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‘Problem 1) TF questions (20 points) No justifications are needed.

Any 88 x 77 matrix A has exactly 88 columns.

If a system of equations Az = b has infinitely many solutions, then A has a
non-trivial kernel.

Given a basis B = {v1,v2} of a 2-dimensional space V', then {v; — vg, v} is
a basisin V.

For any two invertible 2 x 2 matrices A and B we have (AB)™? = A=2B~2,
(The notation A=2 means (A71)2))

If V is a subspace of R? and W is the orthogonal complement of V', then
dim(V') + dim(W) = 3.

If A is a matrix for which A% = 0, then A? must be the zero matrix.

If a matrix A satisfies A2 = 0 and v is in the image of A then v is in the
kernel of A.

The set of smooth functions satisfying f”(0)f(0) = 0 is a linear space.
If A is a 3x5 matrix then the equation Az = 0 has infinitely many solutions.
If A is a non-zero 1 x 4 matrix then Ax = 3 has at least one solution.

The projection from the plane V' = R? onto the line z = y in V is invertible.

If a matrix A has rank 4, then for any invertible matrix B, the matrix AB
has rank 4.

If A and B are invertible 2 x 2 matrices, then A% + B2 is invertible.

Given two 2 x 2 reflection matrices A, B then (AB)™! = BA.

If A, B are 2 x 2 matrices and A? = B2 then A= B or A = —B.

Given a 4 x 4 matrix A, then the kernel of A% contains the kernel of A.

If Ais a3 x 3 matrix and A is invertible, then rref(A) is invertible.

There exists a 3 X 3 matrix A such that A%°*® = J; and A is not equal to I5.

If A is a vertical shear and B is a horizontal shear then AB is a rotation.

If A and B are invertible 2 x 2 matrices and BAB™!' = I,, then A = I,.
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‘Problem 2) (10 points) No justifications are needed.

In all sub problems a-d), each mismatch is one point off until all points are depleted.

a) (3 points) Decide in each case whether the matrix is in row reduced echelon form.

Matrix is row reduced | is not row reduced
1 010
01 00
00 01
00 0O
0010
1 000
01 00
00 0O
1 10 4
0 011
00 0O
00 0O

b) (2 points) Mark the linear spaces. Remember that C* denotes the set of smooth functions

on the real line.

Check if linear space | Space

The set of polynomials f(x) = a + bz + c2? in P, with a > 0,0 > 0,¢ >0

The set of functions f in C* for which f'(1) + f(2) =0.

The set of 2 x 2 matrices

a b
c d

for which a? + b* = 0.

¢) (3 points) Check all the boxes which apply:

Matrix S

S is invertible

S is a rotation | B = {Sey, Seq, Ses} is a basis.

0 10
-1 0 0
0 01

o = O
—_ o O

0

OO Rk OK

0

1/2 1/2
1/2 1/2

-1 0
0 0
0 -1

0
-1
0

d) (2 points) Match the transformation type: A: rotation dilation, B: reflection dilation,
C: shear dilation, D: projection dilation

Fill A-D

Matrix
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4 4
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Problem 3) (10 points) No justifications are necessary.

“An apple a day keeps the doctor away” is a com-
mon English-language proverb of Welsh origin. Match
the pictures with the transformations. For the grading:
each mismatch takes 2 points off until all 10 points are

depleted.




Problem 4) (10 points)

Consider the system of equations

T+ 21’2 + 3I3 + 4ZE4 = 10
T+ 2172 + 3%3 = 6
xr1 + 2272 = 3.

a) (2 points) Give the matrix A and the vector b such that this system reads as Az = b. Also
write down the augmented matrix.

b) (5 points) Find all the solutions to the system Az = b.

¢) (3 points) Is there a vector ¢ so that the system Ax = ¢ has no solution? If yes, find one.

Problem 5) (10 points)

Let us perform some matrix algebra with the Harvard and Yale matrices

H: 7Y:

— = =
S = O
— = =
o O =

0
1
1

o O =

a) (3 points) Compute the Harvard-Yale commutation
matrix HY — YH. (Your computation shows that
Harvard and Yale do not commute).

b) (3 points) To figure out which institution is more
important, compute H? and Y?2. Which of the two
squares has the largest entry?

1
c) (2 points) Compute H | 2 [.  Then compute
1
1
Y| 2
1

1
d) (2 points) What is H? | 2 [? Do you see the pat-
1

tern? What is H°

—_ N =
2



Problem 6) (10 points)

In a desperate attempt to find the philosopher’s
stone, we take a block from the periodic system of ele-

ments and row reduce it.

