5 -20 -2 7

12. Use Fact 2.3.5; the inverse is 0 -1 0 o0
~2 6 1 2
03 0 1

20. Solving for r,, L2, and x3 in terms of Y1y, aud ¥y we find that
Ty o= ~8U1 - lr)yz -+ 122}.’{

Ty = 4y + bys ~ Sy,

Ly =2 =P = Yo + Uy

30. Use Fact 2.3.3:

0 1 & -1 0 ¢] 71 1 0 -¢
-1 0 efzerl 0 1 b 0 1 b
b me O] TV b~ Q) ~b ¢ 0} +b(I)+c(I)

This matrix is noninvertible, regarless of the values of b and c.

. 1 [—-1 -k 1 k
oy s T X6 [ S X e == .
© 38 Use Fact 2.3.6, A = - [ 0 1} [O 1:\ (= A4)

40. If you apply an elementary row operation to a matrix with two equal columns, then the resulting matrix
will also have two equal columns. Therefore, rref(A) has two equal columns, so that rref(A) # 1,. Now

use Fact 2.3.3.

41, a. Invertible: the transformation is its own inverse.

b. Not invertible: the equation T'(F) = b has infinitely many solutions if b is on the plane, and none

otherwise.

c. Invertible: The inverse is dilation by & (that is, a contraction by 5). If § = 5%, then & = {g}'

d. Invertible: The inverse is a rotation about the same axis through the same angle in the opposite

direction. M

| 1 0 -1 -2
4 a refAf)- 10 1 2 3 ‘
44, a. rref(M,) = 0 0 o gl 0that rank(A) =2,
00 o0 o
b. To simplify the notation, we introduce the row vectors @ = (11... landw=[0n2n ... (n — )n} j:
1 4 1
27+ | —2(1)

with n components. Then we can write M, in terms of its rows as M, =

nG+ 1@ | —n(I)

¥+
. . ‘ -}
Applying the Gauss-Jordan algorithm to the first column we get -2
~(n - 1)@

All the rows below the second are scalar multiples of the second; therefore, rank(A1,) = 2.

c. By part (b), the matrix M, is invertible only ifn=1orn=2,




92 9 -2 -2 -2 0 123
9 2], BC =[14 8 2], BD=1[6], C? = 4 I =21, CD=1|3{.DB=11 9
10 4 -2 6 1 2 3

~
oM

. EB =510 15], E? = [25]

Ly O

-

28 4= [2 (1)} is one such matrix.

33. By Fact 1.3.3, there is a nonzero 7 such that BF = ( and therefore ABF = 0, By Fact 2.3.4b, the 3 x 3
matrix AR is not invertible, -

- - T e———

1 1 b

5. We need o find all matrices X = | ¢ b | such that | bif1 2 = L . a b , or
c dj _ ¢ d 3 s

0 0 3jjc d
a 2043b]  [a+2 by 2(1}
¢ 204 3(!} L 3 3dd
The condition ¢ = 3¢ implies that ¢ = 0. There is one other constraint: 20 +3b = b+ 2, ord =g + b,
iy . . a b .
This means that X must be of the form X = {O - b}’ where a and b are arbitrary.
“r

— _—_ T

56. Performing a sequence of p elementary row operations on a matrix 4 amounts to multiplying A
with £\ E; .. E, from the left, where the £ are elementary matrices. If [, = £ Ey oA, then
EiEs. . E, = A"}, so that
a. FYEy. . E.AB = B, and

b, EEs ... E},I,, = AL



-

1 Y
3 i3
7. 2. 1 =3R+4G+ éB, so that the matrix is P = 1 -1 0
L. =R- G _% __% 1
S = iR~ %G + B -
R R [1 0 0
b. | G| is transformed into | ¢ swithmatrix A= {0 1 0
B 0 [0 0 0o
i o300
¢. This matrix is PA = I =1 0/ (we apply first A, then P)
4 1o
d. p .
/ /
/'W
N ! I
o\ "
5
A\\ Q 2
~N\T
i -3
A “diagram chase” shows that A = PAP'=| ¢ 1 g].
-1 0 :xi
80. a. The formula [7{‘:] . (1 :;:?k L +11:1z;£fLR] I:;l] is given, which implies that

v=(1-Rk)x+ (L+ R~ kLRym.
In order for ¥ to be independent of z it is required that 1
% then equals R, which is the distance between the pl
incoming rays focus at » point; thus the term “focal

