1

; o eigenbasis

0 [
0 a b 0 |
Bir A\, = 1. ) = ki : ¢ 0
! ) Ey=Rer 10 U ¢f = ker 0 0 11 s0i
S0 if a = 0 then E) is 9-din i
' 0 o 115 2-dimensional, ise i
L-dimensional, 000 e
A=k I ~a -p
2= 2, By ==ker | ¢ I ¢ s0 B i i i
" | 80 L 18 l-dimensions
0 0 0 mensional,

i)

there is an eigenbasis if q = (),

26. Note that f4(0) = det(0f — A) == det(~ A4) = (~1)%det(A) = det(A) is negative. Since ,\lim Fa(A) = 20,
b
there must be a positive root, hy the Intermediate

Value Theorem (see Exercise 2.2.47¢). Therefore,
the matrix A has a positive eigenvalue. ‘

A

WF\/V A

T

' he tor matrices have different trdbes (se0 Fact 7:38.0)

36. No, since the two matrices have different ¢ (see Fac -
A = (=1 det(A) = — 1 » e Value

B e i Ja= e o D ‘t))\) n(mst) have(a)positi‘.'e root Ag, by the Intermediate Value

Si i E the pOlle()lﬂ‘l&l f A
nee h"l"'fA()\) o . Stive eive ,’vllll ] A .
Ilh(‘(), P'\In;l. I ther words, the matrix A will have a [)()bltl\(, (:l?_,(:fl\t no(’l F 91’0 e etor
P‘ (3] i;" llv.(} l;\()OW: ill be 1 hy Fact 7.1 2.T his means that there 15 & >

i 1 e L, act 7.1.2. 1Z€ 18

Ngen lue 1 :

A= 1T =T, a8 claimed.

Since A is orthogonal, thig
in R* such that

[0

/A0=l A




44. a. gy = 0.7 means that only 70% of the pollutant present in Lake Silvaplana at a given time is still
there o week later; some i§ carried down to Lake Sils by the river Inn, and some is absorbed or
evaporates.

The other diagonal entries can be interpreted analogously. a2, = 0.1 means that 10% of the pollutant
present in Lake Silvaplana at any given time can be found in Lake Sils a week later, carried down
by the river Inn. The significance of the coefficient azp = 0.2 is analogous; az; = 0 means that no
pollutant is carried down from Lake Silvaplana to Lake St. Moritz in just one week.

The matrix is lower triangular since no pollutant is carried from Lake Sils to Lake Silvaplana, for
example (the river Inn flows the other way). t

0 0 1
b. The eigenvalues of A are 0.8, 0.6, 0.7 with corresponding eigenvectors |0, | - 1} ) [ 1 } .
1 -1 -2

100 0 0 1 0 ' 0
#(0) = [ 0 } = 100 [o] ~100{ 1] +100[ 1] so #(t) = 100(0.8)t [o} «100(0.6)‘[ 1} oy
0 1 -1 -2 1 -1
1

100(0.7)' { 1} or
-2
21(t) = 100(0.7)!

22(t) = 100(0.7)! — 100(0.6)*

z3(t) = 100(0.8)" + 100(0.6)¢ — 200(0.7)
fy
x (0

x40

X0

Using calculus, we find that the function 23(t) = 100(0.7)* — 100(0.6) reaches its maximum at -~~~
t = 2.33. Keep in mind, however, that our model holds for integer t only.

e B

(1) i 0 ‘
47. a. If Z(t) = | p(t) |, then &(t + 1) = AZ(t) with A = 1 4
w(t) !

The eigenvalues of 4 are 0, %, 1 with eigenvectors s

1

2.
oo ot oyl A
PRI kiR

b. Ast — oo the ratio is 1 : 2 : 1 (since the first term of Z(t) drops out).
48 n Wa ara tadd shas—"""1)

1
2
;
0
1
-2
1

|
00 e
[ A

by
Since #(0) = | 0| = i
0



. ' - P . ) ”1 ‘
12. Diagonalizable. The eigenvalues are 2,1,1, with associated eigenvectors Oj s l'l} , [ 01. If we let
1

0 0
1 0 -1 2 00
S=1{0 1 0. thenS'AS=D= [0 1 0
00 1 0 0 1

F 2] [17 [o
0 0 11.1f we let

16. Diagonalizable. The eigenvalues are 3,2,1, with associated eigenvectors

1 1 0
210 300
S=10 0 1],then S'AS=D= 10 2 0
1 1 0 00 1 -
-
0 0 a
30. First we observe that all the eigenspaces of 4= {1 0 3| are one-dimensional, regardless of the
0 1
1 0 =
value of a, since rref(Aly; — A) is of the form |0 1 # | forall A. Thus A is diagonalizable if and only
0 0 «
if there are three distinct real eigenvalues. The characteristic polynomial of 4 is AY « 3A — a. Thus
the eigenvalues of A are the solutions of the equation A~ 8) = g. See the accompanying graph of the
function f{A) = A* — 3; using calculus, we find the local maximum f(~1} = 2 and the local minimum
F(1) = —2. To count the distinct eigenvalues of A, we have to examine how many times the horizontal

line y = ¢ intersects the graph of f(A). The answer is three if fa] < 2, two if a = 2, and one if la] > 2.
Thus A is diagonaiizable if and only if ja] < 2, that is, -2 <a < 2.

