6. A2 = 0.8 £ (0.6)i 50 [\i] = (do] = V0.64+0.36 = 1 and 0 is not a stable equilibrivm.
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| V% 30k ' Lo
"16. M2 = w $0 |2 4+ +/1+ 30k| must be less than 10. Ay are real if k 2 =35 In this case it'is

10
21
required that 2 + /1 + 30k 30k < 10 and —10 < 2 — /T ¥ 30k, which means that \/1 + 30k <Bork < — o

A2 are complex if k < —--(—). Here it is required that 4 + (—1 — 30k) < 100 or k > -§6. Overall, (s
9 21
; a stable equlhbnum 1f 30 <k< 1o

7 _ {

: . ,. 3
20.-A19 =4 £ 3i,r = 5,¢ = arctan (71) 22 0.64, 50 A = 5(c0s(0.64) + sin(0.64)), [ 7] = [0 1] ’ [a} -

[3] w0 =5 [ 0080 e

Spirals outwards (rotation-dilation).
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28. Not stable, since if A is an eigenvalue of A, then (A~ 2) is an eigenvalue of (A-2L)and A-2] > 1
P g 1 .

4

3B a TE) =AF+b=Fif7- AF = bor (I, — A)T = b. ‘
I, — A'is invertible since 1 is not an eigenvalue of A. Therefore, # = (I, ~ 4)~} b is the only solution.

b. Let §(t) = &(t) — ¥ be the deviation of r(t) from the equilibrium .
Then #{t + 1) -—-x(f+l)-—v—Aa(f)+b~—lz_A(J(t )+ ¥) +b—F= Ay(f)+Az;+g—— T = AJ(t),
8o that §(t) = A'(0), or F(t) = T+ A'(# — 7).
hm F(t) = ¥ for all & if hm At(d% — #) = 0. This is the case if the modulus of all the eigenvalues

of A is less than 1.

42. a. x(t+ 1) = z(t) — ky(t)
41 1 -k )
y(t+ 1) = ke(t) + ylt) = ka(t) + (1 = K2)y(2) s0 [%LH [k L ] H;ﬂ

b. faA) =X = (2-k)A+1=0
The discriminant is (2 — £°)2 ~ 4 = ~4k? + &' = k*(k? — 4), which is negative if k is a small positive

number (k < 2). Therefore, the eigenvalues are complex. By Fact 7.6.4 the traj jectory wxll be an
llipse, since det(A) = 1.
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8. ——1-— [3] , —1—- [ ;] is an orthonormal eigenbasis, with A; = 4 and g = —6,80 S = —-—\/T_a {1 3]

1| is an orthonormal eigenbasis, with A = 3, Ay = =3, and A3 = 2, 50

3 00
and D= {0 -3 0Of.
) 0 0 2
9

2 1

1 e L 1 R,
== 1 isin Eg and oy = ¢ | =2 is in Ey.
VB o 31 2
2 -
Let Ty = th x th = —4 |; then @, Ty, # is an orthonormal eigenbasis.
3V5 | _5

16. a. ker(A) is four-dimensional i iplici
ey e , 80 that the eigenvalue 0 has ‘multxphcny 4. and the remaining eigenvalue

b. B = A+ 2I, so that the eigenvalues are 2, 2, 2, 2, 7.

¢. det(B) = 2* -7 = 112 (product of eigenvalues)

. o A w8 1 i T
20. By Exercise 19, there is an orthonormal basis 71,. .., #, of R” such that T(#), ..., T(%,) are orthogonal.
i ee oy e vy ee L |
Suppose that T'(%,), .. ., T'(#.) are nonzero and T'(#,..1), ..., T(7,) are zero. Then let ; = mT(ﬁ)
. Y,
ori=1.... . 6 0 s 16, i sthan {1 " T i i
fori=1,...,r and choose an orthonormal basis @1, ..., W, of [span(dy, ... . @,)]*. Then iy, ..., i,

does the job,

m
24. Note that A is symmetric and orthogonal, so that the eigenvalues are 1 and ~1 (see Exercise 23).

1 0 1 0
— 0 1 _— 0 1
E, = span ol |1 and E_, = span 0 1l e that
1 0 -1 0
1 0 1 0
1 ]0 1 ]1 1 0 1 1. . .
—= y = ) — = is an orthonormal eigenbasis,
yANRARRARIEAE
1 0 -1
e —

v
0(n — 1 zeros), since
AT = 5oTT = §(f - §) = 7, (since - ¥ = 1) and At = FoT @ = §(F- #;) = 0 (since & % = 0).

1 0 -+ 0

00 --- 0
Therefore we can let § = R, and D =

00 0

30. The columns &, @, ..., Or of R form an orthogonal eigenbasis for A = ¢ 5T, with eigenvalues 1,0,0,....

an eigenvector with eigenvalue )\, then M = AT = A%¢ = 3?7, so that A = A? snd therefore

X=0 or A= 1. Since A is symmetric, Ey and E, are orthogonal complements, so that A represents

the orthogonal projection onto E).

P T Y Y s b TUPTUTIU \ R URP S



14. a. z(t) = ¢" 27, by Fact 9.1.1 A

T 1 1 ,
If T is the halflife, then e~ 570 = - Or — e = In (é) or T = —8270In (;‘;) = 5732,
The half-life is about 5732 years.

¢ t .
b. We want to find ¢ such that e %50 = | — 0.47 = 0.53 or ~—— = In(0.53) or ¢t = ~8270 In{0.53) ~

5250. The Iceman died about 5000 years before A.D. 1991, or about 3000 B.C. The Austrian expert
was wrong. .

" ’ " df 3 l“‘: g '.;f,“,ﬂrxw.l“"; R e o
22. We are told that <L = 43, and == Ad Let #(t) = 7,(1) + B(0). Then &2 - S 4%

«
AZ; = A(# + &) = A7, as claimed, , bt
. i )
23 We are told that =) = Az, Let 2(¢) = kz, (¢). Then {% = %(ka‘:‘; ) =

d
k—i—l = kAZ) = A(kf)) = AF,
as claimed.

R dF . . d¢  d d dE
24. W old = = AE. Let &(t) = eti(y o = (eMF) = [ ekt ) gy medE
4. We are told that pr AZ. Let &(t) = e Z(t). Then 7 (lt(e F) (dte ‘) x+e“‘dt = kekE 4+

AT = (A + kL) (e¥E) = (A + kI,)E, as claimed.

- nE—

A e, o e

- 1 5 o 1 -3 5 1
28. A =2, Ay = 10; ¥y = [ gJ, Uy = [é]; = —8 Cy = g so that Z(t) = "é‘ezt[ 2} + gewt [2}

40. Z(t) = e [g

We want a 2 x 2 matrix 4 with eigenvalues Ay = 2 and A2 = 3 and associated eigenvectors ¥ =

=13 tharic a2 31 T4 9 =4 9][2 3] _[4 9][-14 3
8‘“d’”’“[4}’th““5‘4[3 4]“[6 12} ‘”A“[e 12} {3 4J "[6 12” 3 ~2}
_[11 -6
T2 -6

44. a. The two species are in symbiosis: Ea

ch is helped by the other (consider the terms 4y and 2z).

]

. . . 12 1
¢. Both populations will prosper and }1{2) % =3 regardless of the initial populations.
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