10. a. If £ is an arbitrary solution of the system AZ = b, let ), = projy&, where V = ker(A4), and ) =
£ — projiZ. Note that b = AT = A(Z) + 3)) = AZ), + ATy = AZy, since Ty is in ker(A).

b. If ¥, and &, are two solutions of the system AF = 5, both from (kerA)*, then #; — %, is in the
subspace (kerA)! as well. Also, A(Z) — zo) AT —

ATy = b—b= 0. so that #, — Iy is in ker(A).
By Fact 5.4.2¢, it follows that F; — &, =

0, or &) = &, as claimed.

¢. Write ) = &), + &o as in part a; note that &) is orthogonal to ;. The claim now follows from the
Pythagorean Theorem (Fact 5.1.8).
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20. Using Fact 54.7, we find £* = [g] and b— AF* = [ 1].\

-
1 -
Note that b — AF* is perpendicular to the two columns of A.

. 3 - =
22. Using Fact 5.4.7, we ﬁnd T = [_2] and b — AT = 0. This system is in fact consistent and #* is the

exact solution; the error ||b — A%*| is 0.

30. We attempt to solve the system
cg+0c =0 10 . 0
co+0c=1,orl1 O [c]= 11].
co+la=1 1 1) ™ 1

This system cannot be solved exactly; the least-squares solution is [

-]

] . The line that fits the

S £
Wl BOh—

data points best is f*(¢) = 3 + 3t.

¢©. 1 a.n

e =t + g

The line goes through the point (1, 1) and “splits the difference” between (0, 0) and (0, 1).

a

36. We want {b such that
c

27 _
a + bsin (——28) + ccos (?3—6—528) =10
2 —2177> =12
:—3@77) + ccos (365
2 1

2 _
a + bsin (—"— 24) + ccos (3-675120 =14

365

a + bsin ( "5 168) + cc9s (3-6;168)
1 sin(528)  cos(3%28) 10

a Y -
y T Av-1 AT] o
1 sin(Z77)  cos(3577) and B = ii we compute [b} ~ (ATA) AT ~
Using A=1, Gn(2x124) cos(35124) e :

15
1 sin(25168) cos (3%168)
12.25 on
{ 0. 394] and f*(t) =12.25+0. 394 sin (Eé—st) —2.726 cos (365 )

a + bsin

—2.726



cy ﬁ_j—
We want | ¢; | such that

38.
C2 _

110=¢cg+2¢c; + & 1 21 llg

180 = ¢y + 12¢; + Oco 1 12 0 co 1‘8

120=co+5¢,+c2 or {1 5 1 al = 1zg

160 = ¢y + 11 + & 1 11 1 C2 1(?0

160 = ¢ + 6¢1 + 0cp 1 6 0 16
al’ 125

The least-squares solutionis | ¢; | = 5 |, so that w* = 125 + 5h — 25¢. -
2 —25

For a general population, we expect ¢y and c; to be positive, since ¢y gives the weight of a 5’ male, and

increased height should contribute positively to the weight. We expect ¢, to be negative, since females
tend to be lighter than males of equal height.

41

40.

First we look for [ :3(1) } such that log D = ¢y + ¢; log a.

Proceeding as in Exercise 39. w el ~ 10 .
g as in Exercise 39, t&e get [Cx] e [1.5 » L.e. log D~ 1.5loga, hence D ~ 10!50ga _ als
Note that the formula D = ald is Kepler’s third law of planetary motion.

P I-(h-l




52. The pattern containing all the 1000’s has 4 inversions so it contributes (1000)* = 10 to the value
of the determinant. There are 5! — 1 = 119 other patterns; the product associated with each of these
patterns is less than 1000% - 9% < 10'!. Therefore we can say that det(A) > 0.

