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Problem 1) TF questions (20 points) No justifications are needed.

1) T F A reflection is its own inverse.

Solution:
Yes, because A? = I, we have A = A%,

2) Bk F The set of polynomials in P»(R) of degree < 2 is a linear space

Solution:
We have shown that. It is called the dimension.

3) i F The rank of a 3 x 7 matrix is smaller or equal than 3.

Solution:
We can not have more than 3 leading 1’s because each leading one is in its own column.

If {v1, va,v3,v4} is a set of linearly independent vectors of a linear space V|
4 | T F then dim (V') > 4.

Solution:
V1, Ug, U3, U4 is a basis of V.

5) T o If Ais a4 x5 matrix, then the dimension of ker (A) is at least one.

Solution:
By the rank-nullety the theorem

6) T F The sum A + B of 2 invertible matrices A, B is invertible.

Solution:
We can take A = I,, and B = —1,,. Then the sum is not invertible.



If A, B, and C' are n X n matrices, then the property A(B+C) = AB+ AC
holds.

Solution:
This is a basic property of matrix multiplication

g If A7 = 0 has no nonzero solutions, where 4 is a 4 x 3 matrix, then
) T F rank(A) = 3.

Solution:
The image can be 3 dimensional in R* and the vector b away from the image.

9 | T F If b is in im(A), then AZ = b exactly one solution.

Solution:
There can be a non-trivial kernel kernel. Take for example the matrix which has every-
where 1. Then the constant vector is in the image but there are many solutions.

If Ais a nonzero column vector with 2 components and B is the same vector

10) T F written as a row vector then AB is invertible.

Solution:
the resulting product is a 2 x 2 matrix which is not invertible. Any vector perpendicular
to A is in the kernel of AB.

11) T F If ¥ is a redundant column vector of A, then ¥ is in the kernel of A.

Solution:
tests relationship between redundant vectors and kernel; common misconception

12) T F If AB = I, for an n x m matrix A and B is a m X n matrix, then BA = I,,,.

Solution:
This is already not true for A = [1,0], B = [1,0]? where AB = I, and BA is a projection.



13) R F The product of 2 invertible 3 x 3 matrices is invertible.

Solution:
(AB)‘1 =B tA

Suppose A and B are n x n matrices. If A is invertible and B is not, then

14) T F AB is not invertible.

Solution:
The matrix B has a kernel. If v is a vector in this kernel, then ABv = 0 too and AAB
has a kernel.

If a 2 x 2 matrix different from the identity is its own inverse then it is a

15) T F reflection at a line.

Solution:
It can be a reflection at a point.

If a linear transformation from R" to R"™ has no nontrivial kernel, then it is
invertible.

16) | T || F

Solution:
Yes, then the rank is n and the row reduction produces the identity matrix.

The set of quadratic polynomials az? + bz + ¢ has a basis consisting of 2
vectors.

17) | T || F

Solution:
It has a basis of 3 vectors.

18) | T F The set of vectors (z,y) in R? such that zy > 0 is a linear subspace of R?.

Solution:
It does not contain the 0 vector.



19) | T F The vector is perpendicular to the vector

—_ = =

Solution:
The dot product is zero

The solution set to the system of equations z+y = 1, 2x 42y = 2 is a linear

20) T F space.

Solution:
The set does not contain the zero vector (0,0).
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Problem 2) (10 points) No justifications are needed.

a) (3 points) One of the following matrices can be composed with a dilation to become an
orthogonal projection onto a line. Which one?

3111 3100 1 1 1 1
1311 1300 1 1 -1 -1
A=111 31 B=1¢y 031 C=11 1 1 4
111 3 001 3 1 -1 -1 -1
1111 1100 1 -=10 0
1111 1100 1 1 0 0
D=11 111 E=loo1 1| =10 0o 1 21
1111 (00 1 1| 00 1 1

b) (4 points)

The smiley face visible to the right is transformed with various linear
transformations represented by matrices A — F. Find out which matrix
does which transformation:

1 -1 1 2 1 0
A= 1 BE 1}’ = 1o ]
1 -1 -1 0 0 1
P=1o -1 - = | o 1}’F_ 10|/
A-F image A-F image A-F image

c¢) (3 points) Which of the following sets are linear spaces?

