6. = arceos

ey oy

V10V

2 1.700 (radians) ‘

14. The horizontal components of Fy and F> are ~ji ] sin 3 and | 3]l sin @, respectively (the horizontal
component of Fy is zero).
Since the system is at rest, the horizontal components must add up to 0, so that —{ Fjsin 3 +
HP Wl _ sin o

|Fallsina = 0 or ]gﬁ; | sin 3 = iifzﬂ sine or

Al

To find é‘:f-g note that BEA = ED tana and EB = EDtan3 so that

l]_@_ii ¢os 4

| Fyf cosa
was mistaken.

. Since a and 3 are two distinct acute angles, it follows that

|Fl ~ sind’

EA i
FB  tan8  sind coso
EA | IF)

T # =22 5o that Leonardo
557 jhy

tana  sina cosf

i | .

26. The two given vectors spanning the subspace are orthogonal, but they are not unit vectors: both have
length 7. To obtain an orthonormal basis #;, T of the subspace, we divide by 7

2 3
n=1130 m==x|-6
16 T2
['49
Now we can use Fact 5.1.6, with &= | 49 |:
| 49
(2 3 19
projy-& = () - &) + (fp - H)Fa =113 | — | 6| = 39 1.
6 2 64

28. Since the three given vectors in the subspace are orthogonal, we have the orthonormal basis

1 1 1
U O | 1] ., _1}1-1
‘1="2' 1 d&-—i _1 ,v:4~§ -1
1 -1 | 1

3

. o ” - I, 1 1

Now we can use Fact 5.1.6, with & = & : proju& = (# - )T + (- B)i + (T3 - E)ls = 71-1

1

29. By the Pythagorean theorem (Fact 5.1.8),
(&R = 761 — 302 + 203 + By ~ T
= 7@ + 135 I + 1250 + 1Ed? + 15 )°
=494+9+4+1+1

=64 sothat T =8

0.2 . .
36. Let &= z and j= | 03]. It is required that - 17_—:0.2a+0.3b+0.5c = 76. Our goal is t0
' 0.5
¢

Y
+ c*. The Cauchy-Schwarz inequality (sqx;a.red) tells us that (£ - §)° £

[minimize quantity ¥ - £ = ot + b e e
2 2 L ket > . Quantity @ & is
IEI2F12, or 767 < (a? + B + ¢*)(0.2° +0.32+0.5%) or @+ b+ 2 535 Osz; y

a
768 P = = | 0.3k | for some positive
. 2. 0 5 e when = {b| =0 or s p
minimal when A+ +ct= 038" This is the case . 0.5k

k + (0.5)2k = 0.38k = 76, so that

. : ; 5e = (0.2)%k + (0.3)’
constant k. It is required that 0.2a + 0.3b + 0.5¢ = (0.2) ( )hours or the first exam, 60 hours

= 200. Thus a = 40,b = 60,¢ = 100: The student must study 40
for the second, and 100 hours for the third.




38. Since % and @ are unit vectors, the condition #, - & = || ||| %] cos(a) = cos(a) == % implies that &,
— LAY — -
and 7 enclose an angle of 60° ( = -5) The vectors #) and & enclose an angle of 60° as well,

In the case n = 2 there are two possible scenarios: either @ = #, or @ and #3 enclose an angle of 120°.
Therefore, either & - ¥ = 1 or % - = cos(120°) = —1,

In the case n = 3, the vectors #; and @ could enclose any angle between 0° (if 7, = #3) and 120°, as
illustrated in the figure below. We have —~1 <@, - % < 1.

on this circl)e,. \,
0 0 ( {«i ) cos @
For example, consider 7, = (l) , Ty = 123 , Ty = ( }T‘) sin®
1
2 1 _
3

Note that @ - 7 = (§)sinf + } could be anything between ~} (when sin@ = ~1) and 1 (when sin ¢ =
1), as claimed.

If n exceeds three, we can cousider the orthogonal projection & of ¥ onto the plane E spanned by @,
and '1?2'

Since projg, @ = (7 - W)#) = §¥, and since @} < [53]] = 1, (by Fact 5.1.9), the tip of & will be on the
line segment sketched below. Note that « is between 0° and 120°, so that cosc is between ~; and 1.
Therefore, ¥ - 3 = @ - =[] cos e is between —} and 1. »

This implies that /(#, ¥3) is between 0° and 120" as well. To see that all these values are attained, add
(n — 3) zeros to the three vectors @), i, Th in R? given above.

114 3
4. Wy =< | 0] and Wy = ~ 0| as in Exercise 3.
5 5
3 —4
A - : Csd Eed 1 e
Since #y is orthogonal to Wy and W, w3 = mvg m | -1
o 0
1
, 1 . 1T
4. = ety =T
14. vy “91“ 10 i
-
-1
B (@ -R)wm _ 1|0
i SO AR St
w2 length V2 %}

s O

By — (B By — (B T
wy = length

H"‘
-




In Exercises 15-28, we will use the results of Exercises 1-14 (note that Exercise k, where k = 1,. .., 14,
gives the QR factorization of Exercise (k + 14)). We can set Q = [} ... @y,]; the entries of R are

= %
To2 = ||‘l72 - (1131 "52)1131 ll
33 = [T — (W - Ty)wby —~ (W - Ty)ia||

T = ﬂ}‘,‘ . ’l-,":,', where i < ]

R
-1 ~1
32 Abasisoftheplaneis i = | 1|, =] 0
0 1

Now apply the Gram-Schmidt process.