Rk =0, ork =}

i = 40 (diopters),
ane of the lens and the plane on which pamlléi
length” for 1. ‘

b.

b=

Now we want ¥ t0 be independent of the slope m (it must depend on x alone). In view of the formu
L+ R

=0, 0r k= 2.0

1
¢, this is the case j -k TR T =04 =~ 433 (diopters).
above, this is the case if L+R-kLR IR B - 7 10 + 3 13.3 (diopter ,

¢.” Here the transformation is

yi_[ 1t 0o]l1 p 1 o]fa] 1~ kD D ﬂ
nj “-k; 1 0 1 ‘-kvx 1 mi klng - k; - 135'_) 1 kz[) ’

1/ i
We want the slope n of the outgoing rays to depend on the slope

. ]C; - /i‘g
not on z; this forces k, baD — ky — ky = 0,00, D= LT 72

m of the incoming rays alone, and
1 . .
+ =, the sum of the foeal lengtht
15311.?2 1\‘; /;) g

of the two lenses,

L l
; : b :
Y P——
ok E
' 3
+

K

weepreamew
<
JEO MR



2. Find all ¥ such that AF = {):

3 R . ¥
2 30 1 %0 s that [I}]m{_}

. : Zy i
6 9 0 0 0 0

Setting t = 2 we find kel'(.4) = span ["“g} )

1
20. Since the three column vectors of A are parallel, we have im(A) = span | 1 , & line in R3,
1
7
32, By Fact 3.1.3, A = | 6| does the Jjob. There are many other correct answers: any nonzero 3 x n matrix
5
7
A whose column vectors are scalar multiples of | 6
5
T
33. The plane is the kernel of the linear transformation T | y | = z + 2y + 32 from R? to R,
z

34. To describe a subset of R as a kernel means to describe it as an intersection of planes (think about
it). By inspection, the given line is the intersection of the planes

T+ y =0 and

2z + 2 =0,
z .
This means that the line is the kernel of the linear transformation T | y | = [ 27' +i} from R? to R2.
0 1 0 0 0 1 ‘ 0 0 0
37.4=10 0 11, A=10 0 0f, A=10 0 0/, sothat
0 0 0 0 0 0 0 0 0
ker(A) = span(é)), ker(A?) = span(é}, &), ker(4%) = LR", and
im(A) = span(éy, &), im(A42?) = span(é;), in(A3) = {0}.

44. a. Yes; by construction of the echelon forin, the systems AT = § and BF = 0 have the same solutions
(it is the whole point of Gaussian elimination not to change the solutions of a system).

b. Nojasa counterexample, consider 4 = [ (1) 8] » with im(A) = span(&,), but B = rref(A) = [ (1) 8]
with im(B) = span(é)).

' i g . A2 e AS( A
50. From Exercise 38 we know that ker(A?%) ¢ ker(4%). Conversely, if & is m(}kﬁer(.f-‘.lf). then Ai.z.. = A (A.iig
0, so that AZ is in ker(4%) = ker(A4%), which implies that A%(AF) = A% = 0, that is, & is in ker(43).
We have shown that ker(A%) = ker(A1).

T AN . ) 4 X
54. a. If no error occurred, then @ = ¢ = M§, and Hi = H N(f\«[ 1:) =z 01 Py I_J‘xe:m:,; :r:}b
If an error occurred in the ith compouent, r.hém W= T+ & = M+ €, so that

I i) + Heé; =ith ¢ f H.
HE = H(M#) + HE; =.ith column o ‘ o S
Since the(coln)rrms of H are all different, this method allows us to find out where an error occurre

1
b. Hi = |1
0

y HY LA ant of 7.
= seventh column of H: an error occurred in the seventh component o

Therefore § = W + & = and 7 =

- = O




