Answers to the Math 21b Bio/statistics section 2004 exam

1.  a)
Eigenvalues are 1 = 5 and 2 = -2.  Corresponding eigenvectors are:  

       

[image: image1.wmf]1 = 
[image: image2.wmf], 
[image: image3.wmf]2 =  
[image: image4.wmf].

     b)

[image: image5.wmf](m) = 5m 
[image: image6.wmf]

 EMBED Equation.DSMT36  [image: image7.wmf] - (-2)m 
[image: image8.wmf]

 EMBED Equation.DSMT36  [image: image9.wmf].

     c) 

[image: image10.wmf](t) = e5t 
[image: image11.wmf]

 EMBED Equation.DSMT36  [image: image12.wmf] - e-2t 
[image: image13.wmf]

 EMBED Equation.DSMT36  [image: image14.wmf].

2.  Write the desired matrix as 
[image: image15.wmf].  Since the eigenvalues are  and -, this matrix 

      must have zero trace.  Thus, d = -a.  Also, using what we know about the 

      eigenvectors, we find that  3a+b = 3, 3c – a = , a – b = -, c+a = .  This implies 

      that a = c, b = 3c, and  = 2c.  Thus, any matrix of the form  c
[image: image16.wmf] 

      with c ≠ 0 fits the bill. 
3.   The answer is b).  Here is why:  The generic line has the form y = ax + b.  To find a    

       and b, introduce the   
[image: image17.wmf] = 
[image: image18.wmf] given by  
[image: image19.wmf] = (ATA)-1AT
[image: image20.wmf] where 
[image: image21.wmf] = 
[image: image22.wmf] and 

      A = 
[image: image23.wmf].  Now, ATy = 
[image: image24.wmf] and ATA = 
[image: image25.wmf] so (ATA)-1 = 
[image: image26.wmf]

 EMBED Equation.DSMT36  [image: image27.wmf].  Thus, 

       
[image: image28.wmf] = 
[image: image29.wmf]

 EMBED Equation.DSMT36  [image: image30.wmf].  This gives line (b).

4.  a)
I measure the a particular quantity in N different versions of the same experimental set up.  These I denote by (x1, …, xN).  My theoretical explanation for the data predicts that a measurement of the sort I am making has mean value  and standard deviation .  Thus, the theory plus the Central Limit Theorem predicts that the probability for the average, y, of N measurements is governed by the Gaussian probability function with mean  and standard deviation N.  For example, it predicts that the probability for N measurements to have distance from  greater than or equal to r  | - 
[image: image31.wmf]∑1≤k≤N xk| is approximately equal to

2
[image: image32.wmf]
[image: image33.wmf] 
[image: image34.wmf]
.

I can use this last integral to compute the P-value of the mean for my data under the assumption that the theory is correct and thus test the theory. 

      b)
I notice that on average, a person shows up at my office door every 5 minutes.  I 

also notice that the probability of a person showing up at time t given that no one has appeared between t and an earlier time t´ depends only on t – t´.  I would then use the exponential probability p(t) = 5 e-5t to find the probability of there being t minutes between people showing up at my door. 
      c)
My theory predicts that a certain measurement in a certain experimental set-up has probability 
[image: image35.wmf] for taking values greater than 1.  I set up 100 identical experiments and measure this quantity in each.  I can use the binomial probability function to predict that the number, n, of the set-ups where the measurement has value greater than 1 is 
[image: image36.wmf]

 EMBED Equation.DSMT36  [image: image37.wmf]n(
[image: image38.wmf])100-n.

      d)
On average, the Harvard Health Service sees 10 cases of mono per year.  In 2004, there were 20 cases.  I can test the assumption that these cases are unrelated by using the Poisson probability function, (n) = 10n 
[image: image39.wmf] e-10 to compute the P-value of n = 20.  If this P-value is less than 0.05, then the assumption that the cases are unrelated to each other is probably incorrect.
5.  a)
This is e-4.

     b)
The answer is 4q3(1-q).  