Space Check Space Check
the image of the identity matrix the image of (z,vy, z) — 2°

the kernel of the identity matrix points (x,y) with 3z% + 2y =0

the unit circle in the plane the reals satisfying 22 = 0




Solution:

a) the matrix D is a projection onto a line, if we divide by 2. Note that a projection P
must satisfy P? = P.

b) upper row D C E, lower row: A BF

c) The circle, the parabola 3z% + 2y = 0 and the image of the map (x,y, z) — x? are not
linear spaces.

Problem 3) (10 points)

A tetrahedral molecule has four corners with charges
x,1y, z,w. We know the sum of the charges of three of
the four faces and want to determine the individual
charges. Find all possible charge distributions.

r + y + =z = 12
r + y + w =9
r + z + w = 8



Solution:
We row reduce the augmented matrix

111 0 12
B=]11101 9
1011 8
to get
100 2 5
rref(B) =0 1 0 —1 4
001 -1 3

There is 1 free variables, w = t. The general solution is x = 5—2t,y = 4+t, 2z = 3+t,w = t.
We can also write it as a special solution plus a multiple of a kernel

O W = Ut

Problem 4) (10 points)

Find a basis of the image and a basis for the kernel of the following Pascal triangle matrix:

00 0O01O0O0GO0F®O0
00010100 O0
A=]1001 02 0100
010303010
104060401



Solution:
We produce the row reduced echelon form of the matrix:

100 0 0O0O0TO0OT1
01 000O0O0OT1TFPO
rref(A)={0 0 1 0 0 0100
000O1O0T1O0TO0FPO
0O000O0O1O0O0O0TFO0
The kernel has the basis

(T =177 0 77 07T 0 7)

0 -1 0 0

0 0 -1 0

0 0 0 —1

0 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0
(L1 1] L0 JL O L o0 ])

The image is spanned by the first 5 vectors of the original matrix, because these are the
pivot columns, the columns with leading 1.

ol [Tol [o]l [o] [1]
0 0 0 1 0
ol,lof],l1],l0],]2
0 1 0 3 0
1 0 4 1 6

Problem 5) (10 points)

a) (b points) Invert the matrix

I

I
= O O
—_— O
— =

using row reduction.
b) (5 points) Find a basis for the space of vectors perpendicular to the image of

— O =
—_ = = =



Solution:

a)

b) We want to find the kernel of the matrix
1101
B = { 1 111 } ’
which has the column vectors of A as row vectors. The row reduced echelon form is

1101}

rref(B):[O 01 0

There are 2 free variables. We call them s,t. The kernel isz =s—t,y=s,2 =0,w =1,
so that

is a basis for the set of vectors we were looking for.

Problem 6) (10 points)

Let T be the linear transformation from R? to R?® which is an orthogonal projection onto the
plane
20 —y+52=0.

In the standard basis, we have T'(z) = Az.

a) (2 points) What is the dimension of ker (A)?

b) (4 points) Find a basis B so that T' is described by a diagonal matrix B.

¢) (2 points) Find that diagonal matrix B.

d) (2 points) Which of the following relationships between A and B hold? Check all which

apply:

| Property | Check if true |

A is similar to B

AB = BA

SA = BS for some matrix S

A= MBM~™" for some matrix M
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Solution:

a) Since the image is two dimensional, by the rank-nullety theorem, the dimension of the
kernel is equal to 1 =3 — 2.

b) Take one vector perpendicular to the plane: ¥, = (2,—1,5) and two vectors in the
plane like v, = (1,2,0) and 03 = (0,5, 1).

000
c)1 010
0 01
d)
| Property | Check if true |
A is similar to B True, since B = S~1AS.
AB = BA False, in general
SA = BS for some matrix S True, since B = S~1AS.
A= MBM~! for some matrix M | True, M = S—!

We did not intend this to be possible but also S = 0 would give a reason for the third
question.

Problem 7) (10 points)

Let S(Z) = AZ be the transformation given by

[ 3]

and T(Z) = B be the dilation (=scaling) transformation by the dilation factor 5. Finally, let

R = [ (1) ? } be a horizontal shear.

a) (4 points) If M (%) =T(S(%)), find the matrix which gives the transformation
M = M (M (M (M (M (M (M (M (M (M(M(M(M(F)))))))))) -

b) (4 points) Let U(Z) = RZ where If L(¥) = U(S(Z)), find the matrix which gives the
transformation L.
c) (2 points) Is AR = RA?

