Math S-21b — Summer 2003 — Practice Exam #2 Solutions

1) TRUE/FALSE

a) If T isalinear transformation from R" to R" which sends orthogonal vectors to orthogonal vectors, then T is an orthogonal
transformation.

FAL SE — The transformation might preserve angles but fail to preserve length (norm). An orthogonal transformation must
preserve norm.

b) Let A be a square matrix with exactly one entry 1 in each row and in each column, the other entries being zero. Then A isan
orthogonal matrix.
TRUE — This should be fairly clear. The columns represent the images of the standard basis vectors{ ey, &,,...,6,} and the

columns described above will clearly be mutually orthogonal unit vectors. Thismeansthat ATA =1, and A" = A™, so the matrix
is an orthogonal matrix.

¢) If A isan n x n matrix, then det(2A) = 2 (det A).
FAL SE — The multilinearity property of the determinant says that the determinant of a matrix will be linear in any single row or

column, but if you scale the entire matrix by a constant, every row (or column) will be scaled by that constant, so the net result
will bethat det(kA) = k" (det A).

d) det(ATA’AT) = -16 for some matrix A in R”, the space of 7x7 matrices with real entries. (Here AT denotes the transpose of A.)
FAL SE — Use the properties that for square matrices, det(A") = det(A) and det(AB) = det(A) det(B). This gives us that
det(ATA’AT) = det(AT) det(A?) det(AT) = det(A) det(A) det(A) det(A) = [det(A)]* = -16 and there are no real numbers a such
that a* = -16, hence there are no such matrices with this property.

€) Let A bea 100 x 100 matrix with every entry equal to 1. Thendet A = 1.
FALSE —Clearly all rowsareidentical and if any two rows are identical the determinant will be 0.

2) Consider the transformation T: R?? — R>? given by T(A) = A [2 _O } - {(1) _O }A.

a) Verify that T isalinear transformation.
(1) _01} , S0 T(A) = AJ —JA. We calculate:

T(aA + BB) = (aA + BB)J —J(cA + BB) = 0 AJ + BBJ —aJA - BIB = a(AJ —JA) + B(BJ —JB) = aT(A) + BT(B),
s0 T isalinear transformation.

Solution: Thisisaformal verification. Call J = {

b) Calculate T( [2 (ﬂ ) and find the matrix of T with respect to the standard basis

(5 300 &) offe o

Solution: Just do the calculation directly and you'll get T([i (ﬂ) = [SJ—FZ _((jblac)} .
a
Thus, in terms of the given basis, a matrix with coordinates 2 will be transformed into one with coordinates
d
b+c 0O 1 1 Ofa 0 1 1 0
3:2 = :1 8 8 i 2.ThereforethematrixofTwiIIbe :i 8 8 i
—(b+c) 0O -1 -1 of|d 0O -1 10



2c) Find bases of the kernel and image of T.
Solution: From the above calculation, we can see that T([z::1 (ﬂ )= (b+c) {1 _OJ +(d- a){

0 0 1]sothe

10

. 1 0 01 . :
matrices [O _]] and [1 0} are abasis for theimage.

For the kernel, set T(A) = [8 8} . Thisimpliesthatb+c=0andd—a=0, or c=-b and d = a. Thus any matrix
. : a b 10 0 1 . 10 0 1
in the kernel will be of the form [—b a} = a{o 1}+b[_1 O} , S0 the matrices {O J and {_1 O} form a

basis for the kernel of thislinear transformation. Y ou can aso work directly with the 4 x 4 matrix found above to
determine the image and kernel of this transformation.

d) IsT invertible? Explain.
Solution: No. It's matrix is clearly not invertible and the kernel is not trivial.

0
3) Let V be the subspace of R* spanned by the two vectors v, = (1) andv, =

1

1

ol
0 1

a) Find an orthonormal basis{w;, wy} for V using the Gram-Schmidt method.
Solution: v; is aready aunit vector, so there’ s no need to normalize, i.e. wy = vy. If you subtract the projection of

1

Vv, in the direction of w; and normalize it, you get the vector w, = % 8 .
2

1

b) Find the area of the parallelogram spanned by v; and v..
01

Solution: Let A =[v, v2]=(1) é.Thenarea{vl,vz}:«/det(ATA = detE :ﬂ:ﬁ'
01

¢) Find the matrix A for orthogonal projection onto the subspace V.

0 )z
Solution: Using the orthonormal basis derived in part a), let B =[w, Wz]:é 8 . Then the matrix for
0 X
orthogonal projection onto the subspace V spanned by {v1, v2} (or equivalently by {wy, w,}) will be given by BBT.
% 00 %
, . |0 1 0 O
That is, Projy = 000 Ol
% 0 0 %



3d) Find the matrix R for reflection through the subspace V.
Solution: We learned that Refy = 2Projy — Identity, or in terms of matrices, the matrix of reflection through the

1001 |1 000 (OO O 1

0200 01 00 01 0 O
i T— = — =
subspace V will be2BB" — | 000 0 00 1 0 00 -1 0l
1 001 0 001 10 0 O
2
e) If x isthe vector é , find the vectors Projy(x) and Refy(x).
-2
¥ 0 0 %|| 2 0 0O 0 0 1||2 -2
... 10 1 0 Of|1| |12 101 0 Ol1| |1
Solution: Projy(x) = 000 oll3l7o and Refy(x) = 00 -1 oll 3|73l
» 0 0 %||-2| |0 1 0 0 0f|-2]| |2
f) Find an orthonormal basis {ws, ws} for the orthogonal complement V*.
Solution: Start with the fact that V* = (im A)* = ker (A"). This gives us
0 -1
01 0 O|O|rrer|1 O O 110 . . _ 0 0
[1 10 1‘0}9[0 1 0 O‘O} fromwhlchweflndthesolutlonsX—s1 +1 0 . Fortunately,
0 1
0 A
these two basis vectors are orthogonal, so all we have to do isnormalizeto get w, = 2 and w, = 8
0 Vi

4) Find the quadratic function f(x) = a + bx + cx® that best fits the points
(-1, 0), (0,0, (1,2), (2,0) in the sense of |east squares.
Solution: Aswith al of the data-fitting examples you’ ve seen, you start by trying to solve the impossible case of all the

a- b +c=0

. In matrix form, this gives
a+ b+ c=1 9

data fitting perfectly. In this case, thistranslates into the four equations

a+2b+4c=0
1 -11 0
10 ol |o
us 1 1 1 b|= 1 or Ac=b. The normal equation for aleast squares solutionisATAc=A'b.
1 2 4t o
4 2 61al |1
Thatis, |2 6 8 ||b|=]|1]. Solvethisby row reduction or matrix inversiontoget a= %,,b=7%,,c=-%.
6 8 18|/c| |1
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5) We are given three vectorsin R*, vy = ,Vo=| |,andvz=

e
O O~ W

a) Find the length of

Solution: [vaf| = V1+4+4 =9 =3.

b) Find the area of thg parallelogram determined by the vectors { v, va}.

Solution: Let A =| _

. Area= \[det(ATA) = [ }«/_

¢) Find the 3-volume of the parallelepi ped determined by the three vectors{vs, vz, v3}.

Solution: Let A =

N O
OO-bOO

-5 7 25

1
1
1
1
9 1 -5
Volume = ,/det(ATA) \/ 1 4 7 |==+/459-60-135 =+/264 = 2./66