6.  a) 
The mean for f(x) = x2 is 
[image: image40.wmf]

 EMBED Equation.DSMT36  [image: image41.wmf]x2dx = 
[image: image42.wmf]r2.  The standard deviation is

the square root of  
[image: image43.wmf]

 EMBED Equation.DSMT36  [image: image44.wmf]x4dx – (
[image: image45.wmf]r2)2.  Thus, 
[image: image46.wmf]r2.

b)
The probability that x2 has value between a and b is the probability that x is either between a1/2 and b1/2 or between –b1/2 and –a1/2.  Both of these probabilities are 
[image: image47.wmf](b1/2-a1/2) and so their sum is 
[image: image48.wmf](b1/2-a1/2).

7.    Let S denote the sample space whose points consist of N-tuples (x1,…, xN) where 

each xk is between –2 and 2.  We can consider the random variable f: S  R that 

whose value on any given (x1, …, xN) is f = 
[image: image49.wmf]xk2 .  We are asked to estimate the 

probability that f is greater than 1.  To do so, you should use the Central Limit Theorem.  To apply the Central Limit theorem, note that in the case at hand, the random variable f on SN is the average of N random variables, these all defined as functions on [-2, 2], and independent of each other.  Any one of these N is the random variable on the interval [-2, 2] that assigns to x the function x2.  Let  denote the mean of the random variable x  x2, and let  denote the standard deviation of this random variable.  Thus

 = 
[image: image50.wmf]
[image: image51.wmf]x2 dx = 
[image: image52.wmf]   and    2 = 
[image: image53.wmf]
[image: image54.wmf](x2)2 dx – (
[image: image55.wmf])2 = 
[image: image56.wmf]. 

Granted this, the Central Limit theorem says the probability that f is greater than 1 is approximately equal to 

[image: image57.wmf](
[image: image58.wmf])1/2 
[image: image59.wmf].

8.   a)
F.  Consider, for example, the 22 diagonal matrix with different entries.

      b)  
F.  Here is why:  Since det(A) = det(S-1AS) and det(-A) = -det(A), the desired 

condition would require det(A) to vanish.  Thus, A would not be invertible.

c)
F.  The condition A = SBS-1 requires that A and B also have the same eigenvalues.

      d)
F.  All that is required is that one column of A be a linear combination of the remaining columns.

      e)
F.  Consider the matrix that gives the linear map from R3 to R5 that sends the domain to the 3-dimensional subspace where the coordinates x4 and x5 are zero.

      f)
T.  To see this, note that it has an even number of complex eigenvalues, and if it had four, they would come in complex conjugate pairs.  Thus, their product would be a product of two positive numbers and so positive.

      g)
T.  This is because the transpose of the product AB is BTAT for any square matrices A and B.

      h)
F.  To see this, consider A = 
[image: image60.wmf].

      i)
T.  The eigenvalues of A2 are the squares of those of A.

      j)
F.  Consider, for example, when A is a non-orthogonal,but invertible matrix and B is A1. 

_1175171090.unknown

_1175171590.unknown

_1175243806.unknown

_1175244557.unknown

_1175244601.unknown

_1175245018.unknown

_1175245047.unknown

_1175245255.unknown

_1175244834.unknown

_1175244569.unknown

_1175243958.unknown

_1175244473.unknown

_1175243929.unknown

_1175243637.unknown

_1175243714.unknown

_1175243715.unknown

_1175243667.unknown

_1175243567.unknown

_1175171248.unknown

_1175171476.unknown

_1175171544.unknown

_1175171375.unknown

_1175171128.unknown

_1175171183.unknown

_1175171163.unknown

_1175171164.unknown

_1175171103.unknown

_1175164909.unknown

_1175165460.unknown

_1175166226.unknown

_1175166522.unknown

_1175169963.unknown

_1175165503.unknown

_1175165520.unknown

_1175165380.unknown

_1175165449.unknown

_1175165292.unknown

_1175164551.unknown

_1175164661.unknown

_1175164833.unknown

_1175164632.unknown

_1175164333.unknown

_1175164373.unknown

_1145607798.unknown

_1175163903.unknown

_1175164168.unknown

_1175164153.unknown

_1145506888.unknown

