Bio/statistics Handout 2:  Linear transformations


My purpose in this handout is to give some examples of linear transformations that arise when thinking about probability as applied to problems in biology.  


As you should remember from the text book, a linear transformation on Rn can be viewed as the effect of multiplying vectors by a given matrix.  If A is the matrix and v is any given vector, the transformation has the form v  Av, where Av is the vector with components

(Av)j = ∑k Ajk vk .

(2.1)

· A protein molecule is made by attaching certain small molecules end to end.  The small molecules are amino acids, and there are 20 that commonly appear.  The amino acids that comprise a given protein can number in the thousands.  The amino acids are numbered from one end.  It is often the case that the protein found in one individual differs from that in another because the 10’th or 127’th or 535’th amino acids from the start of the chain differ in the two versions.  Some such substitutions drastically affect the protein function, others are benign.

Suppose that the 127’th amino acid along a protein molecule can vary amongst a certain subset of 5 amino acids without effecting the protein’s function.  Let pi(t) denote the probability that amino acid i  {1,. . ., 5} occurs as the 127’th amino acid.  A mutation in the coding gene going from generation t to t+1 can change the coding so that the offspring has amino acid j ≠ i in the 127’th position.  There is some probability Aji for this to happen.  (This number may depends on i and j.  The point is that the genetic code for an amino acid is 3 letters long, and so changing from amino acid i to j has the highest probability if only one letter separates their corresponding codes.)  Thus, pi(t) = ∑j Aij pj(t-1).  The vector p with entries pi is changed via p  Ap after each generation.

· The long string of amino acids that comprise a protein does not appear in a cell as a straight string.  Rather, the string is folded back on itself in a very complicated manner.  The geometry of the folding helps determine the activity of the protein.  A simple model has the folding occuring due to the fact that the angles of attachment of one amino acid to the next can vary.  If the protein has n amino acids, and each can bond to its neighbor at some D possible angles, then there are N = nD possible configurations for the protein to fold into.  Let i  {1, . . . , N} denote the i’th configuration.  
The protein configuration is rarely static.  Rather, the protein fluctuates from one to the next over time.  This fluctation is due to a combination of effects, some classical (such as collisions between other molecules) and some quantum mechanical. 

In any event, if i and j both label configurations, there is some probability, Pij, of the protein being in configuration j at time t and configuration i at time t+1.  Those of you with some chemical background may recall that thermodynamical considerations put Pij = e-(E(i)-E(j)), where E(·) is the free energy of the configuration, and  is some temperature dependent constant.  

In any event, let vj(t) denote the probability that protein is in configuration i at time t.  Then, vi(t) = ∑j Pij vj(t-1).  Thus, the vector v(t) in RN is obtained from v(t-1) by the action of the linear transformation whose matrix has components Pij.  