6.2
0 2101
00 2 0 2
4.det {0 5 3 9 9| =-324
07401
3 95 4 8 -
-
14. This determinant is 0, since the first row is twice the last. S e

15. If a square matrix A has two equal columns, then its columns are linearly dependent, hence 4 is not
invertible, and det(A) = 0.

1 1 1
6. a. f(t)=det | a b t|=(ab’—a’h)+ (a®~b%)t+ (b-a)t?so f(t)is a quadratic function of ¢.
a? g

The coeflicient of ¢2 is (b - a).

b. In the cases t = a and # = b the matrix has two identical columns; compare with Exercise 15. It
follows that f(t) = k(t - a)(t — b) with k = coefficient of £ = (b — a).

¢. The matrix is invertible for the values of t for which f(t) # 0, i.e., for t # a,¢ # b

26. By Exercise 25, det(A’ A) = [det(A4)]2. Since A is orthogonal, A”A = I, so that
1 = det(1,) = det (AT A) = |det(A)}? and det{A4) = +1.

34. a. Dl = 2,D2 = 3, D;g = 4,D4 =5

b. D, = 2D, .y — D, ., (expand along the first column to see this)

¢. D, =n+1 (by induction)

-

37. Expand along the first column, realizing that all but the first contribution is zero, since the other
minors will have two equal rows. Therefore, det(P,) = det(P,.1).
Since det(P;) = 1 we can conclude that det(F,) = 1, for all n.
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7. We know A7 = A so (M, — A)F = A, & - .
, : n = A)F = AL, ¥ — A¥ = A7 — A7 = 0 so a nonzero vector i is i
(M, = A) so ker(Al, — A) # {0} and AL, — A is not invertible, or if is in the kernel of

8. We want all [a, b} such that [a AT a S
c d bl oallel = 5 0 hence el = [ 0], i.e. the desired matrices must

have th
we the forin [O al

v« 2D g g " ’ " “ N
-3 v g *
2“ (AIIIV nonzero vector a,l()n the €3-ax1s 18 uUN( h(ln Pd, henC? 18 an G‘lgellve(,tOl “1th elgellvdlu( 1 140 OthI

-»
-

24.

P

31 _ 115, 1] _ {10} . 3 1) _[16 10} _
34. We\mntA.suc.hthatA{l]—- 5] andA[2]-—[20],l.e.A[1 2]—[ 5 20],50

Ao (1 10 3117 _[ 4 3
=ls 2|1 2] T[{-2 u}

w . 0978 -0.006][-1] _ [-0.99 - 7
36. o [ : : } [ J _ [ _ 1 0.978 -0.006][ 3 2.94
0004 0992]| 2 rog| =09 o ad 500 0.992] [—1] = [—0.98] =

3| e
098] L The eigenvalues are A\ = 0.99 and A, = 0.98.

b, 3o = [“] = [mg =20 ‘;] +40 [_3 so &(t) = 20(0.99)" [';] +40(0.98)' [_ﬂ hence

zo ]

g(t) = —20(0.99)" + 120(0.98)¢ and h(t) = 40(0.99)" — 40(0.98)".

h

_'So-.

8

h(t) first rises, then falls back to zero. g(t) falls a little below zero, then goes back up to zero.

c. We set g(f) = —20(0.99)" + 120(0.98)" = 0.
Solving for t we get that g(t) = 0 for t = 176 minutes. (After t = 176, g(t) < 0).

38. a. We are given that

n(t + 1) = 2a(t)
a(t+1) =n(t) + a(t),

. 0 2
sothatthematnxst: e

- B - el (- D

1 11
. 2 il
—1 are the eigenvalues associated with [1] and {_1] respectively.

= m s %o = & H +% [_ﬂ and E(t) = %2‘ H + %(—1)‘ {_ﬂ (by

. v L] hul
c. We are given To = [%] = 3

1 2 _ 1 ¢ l 1t
Fact 7.1.3), hence n(t) = 32’ + 5(—1)‘ and a(t) = 32 3( 1.

and