R
Wy 5= o Uy = o
AR -
P SR
length V6 9
Your solution may be different if you start with a different basis . ¥ of the plane. ;
: 10 -1 =2 ——
34. rref(A) = [0 1 9 3]
1 2
. o ~21 . -3
A basis of ker(A) is T; = 1 B= ol
0 1
We apply the Gram-Schmidt process and obtain
1 2
R SR U B2 _ B = (w1 | -1
o= Hf)’;“tl RV RS Rk length ... 30 | -4
0 3
. (Y 0
; E
40. If 6,..., ¥, are the columns of A, then Q = [ H%"ER ”) ﬁ] and R = . .
1 ' § .
0 )
(See Exercise 38 as an example.)
e
1 0
8. a. No! As a counterexample, consider A = |0 1] (see Exercise 4).
0o

b. Yest More generally, if A and Baren xn matrices such that BA = I,,, then AB = I,, by Fact 2.4.9¢.

r w_//—’

¥

10. Since the first two colurnnus are orthogonal to the third, we have ¢.= d = 0. Then ;{.] is an ortho-

cos(¢) — sin(g)
gonal 2 x 2 matrix; By Exercise 9, the 3 »x 3 matrix A is either of the form A = 0 0 1

sin{¢)  cos(¢)

<

o

cos(¢) sin(¢) 0
or A= 0 0 1

sin(¢) —cos(¢) 0

14. By Fact 5.3.9a, (AT4)T = AT(ATY = ATA.’ ) p ;
The matrix AAT is symmetric as well: (AATYT = (A1) AT = AA°.



0 a b
18. a. The general form of a skew-symmetric 3 x 3 matrix is A = [wa 0 c} , With

- -b —c 0
-q* - b ~be ac
2 . 2 : . .
A? = b ~a*-¢*  —ab |, asymmetric matrix.
ac ~ah —b* - o?

b. By Fact 5.3.9.a, (4%)7 = (AT)? = (—A)? = A2, s0 that A? is symmetric.

19. By Fact 5.3.10, the matrix of the projection is #57; the ijth entry of this matrix is v;u;.

i
0.5 -0.1
20. An orthonormal basis of W is Wy = 8? y Wy = g; (see Exercise 5.2 9)
5 -0, (se sreise 5.2.9).
0.5 0.1

By Fact 5.3.10, the matrix of the projection ento W is AAY, where 4 = ['u'il zb'g].
2% 18 32 24 '
A 1|18 T 24 32
100 132 -24 74 18
24 32 18 26

100 o0
o : .01 0 0
40. Us 't 4.3.3, wi he
0. Using Fact 4.3.3, we find the matrix 001 ol
0 00 -1

L -BT ¢ -DT) _[A+C -BT-D'] [A4+C ~(B+DT] . f the required
"B AT|T|D T T|B+D AT+CT|T|B+D (A+C)r] 'S O therequie
form.

A BT kA ~kBT (kA —(kB)T] . :
k[B AT] = [kB kAT] = kB EkA;T] is of the required form.

P —q -1 =8
q D 8 T
r -8 p q
K T —q p
Thus dim(H) = 4; use the strategy outlined on Page 155 to construct a basis.

¢. The general element of H is M = , with four arbitrary constants, r,s,p, and g.

d A ~BT‘ ¢ -~-DT| [AC-BTD -ADT-BTCT _AC— BT‘D —(BC + ATD)T;
"B AY||D CT| T |BC+ATD -BDT+ATCT|T |BC+ATD (AC —~ BTD)!
is of the required form.
Note that A, B, C, D, and their transposes are rotation-dilation matrices, so that they all commute.
A -pr)" AT BT ). . ,
e. [ B ATJ = [ “B (. 4T)T] is of the required form.

f. Note that the columns %y, %, ¥, % or M are orthogonal, and they all have length /2° + ¢* + 2+ 52,
Now M*M is the 4 x 4 matrix whose ijth entry is # - 7}, s0 that MTM = (p? + ¢% + r? + s?)I,.

. 1 '
g HM#O0, thenk=p"+¢*+ 2+ 5% >0, and (E M T) M = I, so that M is invertible, with
1 o~
—— V ¢
p’l + q'l + 72 + 32
By parts b and e, M is in H as well.

M=

0 -1 00 00 -1 0
1 0 00 00 0 -1

! = E: = £+ L .

h. No! 4 0o 0 0 1 and B 10 0 0 do not commute (AB BA)
0 0 -1 0 01 0 0