5 6
13 14
A= |31 32
49 50
81 &2

a) (2 points) As you will see,

7
15
33
o1
83

8 9 10
16 17 18
34 35 36
52 53 54
84 85 86

the rank of A is 2. What

can you tell about the nullity of A?

b) (4 points) Find a basis for the kernel of A.

¢) (4 points) Find a basis for the image of A.

1 2
H He
3 4 516 |7 8 9 [ 10
Li | Be BIC|N 0 | F [Ne
1|12 13|14 (15 | 16| 17 | 18
Na | Mg AlSi|P S | C|Ar
1920 (21 (22| 23|24 |25 | 26|27 | 28 | 29 | 30 | 31| 32 [33 | 34 | 35 | 36
K lCa|sSc|Ti |V |C [MnfFe| Co|Ni |[Cu|Zn| Ga|Ge|As | Se | Br | Kr
3738394041 [42 [a3 | 44 [ 45|46 [ 47 | 48 [ 490 [ 50 | 51 | 52| 53 | 54
Rb | Sr | Y | Zr | Nb|Mo|Tc | Ru| Rh|Pd Cd | In [ Sn|Sb | Te | I |Xe
55|56 | 5772|7374 |75 | 76 | 77 |78 | 79 [ 80 | 81 | 82 |83 | 84 [ 85 | 86
Cs|Ba|-71|Hf |[Ta |W |Re | Os | Ir Pt | Au | H T |Pb|Bi | Po| At |Rn
87 [ 88 | 89 [104]105| 106 107 [ 108 109110 | 111 112 (113 | 114 | 115 116 117 | 118
Fr | Ra |-103[ Rf | Db| Sg | Bh | Hs | Mt ]| Ds | Rg | Cn | Nh | FI |[Mec| Lv [ Ts | Og

57|58 |59 |60 |61 62|63 |64|65|66| 67| 6869|7071

la |Ce | Pr |[Nd|Pm|Sm|Fu |Gd | Tb | Dy | Ho| Er [Tm | Yb | Lu

89 |90 | 91|92 |93|94|95 96 |97 | 98| 99 |100(101 102|103

Ac|Th |Pa| U | Np|[Pu Am|Cm | Bk | Cf | Es | Fm| Md| No | Lr

[Eknown in antiquity

[Jatso known when (akwi) Lavoisier published his st of elements (1769)  [_] also known (ak) up to 2000
[Jakw Mendeleey published his periodic table (1869)

[Jakw Deming published his periodic table (1923)

[[] akw Seaborg published his periadic table (1945)

ko202

Problem 7) (10 points)

a) (4 points) In order to build a chandelier in 4-
dimensional space, we find a basis of the linear space
W consisting of all vectors perpendicular to the vector

2
4
)
6

/9.

Note that this is a vector of length 1.

b) (3 points) Find a basis of the space V of vectors

perpendicular to W.

c¢) (3 points) Define the 4 x 1 matrix ) containing the
unit vector v as a column vector. We know that A =
QQT is a projection matrix onto the space spanned by

v. Find A.

Problem 8) (10 points)




Shuri designed a protective suit for her brother T’Challa,
king of Wakanda. The suit transforms a force vector = to a
momentum vector Az. Laboratory testing gave

1 0 0 1 0 0
Al1|l=]1],Al1]|=]1],Al0]|=]0
1 1 1 1 1 2

17 To] [o
B={|1|,[1],]0
1| [1] |1

is a basis of R3.

b) (1 point) Is B an orthonormal basis?

c) (3 points) The transformation in the basis B is given by a
matrix B. Find this matrix B.

d) (3 points) Now compute the matrix A which describes the
transformation in the standard basis.

Problem 9) (10 points)




During the big data hype, an essay in Wired proclaimed “the

end of theory”, as “with enough data, the numbers speak for | "
themselves”. Others called such claims “complete bollocks”. 5™ 2 S
The “Financial Times” even wrote in 2014: “Big Data has AALYTICS g1

[}

arrived, but big insights have not.” Anyway, whatever your .- U AT ALSIQBAL[SY[
take on “big data” is, there is no question that the ability to n
analyze data is important. In order to gain insight in the data

C 2 T —3 ] 0T
0 0 ~1
—2 -3 1
X=|Jlv=17512=],
2 0 -1
| —2 | | 3 | 1]

we compute the variance, Var[X| = (X - X)/6, the standard deviation ¢[X]| = \/Var[X],

the covariance Cov|[X,Y] = (X -Y)/6 and the correlation Cor[X,Y] = S([))\g[]fp{]}

a) (3 points) Find the standard deviations of X of Y and of Z.
b) (3 points) Find the covariance of X and Y, the covariance of X and Z as well as of Y and Z.

¢) (4 points) Compute the correlation of X and Z as well as the correlation of Y and Z.



