, T, C and U.  There are myriad cellular roles for RNA and the study of these is arguably one of the hottest items these days in cell biology.  In any event, imagine that as you are analyzing the constituent molecules in a cell, you come across a long strand of RNA and wonder if the sequence of segments, say ATACUA···, is ‘random’ or not.  


To study this question, you should know that a typical RNA strand is constructed by sequentially adding segments from one end.  Your talented biochemist friend has done some experiments and determined that in a test tube (in ‘vitro’ as they say), the probability of using one of A, T, C, or U for the t’th segment depends on which of A, C, T or U has been used for the (t-1)’st segment.  This is to say that if we label A as 1, T as 2, C as 3 and U as 4, then the probability, pj(t)) of seeing the segment of the kind labeled j  {1, 2, 3, 4} in the t’th segment is given by

pj(t) = Aj1 p1(t-1) + Aj2 p2(t-1) + Aj3 p3(t-1) + Aj4 p4(t-1)

(15.12)

where Ajk denotes the conditional probability of a given segment being of the kind labeled by j if the previous segment is of the kind labeled by k.  For example, if your biochemist friend finds no bias toward one or the other base, then one would expect that each Ajk has value 
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(t)  R4 to denote the vector whose k’th entry is pk(t), then the equation in (15.12) has the form of (15.11).  


Now, those of you with some biochemistry experience might argue that to analyze the molecules that comprise a cell, it is rather difficult to extract them without breakage.  Thus, if you find a strand of RNA, you may not be seeing the whole strand from start to finish and so the segment that you are labeling as t = 0 may not have been the starting segment when the strand was made in the cell.  Having said this, you would then question the utility of the ‘solution’, 
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(0) since there is no way to know 
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(0) if the strand has been broken.  Moreover, there is no way to see if the strand was broken.


As it turns out, this objection is a red herring of sorts because one of the virtues of a Markov chain is that the form of 
[image: image40.wmf]  

r 

p 

(t) is determined solely by 
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(t-1).  This has the following pleasant consequence:  Whether our starting segment is the original t = 0 segment, or some t = N > 0 segment makes no difference if we are looking at the subsequent segments.  To see why, let us suppose that the strand was broken at segment N and that what we are calling strand t was originally strand t + N.  Not knowing the strand was broken, our equation reads 
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(0).  Knowing the strand was broken, we must relabel and equate our original 
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(t+N) that is obtained from the starting vector, 
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(t+N) = At+N
[image: image48.wmf]  

r 

q 

(0).   


Even though our equation 
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(0) has the t’th power of A while the equation 
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(t+N) = At+N
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(0) has the (t+N)’th power, these two equations make the identical predictions.  To see that such is the case, note that the equation for 
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(t+N) can just as well be written as 
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d) The behavior as t ∞ of a Markov chain


Suppose that we have a Markov chain whose matrix A has all entries positive and has a basis of eigenvectors.  In this regard, we can allow complex eigenvectors.  Let us use 
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1 to denote the one eigenvector whose eigenvalue is 1, and let {
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n} denote the others.  We can then write our starting 
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where ck is real if 
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k has a real eigenvalue, but complex when 
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k has a complex eigenvalue.  With regards to the latter case, since our vector 
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(0) is real, the coefficients ck and ck´ must be complex conjugates of each other when the corresponding 
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I need to explain why 
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1 has the factor 1 in front.  This requires a bit of a digression:  As you may recall from Handout 14, the vector 
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1 can be assumed to have purely positive entries that sum to 1.  I am assuming that such is the case.  I also argued that the entries of any eigenvector with real eigenvalue less than 1 must sum to zero.   This must also be the case for any eigenvector with complex eigenvalue.  Indeed, to see why, suppose that 
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 is the eigenvector of AT with eigenvalue 1.  Note that the dot product of 
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 with any other vector is the sum of the other vector’s entries.  Keep this last point in mind.  Now, consider that the dot product of 
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Now, to return to the factor of 1 in front of 
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With (15.13) in hand, it then follows that any given t > 0 version of 
[image: image96.wmf]  

r 

p 

(t) is given by


[image: image97.wmf]  

r 

p 

(t) = 
[image: image98.wmf]  

r 

e 

1 + ∑2≤k≤n ck
[image: image99.wmf]  

r 

e 

k .

(15.14)

Since |t| = ||t and each  that appears in (15.14) has absolute value less than 1, we see that the large t versions of 
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This last fact demonstrates that as t increases along a Markov chain, there is less and less memory of the starting vector 
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(0).  It is sort of like the ageing process in humans:  As t  ∞, a Markov chain approaches a state of complete senility, a state with no memory of the past. 

Exercises:

1.   Any 2 2 Markov matrix has the generic form 
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 where a, b  [0, 1].  

Compute the characteristic polynomial of such a matrix and find expressions for its roots in terms of a and b.  In doing so, you will verify that it has only real roots.

2.   Let A denote the matrix in (15.1).  Find the eigenvectors for A and compute 
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      and limt∞ 
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.  Finally, write 
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      a linear combination of the eigenvectors for A.

3.  Repeat Problem 2 using for A the matrix in (15.5).
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