fi3g b 3 \j
4 —~2 . . N 2 1 If we
32. The eigenvalues of A = 1 1 are 3 and 2, with associated eigenvectors 1 and L we et,

2 1 1 |30
Sz[l 1],then3 AS»D~[0 2},'1‘11\15

Iy o] 1 -1]_[2e) -2 2o
A=SDS" and Af”SD,'S'J:B 1”0 2’”4 2]:[(3*)..? o)

. 2 0 2 1
38. No. As a counterexample, consider A = [0 2} and B = [0 2]'

54. Note that A% =0, but B* # 0. Since A? fails to be similar to BY, matrix A isn’t similar to B (se

Example 7 of Section 3.4).

58, Let B; = A = N lni note that By and By commute for any two indices ¢ aud j. If 47 is an c:igelwecmr of
A with eigenvalue );, then Biit =0 and B1 B2 ... Bi... Bt =By... BB BB = 0, Since A
is diagonalizable, any vector # in B" can be written as a linear combination of eigenvectors, so that

BB ... B, =0 and therefore BiBy... B, =0, as claimed.



3. If z = r{cos ¢ + isin ), then 2" = r*(cos(ng) + isin(ng)).

L. ¥ S— .
2% = 1if r = 1,cos(ng) = 1,sin(ne) = 0 so n¢ = 2k for an integer k, and o = 2k

msmsts

. 2kn 2k n
L€, 2 2 QOB | e y i ;
(os( " —)+1sm(-———-n )!k‘h”—o‘wl\Qg---,n’”"l.

L3

; ‘o 5 o g - 1
6. If we have z = r(cos ¢ + 4 sin @) then -~ must have the property that z . 1 =1 = cos) +isin0
. . s : &
~t=landarglz--) =ar e (LY e L 1 .
J targ ( z) arg(z) + arg (;) =0 s0 P ;(ccs(*(») + i sin(—-g}) =

ie fz]-

Licoso —isi since cosine i even < . 1.
r( n o) (since cosine is even, sine odd). Hence = I8 a real scalar multiple of 3
. .

t: '
)
i
1
~ [}
Ca
]
J- \“,
z L 57

24, fa(A) = A8 =30 4+ TA =580 A\ =1, A3 = 1 £ 24, (See Exercise 11.)

™o
<

CFaAY = A 1= (R - DA+ = (A= DA+ DA - i)(A +14) 50 M2 =1 and Ay = i

26. fa(A) = (N =22+ 2N =20 = (A2 =22+ 2)(A =2 = 0,50 Ao = 1 2, Ay =2, Xy = 0,

n -
30. a. The ith entry of A% is Za,kn so that the sum of all the entries of AT is

Rl
- 7 7" n n n " n .
3 SUPES 3 SRS o] § o FE) 3R
i) k=1 k=l =l kel \ sl k)

1

b. As we do some computer experiments, A' appears to approach a matrix with identical columns,
with column sum 1. Let 7,45, . .., &, be an eigenbasis with Ap = 1 and M\l < 1for j=2,...,n. For

a fived i, write & = T + Caffy -+ -+ + €T, s0 that (ith column of A = A€ = ¢ + [ Abth +
- SRR cnki‘ﬁn}'

(The term in square brackets goes to zero as t goes to infinity.)
Therefore, clim (ith column of A') = (lim (AE) = 1Ty,
b w2
Furthermore, the entries of A& add up to 1, for all #. by part a. Therefore, the same is true for the
limit (since the limit of a sum is the swn of the limits).
It follows that ’lim(A' ) exists and has identical columns, with column sum 1, as claimed.
)

<« #



RN

[ a(t) 0.6a(t) -+ 0.1m(t) + 0.55(t) 0.6 01 05
3204 FB = |mit)| = [020)+0.Tmt)+0.1s(t) | so A= |02 07 01}.
s(2) 0.2a(t) + 0.2m(t) + 0.45(t) 02 02 04

Note that A is a regular transition matrix.

b. By Exercise 30, tlim(A‘ ) = [t# 1], where ¥ is the unique eigenvector of A with eigenvalue 1 and
RS &3 i

0.4
colmmn sum 1. We find that 7 = | 0.35

0.25

Now lmx F(t) = hm(A'ao) = (lun 4‘) Fy = [T ¥]&, = 7, since the compongpts of &g add up to 1
The market shares approdch 40%, 35%;, and 25%, respectively, regardless of*the initial shares.

0 010 0100
0 0 01 0 010 4 12k _ ok
38. a. Cf 100 0 ,Cf = 00 0 1 ,C} = I, then C;** = CY.
0100 1 000
The diagram below illustrates how Cy acts on the basis vectors €5
"'/‘\\
(?« 2
z, 53)
\__/
3
3
b. The eigenvalues are A, = 1, Ap = —1, A3 = 1, and Ay = —1, and for each eigenvalue A, % = )“; is
1

an associated eigenvector.