11



Solution:

a) T is a rotation-dilation. M"' which is a composition of a rotation by 13 times 30
degrees and 13 times a scaling 1/2. The result is a rotation by 30 degrees composed by a
scaling by 1/213.

o= [VE L]
b)L:RA:[\/g1+2 _1\732@}/2.

_ V3 2v3-1
c¢) No, the two do not commute: AR = { 1 2443 /2.

Problem 8) (10 points)

4
a) (5 points) What are the coordinates of the vector | 3 | in the basis
3
1 0] [1]
B={|1]|,[1]|,]0]|}?
o] [1] 1]

b) (5 points) A transformation 7" is described in the standard basis by

A—

— =N
—_ = =
—_ = =

What is the matrix B of the transformation 7" in the basis B?

12



Solution:
a) The matrix S which contains the basis vectors as columns is

1 01
1 10
011
Its inverse is
1 1 -1
11 1 |2
1 -1 1
2
The vector ¢ in the B coordinates is [0]g = S~'v = | 1
2
b) The matrix B in the basis B is
1 1 -1 211 1 01 3 2 3
B=S"1AS=| -1 1 1 111 11 0]/2=1]121]/2.
1 -1 1 1 11 011 3 2 3

Problem 9) (10 points)

In this problem, we consider the following four matrices:

11 2 =2 -2 2 2 2
A L Eae K P R F Y
a) (b points) For each of the matrices A, B, C, find the row reduced echelon form and the rank.

Decide further whether the matrix is invertible and whether the matrix is similar to the matrix
D:

matrix M | rref(M)= | rank(M) = | invertible? | similar to D?

A

B

C

b) (5 points) One of the matrices A, B, C' is a reflection-dilation (a reflection composed with
a dilation), one is a projection dilation (a projection composed with a dilation) and one is a
rotation dilation (a rotation composed with a dilation). Identify which is which. Find the
dilation factor. For the reflection dilation matrix, determine the line about which the reflection
takes place. For the projection dilation matrix, find the line onto which it projects. For the
rotation dilation matrix determine the angle of rotation.
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Type

Matrix (enter A,B,C)

dilation factor

angle or line

rotation dilation

angle=

projection dilation

projection line =

reflection dilation

reflection line =

14




Solution:

a)

rref(A) = (1] (1] :
rref(B) = (1) (1) ,
rref(C) = é ? :

All except the first are invertible. The rank of A is 1, the rank of the others is 2. Only
C'is similar to D. The matrix B is a rotation-dilation matrix.

matrix M | rref(M)= | rank(M) = | invertible? | similar to D7
11
A 00 1 no no
10
B 0 1 2 yes no
10
C 01 2 yes yes
b)
Type Matrix (enter A B,C) | dilation factor | angle or line
rotation dilation B 2¢/2 angle= 45 degrees = 7/4
projection dilation | A 2 projection line = x =y
reflection dilation | C 242 reflection line = line with angle 37/8

S : _ —b :
How can one get the dilation factor? For the rotation dilation [ Z u }, the factor is

Va? + b?. Similarly, for a reflection dilation { Z ba } . For a projection, we have to place

a vector into the image and see how much longer it gets. In the case of the projection A,

we can take a vector v = { 1 } . The vector Av is twice as long so that the dilation factor

is 2.
Problem 10) (10 points)
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Define

1 10 2
0 -1 0 =5
A= -1 00 3
o 01 3

a) (2 points) Find the row reduced echelon form of A and the rank.

b) (2 points) What is the rank of A and what is the nullity of A?

¢) (2 point) Find b such that Az = b has infinitely many solutions or state if there is none.
d) (2 point) Find b such that Az = b has one solution or state if there is no such vector.

e) (2 point) Find b such that Az = b has no solution or state why there is no such vector.

Solution:

a)
1 00 -3
01 0 5
001 3
000 O

b) The rank is 3, the nullity is 1 =4 — 3.

c) Take b as the first column of A.

d) There is no such case.

e) Start with the augmented row reduced matrix and put in the last column a vector so
that we have no solution, then row reduce back

100 =30
010 5 0
001 3 0
000 0 1

The vector e; does the job.
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